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ON RECIPROCAL, METHODS IN THE DIFFERENTIAL CALCULUS. 
By Grorce Boot, 
(Continued from Vol. vit, p. 166.) 

WE pass now to the case in which the number of quan- 


tities in the two sets corresponding to parameters and co- 
ordinates is not the same. | 


(1). Let the two sets of connected quantities be z,, 2,...2, 
and a,, @,...@,,, and let m be greater than x. ‘Lhe following 


theorem may “then be established. 


‘Tuxorem IL, If two sets of quantities z,...%, and 
a,, a,...a,, m being greater than », are connected by any 
relations wv, = 0, u,=0,...w,=0, and if the former set varying 
in subjection to a certain condition themselves X = 0, 


establish among the other set a,...@,, with which they 


are connected, a relation A=0; ‘hes the set a,, a,...@, 
varying either in subjection to. the single condition ‘As 0, 


or to that condition together with any other m-27 arbitrary 


conditions among themselves, will establish among the set 
#,...@, the relation X = 0. | 

et us suppose the quantities a,, @,...@,, connected with — 
another set of quantities 5,, b,...b, by m arbitrary functional 
relations, as for example, 


By virtue of these relations we can 2 transform U,, U,...U, into 

If we do this, and cause 2 "Lp: ..@ to vary in 1 subjection 
to the condition X = 0, we shall establish among the con- 
stants b,,5,...b. a relation which may be represented by 
B=0. And it "appears from the general Theorem L., that 
if we regard in B any n the. Guantities b,, 6... as 
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2 On Reciprocal Methods in the 


parameters, and cause them to vary in subjection to the 
condition B=0, the remaining m-xn of those quantities 


remaining constant, we shall establish among the quantities 


z,,2,...@, the relation X=0. Or, which amounts to the 
same thing, we may suppose the whole series of quantities 
6, 6,...6, to vary in subjection to the conditions 


B=0, 
,=const., const.,...b,, = const. ......(22), 


and the resulting relation among z,, x,...2, will establish the 
condition X = 0. | 

Now it is obviously indifferent, whether in the above 
process we make ,...6, vary independently in subjection 
to the above conditions, or whether we write for 4,, 6,...0,, 
their values in terms of a,, @,...a,, in the several equations, 
and then make @,,a,...a@,, vary in subjection to the con-— 
ditions consequent upon this change; just as in seeking the 
maximum value of a function of certain quantities, it is 
indifferent whether we equate to 0 the differentials of these 
quantities, or transform them by functional relations into 


another system of quantities, and equate to 0 the differentials 


taken with respect to the latter. If we effect, then, the 


proposed change, B will obviously become A, and the 
equations (22) will become 


(Gi = const., = const., 


Hence the variation of a,, @,...@,, in subjection to the con- 
dition A=0 and to the m-—~z arbitrary conditions above 


stated, will establish the condition X = 0. 


As the conditions (23) are perfectly arbitrary, we may in 
any particular case entirely disregard them. Hence the 
conditions 4A=0, when either m or any greater number of 
the quantities a,,a@,...@, are supposed to vary, is, with or 
without any other condition among those quantities, sufficient 


- to establish the relation X = 0. 


The most important application of this result to the in- 
verse problem of envelopes is comprehended in the following 
Rule. We confine ourselves here to the case of surfaces. 

To ascertain the conditions under which the surface whose 


a,, @,...a,, being variable parameters, shall generate the 
envelope whose equation is 
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Differential Calculus. 3 


Route.  Detattrine the equation of the envelope of the 
given surface regarding the coordinates z, y, z as parameters, 

subject to the condition (25), and the parameters @,, @,...@,, 
as if they were coordinates. The resulting equation 4 =0 
will express the only necessary condition, but it may be 
associated according to choice with any number not exceed- 
ing m-—8 of arbitrary relations among the quantities @,, @,..d, . 
There is a remarkable circumstance attending the employ- 
Pe ment of the equation A=0, which may serve as a verifica- 
tion of the method by which in any particular instance 
that equation has been determined. It is this: when we 
seek the envelope of ¢ subject to the single condition 
A=0(, we employ in the process a system of equations 
of m equations 


ear 


Math 


db dA d¢ 


da, da 
where for convenience stands for $(z, y, 2, a,...@,). 
On elimination of » these give m-—1 equations connecting © 
2, 4,,4,...a,. Taking into account the primitive equa- 
tion (24), we have thus implicitly a system of m equations 
connecting these quantities, ¢.e. the two sets z, y, z, and 
a,...a,, together. 


2 


Now if the above equations were independent of each 
other and of the equation A=0, they would furnish us, on 
elimination of z, y, 2 with m- 3, new equations connecting 
@,, 4,..»@,. But in reality there is only one necessary | 
relation connecting @,, d,...@,, viz. the equation A =0. 
Hence the m equations previously referred to are not in- — : 
dependent of each other and of the equation A=0, and | 
in fact it will be found that the elimination of z, y, z will { 
only reproduce the equation 4 = 0, verifying the observation 
that this is the only necessary condition among the constants 
a,, a,...@,, and serving as a test of the correctness of the 
process by which that condition is determined. ‘The above © 
conclusion admits of formal proof. The following example 
will serve to illustrate both the rule and the accompanying 
remark. 


£267 


Ex. Required the conditions under which the straight 
\ line whose equation is az + by =c shall have for its envelope 


a, 6, and ec 


§ the circle whose equation is 2’ = 


being the variable parameters. 
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We have ax + by = bitin 


the last equation being got by eliminating dz and dy from 


the differentials of the two preceding ones. 
Eliminating z and y from the above, we get 
—.1) (a? + me? (20). 
Now if we seek the envelope of (26), subjecting the para- 
meters a,b, c, to the above condition (29), then, whether 


we regard any two of the parameters as varying (according 


to the first case), or the three as varying (according to the 


second case), we obtain (27), the equation of the envelope. 
Let us confine ourselves to the latter case. ; 
Our equations then are 


+ by 6 =O (80), 
(m — 1) (a + b°) + me" = 0), 
whence, in the ordinary way, we get 
(m-1)a (m-1)b 


and eliminating a, 6, and c, the parameters from the above 
four equations, we find 


‘ ‘ 1 | 
(33), 


which agrees with (27), as it ought to do. Shas far the 
Rule. 


But if from (80) and the two equations (32) we e eliminate £ 

and y, we get 
(m 1) +B) + me =0, 

_ which is a reproduction of (31), and serves at once to verif 

the process which has been pursued, although less directl 
than does the equation (33), and to illustrate the sak 
which has been offered. 

Lastly, if to the condition (31), connecting the parameters 


a, b, c, we add any other arbitrary condition, such, for 
example, as a’ =1, 


the straight line defined by the equation az + by - c= 0 will 


still have for its envelope, or for a part of it, the same equa- | 


1-—m 
tion 2’ + y’ = a) according to the principle stated in the 
Rule. 
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Differential Calculus. 5 


Thus, in the case just mentioned, we have the equations 
ax + by-c=0, | 
| = 
and eliminating da, db, de from ‘differentials, we get 
| ay = bz, 
4 from which four equations, on eliminating a, 0, ¢, there 
results, as before, 
= 
m 


Suppose that the added condition was” 


 pa-qb=0 (35). 


Omitting the steps a a very tedious process of elimination 
_and reduction, I shall simply indicate the result. The final - 
equation of the envelope is 


1} 
{(my" + m—1) p* + 2mxypq + + m— 1) q\= 
the first factor of which, equated to 0, gives 
e+y = 
m 


the equation of a circle as before; the second gives 


O | = 3 


and represents two straight lines touching the circle at the 
two extremities of that diameter which makes with the axes 
z and y angles whose respective cosines are 


q P 
What i is implied in this interpretation? I think it represents 
the following circumstance. 
If the envelope of a straight line, the sides in the 
‘ equation of which are subjected to given conditions, is a 
: complete re-entering curve, the constants representing the 
% cosines of the angles which the straight line in its different 
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positions makes with the coordinate axes must be susceptible 
of the whole series of their values from —1 to 1. 

But if the relations among the constants are such that 
some particular values are excluded, a breach of continuity 
in the curve occurs. Let us-suppose that there are two 
points for which this happens. Then the whole curve, 
supposed to be a re-entering one, is divided into two por- 
tions mutually separated at their extremities by the poente 
in question. 

Now the envelope of the tangent to the curve supposed 
to remain in contact with one of the above portions will 
be that portion or arc itself, together with those portions 
of the tangents at the extremities of the arc which may 
be regarded as continuations of the arc. Hence when there 
are two arcs of a curve separated at their extremities by 
intermediate points, the envelope will consist of the two 
arcs, together with the four branches of the tangent at their 
four extremities, that is, together with the two —" 
tangents at the separating points. 

Now in the case we have been considering, all the equa- 
tions of the system are homogeneous with reference to a, b, 
and c, except the added equation 
pa-qb=s. 

Supposing that s does not vanish, this equation may consist 
with any ratio between a and 4, except the ratio of ¢ to p. 
The straight line represented by the equation az + by =c 
may pass, in contact, consistently with the conditions which 
are imposed upon it, over every part of the circle repre- 
sented by the equation 
m 
except the two points in which a and 6 would eis the 
above ratio, 2.e. the two points which form the extremities 
of the diameter which makes with the axis of z an angle 


whose cosine is Hence the complete envelope 


consists of the two ‘garuaes portions of the circle, together 
with the two complete tangents at the separating points. 
This is in fact what the general equation (65) implies. 

If s=0, all the equations are homogeneous with respect 
to a, 6, and c, and we get, on elimination, one additional 


equation, viz. (py + qx) 
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Now this agrees with the equation afforded by the second 
factor of (36). The envelope is here reducible to the pair — 
of tangents described in the previous section. 


2. Let m be less than n, we have then the following 
theorem. 


Tueorem III. If two sets of quantities z,, and 
GQ, a,...a,, m being less than m, are connected by any 
equations v,=0, uv,=0...u,=0. And if the former set, 
varying in those equations in subjection to the condition 
X=0, establish among the other set a relation A=0, together 
with any additional relations X,=0, X,=0...X, = 0, 
among the quantities z,, z,...z,; then the set @,, @,...q,, 
varying in the original equations u,=0, u,=0...u,=0, in 
subjection to the condition A= 0, will establish among the 
quantities z,, z,...c, a relation W=0, of which, and of the 
previous ” —m relations among those quantities, the relation 
~ X=0 will be a consequence, the relation W=0 being 
moreover the essential condition of the existence of the rela- 
tion X=0. 

If, as before, we represent the function + A,u, ... + 
by U, we have the following set of equations 7 ++ 1 in 
number, viz. | 


= 9, u, =Q,...U, = X=0, 


d(U+ X) d(U+ X) d(U+ X) 
= 0, = = eee 3 


from which, if in the first instance we eliminate a,, a,...@,, 
A,, We obtain z+ 1-—m equations among Z,, 2, ...2,, 
that is, ~-—m equations additional to the equation X = 0. 
We shall represent these equations by X,=0, X,=0...X__=0. 
Eliminating r,...A,, we also get the con- 
dition A= 0. 

Now if in the original system wu, = 0, uw, = 0,...u,=0, we 
cause @,, @,...a@, to vary in subjection to the condition A= 0, 
the resulting relation W=0 will, by Theorem II., be such that 
if z,, %,...%, vary in the same system, subject to the single 
condition W=0, or to that condition associated with any 
other m arbitrary conditions among @,...z,, the rela- 
tion A=0 will result. Moreover this relation W=0 is an 
essential condition of the existence of A = 0. 

Hence the relation W=0 is implicitly involved in the 
_ system (37); since of that system A is a consequence. But 


the relations among 2,, Z,...%,, involved in that system, 


% 
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are X=0, X,=0...X,=0. Of these relations, therefore, 
Wis a consequence. Conversely, then, the relation X =0 is 
a necessary consequence of the equations 


Walt, X06, 


that is, of the ~-—m equations furnished in the process for 


determining A, and the one essential condition W = 0, sub- 

sequently furnished by A. | 
Lastly, as the relation W=0 is essentially involved in the 

system (37), it is an essential condition of the existence of 


When the relations X,=0, X,=0,...X,_,,=0, are identical 
with the relation X = 0, then that relation unfettered by 


any other condition will be established by the variation of | 


a,,a,...a@, in the original system in subjection to A =0. 
W and X are then identical.” 


The geometrical application of the above results is suf- 
ficiently obvious. The problem to be solved, and the rule 


furnished by the general theorem, may be thus stated. 
The equation or equations of a given locus involving 
both variable parameters and coordinates, the number of the 
former being less than the number of the latter; required 
the conditions among the parameters under which the locus 
shall, by its successive mutual intersections, either generate 
a given fixed surface as its envelope, or execute the greatest 


possible amount of motion in contact with the given fixed 


surface. Required also, in the latter case, the- equation of 
the envelope actually generated, and the equations of the 
track marked out by it upon the given fixed surface. 


Rue. Determine the equation of the envelope of the 
moveable locus when the coordinates are regarded as para- 
meters, and vice versd, and the equation of the given fixed 
surface is regarded as expressing the condition among the 
parameters thus assumed. Find also by elimination the 


additional relations among the parameters employed in the’ ~. 


above process. 

_If those relations are identical with the equation of the 
fixed surface, then the equation of the envelope above 
determined expresses the condition under which the move- 


* I am led to suspect that when there is but a single original equation 
u=0 connecting the two sets of quantities z,, z,,..z, and @,, @,,..@,, the 
equations X=0, W=0 will together virtually comprise the. whole system 
of relations X,=0, X,=0..X,,,=0. At present, however, I have not 
leisure to pursue the inquiry. Should any one else be disposed to take 
it up, the examination of this point would be productive of interest. 
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able surface will have the proposed fixed surface for its 
envelope. 


But if the relations are not identical with the equation 


of the fixed surface, then the equation of the envelope above 
determined expresses the condition under which the given 
moveable surface will execute the greatest possible amount 
of motion in contact with the given fixed surface. And the 
equation of the envelope actually described may be deter- 
mined in the ordinary way. ‘The locus of contact will be 
determined by the equation of the fixed surface, together 


with the relations above referred to. If, however, there 


exist but one such relation, the equation of the envelope 
actually described may be used in its place. 
It is probable that the above theory may appear complex 


from the great number of circumstances involved in its 


complete exposition. But it belongs to a harmonious and 
connected system, and one or two examples will suffice to 
elucidate every difficulty. : 


Ex. 1. To ascertain if possible the conditions under which 
the plane, whose equation is 


shall generate the surface whose equation is 


a and b being the variable parameters. 


Here we are directed first to investigate the envelope — 


of (39), subject to the condition (40), when 2, y, and z are 
regarded as parameters, and a and 6 as coordinates. 


Differentiating both equations with to y, and z, 


we have adx + bdy + dz = 
+ 4ady - 54m(z- dz = 0. 
Whence, in the usual way, 


27m (z 1) (41), 


fy om which 


2 


Substituting these values in (89) and dividing the result by 


the common factor y - 1, we have 


27mab = 1 (42). 


Now to ascertain whether under this condition the plane (39) 


: 
4 we 
34 
| 
ea 
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will generate (40) as its envelope, let us, according to the 
rule, eliminate a and b from (39) and (41); we get 
— 22y 

27m(z-1) 2Im(ze- 
which gives = 4ay = 27m(z-1Y. 
This result is identical with (40), whence we infer that (40) 


z=1, 


will be the true envelope of (39) under the condition deter- 


mined. | 
To verify this conclusion, let us take the equations 
| (ALA DY A ZEAL (48), 


and seek the envelope of the former when a and 6 vary in 
subjection to the latter. 


Differentiating with respect to a and 6, we have 
ada + ydb = 0, 
27mbda + 27madb = 0; 
and, eliminating da and db, 


Now if from this equation and (43) and (44) we eliminate a 
and 6, we get 27m(1-—2zy = 


which agrees with (40). 


Ex. 2. To ascertain the conditions under which the sphere 
whose equation is 


(x - ay +(y- 6) +2 =1 (46) 
shall if possible have for its envelope the cone whose equa- 


a and b being the variable parameters. 
Proceeding according to the Rule, we have 


ad 
d 
Whence, by proceeding as before, we get the two equations 
x 
48). 
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Differential Calculus. 
The first of these equations gives 


We also aces deduce from (48) 
= a)’ + (y- by}, 


therefore g=tvh. 


(47) then gives = (r+ v4); 
whence, by we find 


b 
y = Maa (r+v4y. 


And if the values of z, y, and z, thus found, be rabeliiated 


in (46), we e find, after reduction, 
=(r+v2y... (60) 


for the condition between the parameters a | 
Now we have seen in the course of this investigation that _ 


the elimination of @ and b between (46) and the two equa- 
tions of (48), gave us | 


an equation which is not identical with (47). Hence it is 
not possible that the sphere (46) should generate the cone 
(47) as its envelope, a and 6 being the only variable para- 


meters. Equation (50), however, expresses. the condition 


under which the sphere can move in contact with the cone, 
the equations of the locus of contact being (47) and (51). 
To find the equation of the actual envelope, we have 


(x-ay +(y- by (52), 
Dillerentiating with respect to a and 4, 
(x-a)da+(y-b)db=0, 
+ bdb = 0; 
whence, eliminating da and db, we get <3 
bz = ay. 
Hence, and from (53), we have | 
r+V2 
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and substituting these values in (52), and reducing, we get 


as the equation of the true envelope, which is in fact a pair 
of tubular rings. | 


We have seen that the equations of the locus of contact are 


Now it is easy to shew that these equations represent two 
circles traced on the above rings, the one at a uniform dis- 


tance of /4 above the plane of zy on the inner ring, the ~ 


other at a like distance below the plane of zy on the outer 
ring. It must be observed that v(1—z’) has the same sign 
as Z. 

All these conclusions may be verified by geometrical con- 
siderations. It is obvious that a sphere of invariable radius 
(46), the centre of which is restricted to motion in a plane 
(since a and 0 are the only variable parameters), cannot have 
a cone for its envelope. But it may move so as to preserve 
contact with the cone; and it is evident that the locus of 


contact will be a pair of circles, the one above and the other © 


below the plane of zy, and both of them parallel to that 
plane. It is evident also that the envelope of the sphere, 
while executing these motions, will consist of two hollow 
rings; the one girding the cone, the other touching its inner 
surface. 


We may now compare together the different cases which 


present themselves in the theory which has passed under 


discussion. 


We may state it to be the general object of this investi- 
gation, so far as it may be expressed in the language of 
geometry, to cause a given moveable locus to execute the 
greatest possible amount of motion in contact with another 
fixed locus, by the variation of certain constant elements 
in its equation called parameters. | 

This is the most general object of the inquiry as respects 
geometry. It includes the determination of the condition 
under which a given envelope will be generated, for this 
will be effected whenever the given moveable locus is per- 
mitted to pass in contact over every part of the fixed locus 
which thus becomes its envelope. It includes also those 
cases in which the given moveable locus can only have 
contact with the fixed locus along some unknown line or 
at some unknown point or points to be determined. 
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And it appears that in all these cases the required con- 
dition among the parameters will be found by seeking the 
equation of the envelope of the moveable surface, regarding 
in the equation of the latter the parameters as coordinates: 
and the coordinates as parameters. | 

When the number of the original parameters is equal to 
the number of the coordinates, the conditions above deter- 
mined suffice to cause the moveable locus to generate the | 
fixed locus as its envelope. When the former number ex- 


ceeds the latter number by m, we may introduce at liberty 


m arbitrary equations among the parameters. When it falls 
short of it by m, we obtain in the process m additional, but 
not necessarily new, equations among the coordinates which 
define the trace of the moveable surface upon the fixed one. 
Such is the theory of the inverse problem of envelopes. 
From the direct one it differs in some important particulars. 
In the direct problem the relation of the number of para- 
meters to that of the coordinates is comparatively unimpor- 


tant; the number of relations to which the parameters are 


subject is equally unimportant. One method (Lagrange’s 
one of indeterminate multipliers) serves for all cases. In 
the inverse method we have necessarily but two things 
given, the equation of the moveable and the equation of the 
fixed surface. The relation of the number of the parameters 
to that of the coordinates is here however all-important. It 
presents us three cases for consideration, the characters of 
which are quite distinct. The arbitrary functions which in 


one of those cases enter into the solution, seem to indicate 


an approximation between the results of the differential and 
those of the integral calculus. 


Application o the Method to some ¢ Problems connected with the — 
Wave Surface. 


It is known that the wave surface is the envelope of the 
plane whose equation is 


det + MY + NZ (54), 


the parameters /, m,n, v being made to vary in subjection ~ 
to the conditions 


? +m? +n? =] (55), 


+ + 
v—-@ 


; 
4 
| 
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Its equation is 


2 
in which 7” stands for z+ y° +2. 


There are in the above case three coordinates z, y, z, and 
four parameters /, m,n, v. It appears, then, from the theory 
developed in the previous pages, that if we seek the con- 


ditions under which the wave surface (57) shall be generated. 


by the ultimate intersections of the plane (54), we shall 
obtain one essential condition among the parameters to which 
we shall be permitted to add one other condition chosen 
arbitrarily. Let us consider these two equations as a system 


involving one arbitrary element. ‘Then, as this system re- | 


presents the most general solution of the problem proposed, 
it is obvious that the two equations (55) and (56), expres- 
sing the conditions by which the wave surface has actually 


been determined, must be a particular case of the above - 
‘system obtained by giving a particular form to the arbitrary — 


equation which it involves. The solution of the inverse 
problem will therefore be something more than a repro- 
duction of the original equations of condition. It will shew 


us what element in those conditions is the essential one, — 


and what element is arbitrary and might be rejected or 
replaced. 


We are then to seek the conditions under which the plane 
+ MY + NZ (58) 
shall have for its envelope the surface whose equation is 
2 + 2 2 + 2 


l,m, n, v, being parameters. 
Regarding z, y, z, 7 as parameters, and adding the equa- 


(59), 


we obtain, on differentiating with respect to z, y, z, 7, 
ldx + mdy + ndz = 0, 
adx  ydy zdz x 


=7 


ada + ydy + edz = rdr. 


Multiply the first equation by 2, the third by m, and from 
the result subtract the second. ‘Then equating to 0 the 
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| Substitute these values in (61), and we am 


Differential Calculus. 15 


coefficients of dz, dy, dz, dr, we have 


+ ux = 


(61), 


dm + uy = 


AN + Uz = 


+ (62) x + (68) x 5 


(61) x 


gives, by (59) and (64), 


my nz 

lx my. 02 
Again, ( (61) xb 4 (62) x m + (63) x n gives, on putting p’ for 
2 

Lastly, (61) x x + (62) x y + (68) x z gives 
From the two last equations, we find ou 


therefore 


O 
| 


| 


pu-lo 
whence, if we determine the value of z, we shall find — 


lv 


Fogg 


and, in like manner, from (62) a (63) we shall have | 
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Multiply (68) and the two following equations by /, m, n, 
respectively, and attending to (65), we shall have, on dividing 
the result by 2, | 

| 


rh 
+B 

a 
at 


wherein p’ stands for + m’ 

a | Such is the necessary equation of condition among the 
parameters J, m, , v, in order that the plane 91 may have 
the wave surface 94 for its envelope. With this equation of 
condition we can, as has been observed, associate any other 


m4 arbitrary equation. If we choose for this purpose the equa- 
tion + = 1, the equation (69) is then reducible to 

4 

4 + = 0, 


vo 
and the original conditions (55) and (56) are produced. 
: It may be interesting, however, to verify the equation (69) 
| and to prove its single sufficiency, by directly investigating 
the envelope of the plane given, subject to the condition 
which that equation expresses. 
Our equations are 


in which n°. ‘These equations we may differen- 
tiate with reference to /, m, ,v, and apply, as before, the - 
method of indeterminate multipliers. ‘The result, as I have as 
found by actually carrying out this process, is the equation 
of the wave surface (57). But that result is obtained with 
a little more convenience as follows. 3 
Let f, m’ n', Then the equations 
> —____ (70), (71) may be replaced by the following system: 


Now these are the very equations from which the equation 


a of the wave surface is known to be deduced, excepting that 


I’, m',n', v', stand for 1, m,n, v, a difference which does not 
affect the result. 
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As to the essential condition (69), we are permitted to 
annex one other condition arbitrary in its character; we 
may assume for this condition that one of the parameters 
1, m, n, v is constant. It would hence appear that in the 
equation (69) it is not necessary to suppose more than three 
of the parameters to vary, and whichsoever three of the set 
we choose, the wave surface will be the resulting envelope 
of the plane +my+nz=v. ‘This conclusion may be 
established by other considerations. It might in fact be 
deduced as a consequence of the homogeneity of the two 
equations (70) and (71) with respect to the four parameters 
l,m,n,v. But this circumstance is accidental. ‘The varia- 


tion of any three of the parameters in (71), or of the whole 


four, subject or not to an additional relation, would secure 
the object proposed quite independently of any condition 


of homogeneity in the equation given. | ae 
In (70) and (71) for put A, v, respectively, and 


1 


| 
for —,—, - write a, y. 


a’b’c | 
Then it will appear that the envelope of the plane 


subject to the condition 


an | 21? 


in which p’=A'+y’+v* will be the wave surface, whose 


equation is 


+ 


F-— 

| a’ (3° 
Now (71) may be reduced to the form 


which would be the equation of the wave surface if A, p, v 


were regarded as parameters. On comparing (77) and (78) . 


it becomes apparent that the polar reciprocal of a wave 
surface is another wave surface whose axes are the reci- 
procals of the axes of the given one. ‘The equation (75) 
exhibits the relation connecting the coordinates A, p, v of 
the one surface with the coordinates z, y, z of the other, 
SERIES, VOL. VIJL.—Feb. 1853. 
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and indicates that the surface of transformation is a sphere 
whose radius is unity, and whose centre is placed at the 
common origin of coordinates. The same conclusion has, 
I believe, been deduced by MacCullagh from the known 
reciprocal properties of the ellipsoid. 


If two only of the parameters J, m, n, v were permitted 
to vary, it would no longer be possible that the plane (70) 
should generate the wave surface as the locus of its suc- 
cessive intersections, but we might still ascertain the con- 
dition under which the plane might move in contact with 


the surface and the equations of that line of double cur- 
-vature, which would be the locus of its successive points 


of contact. 


As another example, let us investigate the conditions under 


which the wave surface can be generated by the mutual 
intersections of ellipsoids, concentric with itself, and having 
axes coincident with the axes of coordinates. 


We will suppose the equation of the ellipsoids to be 
a, (3, y, the semiaxes, being the variable parameters. 


We must in this equation, and in the equation of the 
wave surface, now regard z, y, z as the variable parameters. 
But as, Ys 2 only enter these equations under the forms 
x, yf", 2" it will be convenient to substitute z for 2’, y for y’, 
2 for e ‘and r for ry’, previous to differentiation and elimina- 
tion. This merely amounts to regarding 2’, y’, 2 as the 
variable parameters instead of 2, Y, 2. We shall also, for 
simplicity, make | 


and we shall write a for a’, b for 0’, ¢ for c’. 
Our equations will then be 


+ MY + (80), 


r-a r-b r-e 


If now we differentiate these equations with reference to 
x, y,2,7, we shall in the ordinary way deduce 
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Multiply the three equations of (83) by and 
respectively, and reducing by (82) and (84), we get 

»( = 

r-a r-b r-e 


r-a r-b 


therefore 


From equation (82) subtract (81) divided by 7, the result is 
| ax y cz | 
r-a r-b r-e 


From the two last equations and (82), regarded as linear 


with respect to We 


r-a p+qts r-b pigqts r-b piqis 


in which, for brevity, 
pz=em-bn, g=an-cl, s=bl- am. 
From (87) we have 


lp (r— a) + 6b) + ns(r-c) 
prqats 

_ Substituting for p, g, and s their values, and observing that 

 be+my+nz=1, we get 


le + my + nz = 


—la(em bn) — mb(an - cl) ne (bl - am) 
cm - bn+an—cl+bl—am 


or, as it may be written, 
(la + 1) (em — bn) + (mb + 1) (an cl) + (ne + 1) (bl - am) =0, 
wherein, if for 7, m, we substitute their values and replace 
C2 
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a by a’, b by 8, c by c’, we get 


as the expression of the required condition among the semi- 


axes a, (3, 
I found it somewhat difficult to verify this result, but at 
length succeeded in doing so by a process of which I shall 


indicate the principal steps. 
If in the equation of the ellipsoid and the equation ex- 


pressing the condition among the axes we make the same 


substitutions as before, we get 
lg + my (89), 


(la + 1)(em — bn) + (mb + 1)(an— cl) +(ne + 1)(bl-—am)=0...(90), 


in which /, m,n are to be regarded as varene parameters. 
We hence deduce 


At +a(cem - bn) + b(nce +1) = ote +1)=0... (91), 
and two other similar equations. 
Again, from (90) and the identical equation 
a(cm — bn) + b(an—cl) + c(bl - am) =.0, 


we get 
cm — bn an — cl = bl-am 


c(mb+ 1)-b(ne+ 1) a(ne+ 1)-c(la+1)— O(la+ 1)- 


Let any of the above fractions be represented by = Z° Then 
(91) may be put under the form 


cm — 
or. Az + a(cm — bn) = k(cem bn)......... (98). 
In like manner, we have 
| Ay + b(an - cl) = k(an-— cl), 
Az + c(6l - am) = k(bl- am). 
Adding these equations, we have 
i{(em- bn) + an—-cl + am} 


_ Again, multiplying the same equations by J, m, m, respec- 
tively, and adding, we get by (89), 


+ la(om — bn) + mb (an - el) + ne(bl - am) = 0, 
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| + bl-am ......... (95), 
and substituting in (94), we get 

r=k. 
Substitute this value of / in (92), and we get 


= 


therefore 


4 


Similarly 
Zz bl am 


and adding these results together, and substituting for X 
its value given in (95), we have | 


x 


Replacing then z by 2’, y by y’, &c., we have i 
| 2 | | 


__. the equation desired. 


* Application to Inverse Problems of Maxima and Minima. 


a That problems of maxima and minima and those of en- | 
_____velopes are intimately connected, must have occurred to t 
___ every one who has particularly attended to them. But the 7 
precise nature of their connexion does not appear to have 
been pointed out. | | 

Let us confine ourselves to the supposition that there are 
but two variables x and y, and let us consider by what pro- 
_ cess we should seek the maximum value of a proposed 
_ function ¢(z, y) or wu, the variables being subject to the con- 
dition y) = 0. | | 

That process consists in eliminating the variables z, y, and 
their differentials dz, dy, from the equations 


vw, 
L cm — bn 
Ties 
: +. 
+3, 
| 
| 
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= 0, 


dp(z,y) , dp(z, y) 
dx + dy dy 


y) 
dz 


The result will be a relation connecting w with the constants 
which enter into ¢(z, y) and ~(z, y). We will however con- 
sider it solely with i! ato to w and the constants which 
enter into y). 

Now the process above explained is precisely that to 
which we should be led if, regarding z and y as parameters, 
and the abovementioned constants as coordinates, we sought 
the envelope of (96) subject to the condition (97). ‘The 
converse problem of maxima and minima therefore, or the 
discovery of the condition (97) when the form of the func- 
tion @(z,y) to be made a maximum, and also its maximum 
value or the relation which connects « with the constants 
in $(z, y) are known, will be solved in the same way as the 
inverse problem of envelopes. 

The reasoning here exemplified is applicable, mutatis 
mutandis, to cases in which the number of variables exceeds 

two. We are thus conducted to the following rule. 

To ascertain the condition which must connect the varia- 
bles z,, z,...%,, in order that a proposed function X,...2., 


dz + 


y) 
dy 


a,, 4,...a,.) may have its maximum or minimum value deter- 
mined by a proposed relation y(w, a,, d,...a,) = 0, connecting - 
that maximum or minimum’ value « with the constants ‘ 
a,...@,, which enter into the proposed function. 


Rute. Determine in the ordinary way the conditions ‘ae 
under which the function 


shall obtain its maximum or minimum value, regarding 
U, @,, 4,...@,, as variables subject to the conditions 
(U, = 0. 

The result will be a relation which we 
will represent by z,...z,) = 

If m+1=n, the above is the ide sought. 

If m+1<~xn, the above relation still suffices, but we 5 
can also add to it any ~- m-—1 arbitrary relations among 4 

“If m+1> n, we cannot in general effect our object. 


It may suffice to give a single example of this theory. 
We choose a statical problem. 
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One end of a straight beam rests against a vertical wall, 
the other rests upon an unknown curve. Required the form 
of that curve in order that, in consistence with the laws of 


mechanics, a given relation may exist between the length 


of the beam and the height of its centre of gravity. 
Let the axis of y coincide with the vertical line in which 

the top of the beam is found, and let the altitude of the top 

be y’; also let 2 and y be the coordinates of its other ex- 


tremity which moves on the unknown curve. Also let Z- 


be the length of the beam, and 4u the height of its centre 


of gravity. Then we have | : 
Pox’ +(y'-y), 
and, by the principles of statics, _ 
u=y+y' =a minimum. 
If from these equations we eliminate y’, we get 
a’ +(Qy-u)y = 0’. 


This is an equation connecting the quantity w, which is 


to be made a minimum with the variable coordinates zy 
and the length 7. If we knew the relation between z and y, 
we should in the ordinary way be able to determine the 
relation between the minimum value of w and 7. This 
would be the direct problem. But in the present instance 
the relation between « and / is supposed to be given, and 
that between z and y to be sought. 


Let the relation given between uw and / be represented by 


v(u,2)= 0, we have then the two equations 
a’ +(2y-uy=T, 
v(u, = 0. 
And if from these equations and their differentials relative 
to « and /, we eliminate the latter quantities, we shall obtain 


the required relation between z and y. 
Thus if the relation between and be 


u=al, 
we get the following equations, 
z+(2y-uy —-P=0, 
u—al=Q, 
(2y - u) du + ldl = 0, 


du adl = 0, 
the two last of which give 


1+ a(2y -u)=0. 
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‘From this equation and the two first of the previous system, 
we get, by elimination of w and /, 


- 
2 


This indicates that the beam rests upon a straight line. of 
Suppose in the next place that the relation between u = 

and lis of the form 
a form to which the solution of a direct problem 
leads. We get the system : 


+(2Qy-uy 
Bpu — 162° = 0, 


p- 4(u-2y) = 0, 
a the last equation obtained by eens the differentials. ) 
From these we readily get | 

q + 8y — + 16py | 
and, in the of the system, we find 
3 

or = PY; 


whence the curve on which the beam rests is a parabola 
with its axis vertical. | 

It is theoretically quite as. easy to ascertain the forms of 
surfaces on which bodies of a given shape shall rest in equi- 
librium according to given laws. Probably many of the 
questions which have been discussed in this paper might also 
be solved by direct methods. But it has been my special 
object in the preceding investigations to exhibit those reci- 
j procal relations in the theorems of the Differential Calculus 
a which, at the same time that they lead to practical ends, 
_ afford interesting subjects of inquiry and contemplation. 

The application of these principles to the Calculus of Varia- 
tions opens an interesting field of investigation, in which I 
regret that I have not at present leisure to engage. 

P.S.—In the interval between the forwarding of the above paper to this - 
Journal, and the appearance of its First Part, (May 1852), the general 
principle which it involves was independently announced, at least for 
homogeneous functions, by Mr. Sylvester (Journal, Feb. 1852, p. 74). 
From a statement which has been made to me by that gentleman, I 
believe that the priority of discovery, as well as of publication, is due to 


him, and I willingly resign my own claims in favour of one who has done 
so much to enrich the kindred branches of analysis. 
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ON CERTAIN THEOREMS IN THE CALCULUS OF OPERATIONS. 


By W. Sporriswoopz, M.A., Balliol College, Oxford. 
In the Philosophical Transactions for the year 1844, 


Professor Boole enunciated certain theorems relating to 


the operative symbol D=2 = , and applied them to the 


dx 
integration of a large class of differential equations, and 
to the evaluation of certain definite integrals: and in the 
Cambridge and Dublin Mathematical Journal, Nov. 1851, 


Mr. Carmichael has extended this method by demonstrating 


the analogous theorems relating to the operative symbol 


d 
V=2, +2 


I propose to make some still further extensions: to the cases 


(1) in which the order of the variables by which the symbols 
of differentiation are multiplied is not the same as that of 
the variables with respect to which the differentiations are 
to be performed ; (2) in which the variables by which the 
symbols of differentiation are multiplied are > any linear func- 
tions of the given variables. 


Section I. 
Suppose that the series 


eee 
eee 


represents any permutations of the series 


and that V;,, Vj,-.. are operative symbols analogous to 
thus : 
V,=2 ¢ + 
dz, 
vis 


Again, adopting a similar notation, the ecsatation 

of the series 

will be represented by the series 


Jin» Jigs (3), 
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and the corresponding operative symbol by vj; ;; so that 
Ving = + Xj. (4), 
and generally 
Vi, =2 
_ And further, writing 


| d 
n 
Moy, iy dz” + eee dz, + eee 

dz, dz, eee | 


it will be found that Vi. = ViVi Vii 
Similarly, 


and so on for any number of operations. But on account of 
the non-interchangeability of the order of the permutations, 


it does not seem generally possible to give a concise expres- 
sion for the operation © Vics 
+°°J+3 


If, however, the permutations are of such a character as to 
admit of an interchange of order, the operation in question 
may be expressed in a very brief and elegant way. Suppose, 
then, that P(2), P(y) represent the permutations (1), and 
P(j,?),... permutations of the form (3); then, whenever 


either the second or the first and last conditions of the 


following system are satisfied, 
PU), k)= J), Pth,i)= PG,k), Py i)...(9), 
there will result 


And se besides, either the first condition or the last two 
conditions of the following system be satisfied, 


P{j,(k, = P{(&, 2), 7} 


the equation (8) may be written in the following symmetrical 
form, 


This may, for convenience, be called the symmetrical case. 
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a ViViViV: 
— ViViVi,1 — ViViVi,: 


+ Vi + + 


notation 


(2,7) (Z, 2) (2,7) = Vind, Ieee 


‘ 


be written as follows: | 
Visi a (2, 2) (2,7) 
(AJ) 
= t) (7,7) &) 


(2, 1)= Vio = Vi» (k, k) Vio 
(J; k) (k,7) (k, 2) (2, (2,7) GF t) 


(A, 2) (A, 7) (A, 
and generally 


Ge 
Or, adopting Mr. Sylvester’s notation, 


Sty 


= | (0, 0) (0,7) (2, 2) | 
(Js?) (Js J) 2) | 
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It is not difficult to form the permutational equations cor- 
responding to (9) and (11) for the four systems P(2), P(7), 
P(k), P(/); and when they are satisfied, there will result 


(18). 


) 


The analogy between the structure of these functions and 
that of determinants suggests the following symbolical 


(14), 


in which it will be observed, that whenever a letter occurs 
twice in the left-hand members of these equations, it is 
to be inserted once as a sufhx in the right-hand members ; 
a remark which will sufficiently explain the general forma- 
tion of the new symbols. The equations (7), (12),... may 
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These formule enable us to find a symbolical solution of 
a certain class of partial differential equations ; in fact, if 

a" 


in which the number of quantities 2, ‘oe is ”, and 


see = 


| +B. p+... 


Then, supposing the order of the permutations to be 
interchangeable, 7.e. supposing the case to be a symmetrical 
one, the operative function on the left-hand side of (18) 


and if there be formed other similar expressions 


the differential equation 

(Az Beta? ... +...) 

dx,” ...(21), 


+ (Ar + Ba Py... +...) 


(O any function of the may be 
expressed thus: 


and its symbolical solution will be 
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Section IT. 
Let ad 


where 


= a,,2, + B,,2, + a,,t, + | 


all which may be comprised in the ‘ihieas formula : 


B,, 


30), 


4 


which equation is to be understood disjunctively, ¢.e. each 
constituent of the product of the two determinants on the 


+ oes 

Eo = —+&, — +... 

| | 

21 21 

| 21 21 (29), 

: 21 21 
21 22°" 
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left-hand side of the equation, developed as indicated in (29), 
is to be equated to the corresponding constituent of the deter- 
minant on the right-hand side. Then 


suppose. In the same way we e might write ) 


tee 
= | 321 321. 


321 321 


_and there would result 
And similarly, the process might be carried on to operations 
of higher orders. To this class of endex symbols there cor- 
responds symmetrical cases analogous to those mentioned 


in §1. For supposing that, instead of (28), we consider the 
following equation, 


1 


| | aL, 


2 


| | 
suppose. Then, if the disjunctive equation ich i 


1212. 21 21 
1119 49 


12 12 21 21 (BO) 
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holds good, there results" 


And consequently, adopting a ‘notation analogous to that 
given in (14), writing 


we have (44, 2) 
(2, 1) (2, 2) 


Similarly, if the disjunctive equation 


= 


11 14-19 


PY PY gp gp (39) 
21 22 


hold good for all values of p and g from 1 to 3 inclusive 


(p and g however always being different); there will result, 
from the three cases 


2,38; p,g=8,1;3 Q = (40), 
____ the following relations, 


And further, if the system of quantities | : 
PY | 

pqr pqr 


oi... | 


are independent of the order of the quantities p, g, r, there 
will result 


and consequently (33) becomes 


and, extending the notation (37), this may oa written 


— 


(2, 1) (2, 2) (2, 8) 
(3, 1) (3, 2) (8, 3) 


| 
cot ™ 
eee eee 
23 
a 
a 
-+ 
44); 
¢ b 
ang 


Of On certain Theorems in the 
And generally, if the system 


11 | 
| 


eee 


for all values of 7 from 2 to x » inclusive, and for all values of 
11, t,5---4; from 1 to m (m being the number of the variables) 
inclusive, remains unchanged by any permutation of the 
order of 7,2,...2;; the case will be symmetrical, and 


(2, 1) (2, 2)...(2, ”) 


which may for convenience be written, as in §.1, as follows, 


2,...7) 


This. expression will enable us to find a symbolical solution 
of another class of partial differential equations, namely the 
following : 
du 

V—+4+...4W ~+...2@... 
where ptort..=4, 


U = AU, + BU, +... 
V= AV,+ BV.+... 


W = AWs BW... | 


the general type of U,,U.,,...V,,,V,,... W,, W,,... being 


hil 


and it being further supposed that 


is resolvable into linear factors. 
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Then the equation (41) may be thus transformed : 


and, as before, its solution may be thus expressed : 
u = © + 0 (53), 


, ON A PHYSICAL PROPERTY OF THE GENERATORS OF THE é 


By WALTON. 


In the May Number of the Mathematical Journal for 
1852, I have shewn that the wave surface may be generated 
by the movement of a curve of double curvature, defined 
by the equations 


SS 

“2, 


>| &, I<. 


J 
and subjected to pass through the three directors 


ll 
| 


+2= ay’ | | 


the condition of passing through these directors being in 
fact, as there ‘shewn, equivalent to the two algebraical 
conditions 


ha? + wb’ + ve’ = 0. 
NEW SERIES, VOL, VIII. —Feb. 1853. D 


34 ee On the Wave Surface. 


I propose now to shew that these generators possess a 
remarkable physical property. 
In the paper referred to | have shewn that 


_ 
to 


Differentiating the equations ee we see that _ a 
and therefore, by | | 


But, a, B, y; being the of the line of vibra- 
tion at any point z, y, z, of the wave surface, we know that | 


(see Griffin’s Double Refraction, p. 11) 


Also (see Griffin’s Double Refraction, p. 18) AO 


The equations (5) establish the following proposition : a 
‘* The line of vibration at any point of the wave-surface is 
a tangent to the generator which passes through that point.” 
Or, which amounts to the same thing, o 
“'The tangent at any point whatever of any generator of io 
the wave-surface is a line of vibration at that point of the 
surface.” 


Cambridge, July 28, 1852. 
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ON THE CONDITIONS OF SIMILARITY OF TWO SURFACES OF 
THE SECOND DEGREE NOT SIMILARLY PLACED. 


By Tuomas WEDDLE. | | 
Let 427+ 2B yz+2B,cz+ =U......(1), 
and a,x + ay’ + + 2b,vz + 26,cy =U......(2), 


(where U and u are of the first degree) be the equations to 


two similar but not similarly placed surfaces of the second 
degree. 

Let (1) be transformed so that the new coordinate axes 
may be parallel to its principal axes, then its equation will 
ve of the form ee 


P+ Py + 


In like manner let (2) be referred to parallels to its principal © 


axes, and its equation will become 


Now though the two surfaces are no longer referred to the 
same axes, yet either system of axes may be turned round 
(carrying its surface along with it), and made to coincide 
with the other system: if this were done, the two surfaces 


would then be not only similar but similarly placed, and 
hence the conditions of similarity are | 


A 
But (Gregory’s Solid Geometry, chap. 1v.) P,, P,, P, are the 
roots of the ‘discrimiriating cubic’ | 
(P-A,)(P-A,)(P-A, - B\P-A,)-BXP-A,) 


P-A,)- 2B,B,B,=0...(6), 
that is, of | | 


P*-(A,+4,+A,) P+ 
= 0...(7). 
In like manner, p,, p,, p, are the roots of 


P (a,+ a+ a.) P b P 


— (a,a,a, + 26,b,b,— a,b,’— a,b,°- a,,’) = 0...(8). 


Now it is evident from (5), that (A being properly assumed ) 
if we substitute AP for p in (8), (and divide by ’), the 
resulting equation will be identical with (7); hence equating 


p2 
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the coefficients and eliminating X, we find the two conditions 
of similarity to be 


A,A,+ 4,A,+ 4,4,- B?-B; -B} 
(A,+A + Ay 
A,A,A,+2B B.B,- A,B? -A,B?-A,B; 
(.4,+A,+A,) 


2 2 3 
(a,+ a+ 


When the surfaces (1) and (2) are abel to oblique axes, a 
the conditions of similarity (which are of course much more 


complicated) may be found in the very same manner, the 
‘ discriminating cubic’ in this case being 


(P-A,)-(gP-B,)(P-A,) 
-(hP- B,)'(P-A, )+ 2(fP-B,)(gP-B,)(hP-B,)= 0...(10),¢ 


where f, g, and h are the cosines of the angles which the 
axes make with each other. 


The analogous condition of similarity for two conics 


Ax’ + By’ + = 


and | ax’ + Oy + = @ 48), 
AB-C’ ab-c 

(the axes being rectangular), is ascribed by Mr. Salmon = 
(Conic Sections, p. 204, 2nd edit.) to Mr. Jellett. It may be =~ 
investigated in the same manner as Me from the quadratic os 

If the axes be oblique, then, instead we shall have 

(P-A)(P- 


* By deducting each member (multiplied by 2) of the above equation 
from unity, it will assume the form 


+A} + 2B! +a, + 2b + 
(4,+A4,+A,)° (a, + a3) 


+ I am not aware that (10) has been published before; certainly it is |= = 8 W 
not generally known. I intended giving the investigation in my Chapters a t} 
on ‘Analytical Geometry of Three Dimensions relative to Oblique Axes,” 
in the Mathematician, but the discontinuance of that work prevented the — 
completion of my design. It will be observed that Ba differs from (6) ot 
only in having —B,, 9P- B,, hP—B,, instead of — B,, — B,, — B, 
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where f is the cosine of the inclination of the axes ; and the 
condition of similarity will in this case be | 
ab-e 
(A+ B-2fCY (a+b- 2fey 
In the preceding investigation the two surfaces (or conics) 
have been supposed referred to the same axes. If, however, 
they be referred to different axes, the conditions of similarity 
will evidently remain unchanged providing both systems of 
axes be rectangular; but if the axes be oblique the con- 
ditions, which are easily found from (10) or (15), will be 
somewhat different ; thus (16) will become _ 
(A+ B-2fCY (a+b-2f'cy 
(AB-C")sin’w — (ab-c’)sin‘w’ 


w and w’ being the inclinations of the two systems of axes. 
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York Town, near Bagshot, 
| Jan, 21, 1852. | 


EASY METHOD OF FINDING THE MOMENTS OF INERTIA OF 
AN ELLIPSOID ABOUT ITS PRINCIPAL AXES. 


By the late G. W. Heanrn.* 
THE equation to the ellipsoid being 


2° 


make = az’, y = by’, and z= cz’; then, at the surface, 


Let A, B, C be the moments of inertia about the axes of 
_  &,Y, 2, respectively, and p the density ; therefore 


A = pf dedydz = pabef + da'dy'dz’ 
= b’.Sm'y” + 


where (z'y'z’) denotes any point within the sphere (2), and m’ 
the element (of the sphere) at that point. 


* Communicated by Mr. Weddle. 
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Now, in the case of a sphere, we evidently have 
and ; 
also, (2), the limits of x" are 0 and 1, therefore 


and = Sm'y" = = 

‘Hence, (3), A = +c) 4 rp = 4 +¢°). 

But UM, the mass of the ellipsoid, = jrpabe, therefore 
A=1M(l? +0); 


and B and C may of course be found in a similar manner. 


THEOREMS ON COMBINATIONS. 
By the Rev. Tuomas P. Kirkman, M.A. 


4 Ir has been observed by Mr. Cayley, somewhere in the 
5 Philosophical Magazine, that two systems, and only two, 
of triads can be made with 7 symbols adbcdefy, so that the 
systems shall have no common triad, and that each of them oo 
shall exhibit once every duad possible with the symbols. | &§ 
From this it follows that | 


A. With seven s ymbols can be formed 21 triads, : so that =@& 
every duad possible shall be three times employed. a? 


These 21 triads are those which remain unemployed 3 in a 

the two systems of seven. ce 
To every triad, abc, belongs a complementary quadruplet, 
defy. Itis easily seen that 
B. Two systems of seven quadruplets can be made with 
seven symbols, each system twice exhibiting all the 2\ duads, © 
and so that the systems shall have no quadruplet in common. 


C. A system of 21 quadruplets can be made with seven 
symbols, so that avery possible duad shall be six times em- 
ployed. | 

These are the 21 quadruplets that remain after the forma- 
tion of the two systems of seven. _ 
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If abcd, abce, abcg are three of these 21, then will cdeg, 
bdeg, adeg be three others. | 


With 9 symbols can be made seven different groups, each 
of twelve triads, every group exhibiting all the duads once. 

D. With 13 symbols can be made three different groups, 
each of 26 triads, each group containing all the duads once. 

The following, 


‘pl 


Aaa, 
Abb, 
Ab,b, 
Ac.c, 
Ace, 


abe 
134 
223 
241 
343 


aab 


1382 


241 
144 
233 


bbe 


(1308 


2492 
144 
231 


CCa 
231 
134 


242 


012 
424 
432 


where the second column is a,d.c,, a,b,c,, &c., is such a : 
group. If 1 and 8 be exchanged, and also and c, a second 
is formed ; and a third, by exchanging in the first 1 and 4, 
and cyclically permuting cba. Whether any more such — 4 
groups can be made without repeating any triad of the ‘ 


three groups, I know no simple method of deciding. | | } 
If we write out the duads of 8 things, thus, 
hi hk hl hn In ho hp 


| mp mn np no op Ip Im | 
we may prefix to the columns in order the seven letters | 
___abedefg, thus forming the triads ahi, ako,,..bhk, We 
can then cyclically permute abcdefgy in these triads five 
__._ Steps, and thus make five systems, each of 28 triads, in ‘ 
__._ each of which systems all the seven abcdefg will once be 
combined with all the eight hiklmnop. If we form with 
_ the seven the 21 triads of Theorem A, and add to these : H 
three of the five systems of 28 triads, we shall have 15 
___ symbols thrown into triads till every duad has been thrice 
employed, without repeating a triad. The two remaining 
___ systems of 28 form, with the two systems of 7 triads men-_ 
___ tioned at the beginning of this paper, two distinct arrange- 
___--— ments of 15 things in triads, each exhibiting all the duads 
a once, and having no triad in common. ‘The sum of the con- 
structed triads contains every duad five times. 
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If we now write out the pairs of the 8 symbols abcdefgp, 


og bp tbe td be Uf by 


_and prefix to the columns in order the two sets of 7 letters 


A; hh, MA, hy M,. 


thus forming the 56 triads lab, hab, leg, heg, .. hae, NaC, ... 
oag, lag, &c.; it is evident that we shall twice combine 
every one of the 8 abedefgp with each of the 7 hiklmno, 
and that we shall have twice employed all the pairs possible 
with the eight. Also our 56 triads are all distinct from 
those above formed with the 15 symbols; for we have 
before made none containing a pair only of the seven 
abcdefg, and of those which we have just made contain- 
ing p, none have occurred before ; /ep and /dp, for example, 
which we have just formed, are new, because /p was com- 
bined before only with the five letters JSgabe, and not with d 
or e. If we now form two distinct sets of 7 triads with 


the 7 elements hik/mno, each set exhibiting all the duads, 


we shall have triads completely new, as containing each 
three of these elements: these 14, added to the twice 28 
just made, are a system of triads made with the 15 symbols 
to exhibit every duad twice. These being added to the 
system before formed which contains every duad five times, 
make up a system of triads, all different, which contain every 
duad seven times. The remainder of the possible triads will 
contain every duad six times. ‘hus we can add the theorem 


-E. With 15 symbols triads can be formed, so as to exhaust — 


every possible duad once, twice, three, four, five, six, seven, 
eight, nine, ten, eleven, twelve, or thirteen times, and so that 
no triad shall be twice employed, whichever of these numbers 
we fix upon. 


F. With (12n+ 3) mere can be formed triads so as to 
exhaust the duads 6n- 1 or 6n+2 times ; and with (12n +7) 
symbols, so as to employ every duad 6n +1 or 6n +38 times. 


This latter theorem is proved by writing all the triads 
possible with 62+ 1 (or 3) things, and prefixing 62-1 
(or 62+ 1) of these things to the duads made with the 
remaining 6”+2 (or 6n+4) things, which can easily be 
done without repetition of any triad. 
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From Theorem D follows easily that © 


G. With 27 things triads can be made till every duad has’ 
been either twice or thrice employed. : 


Mr. Salmon, discussing, at p. 196 of his’ Higher Plane 
Curves, the double tangents of curves of the fourth order, 
has laid bare, by a single stroke of his bright analytic 
wand, the pleasing property, that 28 things can be thrown | 

quadruplets till every duad has been five times em- 
3 ployed. I find that this is a case of the following theorem: 


z H. 4(3n+41) things can be arranged in quadruplets tll 
every duad has been 2n+1 times employed. 7 


To prove this we take 12”+3 symbols, viz. the three 
bed, the 4n unaccented letters efghy..., the 4n accented 
and the 4n subaccented and 
arrange them thus: 


bef def, ede, ff'f, hf'h, tet, 


Here the second vertical rows of the even columns after the 
second are always the same 2n accented letters, and their 
third vertical rows are the 2m cyclical permutations of the 
same series subaccented. ‘The second vertical rows of the 
odd columns after the third are all one accented series, while 
their third rows are that series subaccented and cyclicall 
permuted, the series being the remaining half of the 4n 
letters. | 

Lhe number of the columns is 42 + 2, equal to that of the 
De unaccented letters abecde..., any one of which heads every 
triad in one column. 
os The number of triads in every column, excluding the 
triplet bed, is 2n. | 

It is evident that each of the 12” +3 letters occurs 2” + 1 
times, and that no duad is twice employed. If then we 
prefix a to every triad, we shall have quadruplets adcd, 


abef, ace'f', &c., in which a is combined 22+ 1 times with 
every other symbol. Let us suppose that a@ is thus prefixed | 
throughout. | 
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We next execute the law, that if 4860 and a8u@ be two 
quadruplets, 6@u¢ shall be a third. It will thus come to 
pass that every duad will be employed 2n+1 times, and 
no more. For every unaccented duad will occur 2n+1 
times, as cd or ce. ‘The former occurs in abcd, and the 2n 
quadruplets cdef, cdgh, cdij, &c., made by our law from the 
first column. ‘The second and fourth columns give us ace’f’ 
and aee’e,, whence comes cef’e,; as also ceh'g, from acg'h’ 
and aeg'g,; and in the same way 2n quadruplets containing 
ce can be added to cdef. 

_ Also, every duad containing a and an accented or sub- 
snpead letter, occurs 27 + 1 times, as ae’, which is found in 
ace'f', aeée,, age'g,, &e., from the 1 even columns: 
ae, occurs in ade Jy aee'e,, and 2n-1 times more from the 
6th, 8th, 10th, &c. columns : ah, occurs in udg,h,, afi'h,, &c. 
made from the third and 2n more odd columns. The duad 
ee, occurs once in aee‘e,; and if we write under this quadru- 
plet the other 2”, which contain the duad ae’, our law will 
give us 2” more containing ee.. 


The duad occurs once in ace f', and 2n more 


the quadruplets ef'gh, ef'r7', &c., made from the second 
column. 

The duad éf. does not appear in the quadruplets which 
contain the letter a; but aeee, and ade, f,, appear, wherefore 
ede'f isa quadruplet, under which, if we write the remain- 
ing 2” which contain ed, we shall deduce by our law 2n 
more containing ef. In this manner it can be proved that 
any duad possible with the 12n+4 symbols occurs 22+ 1 
times, and the Theorem H is established. 

I shall conclude with a theorem interesting both in itself 
and for the simplicity of its demonstration. 


J. 2" young ladies can all walk out in fours day by day 
tall every three have once walked together. 


First, let 2 be even and = 2m. 


‘Take for the 4” symbols the m-plets that can be made 
with the four letters abcd. very triplet formed of these 
symbols is completed in one way only into a quadruplet by 


the simple rule, that no quadruplet shall have only three 
r laces either like or unlike. 


Thus the triplet (supposing m=6) | 


abbadd . bbcaab . cdaaaa 
becomes by this rule 
abbadd . bbeaab . cdaaaa. dddute. 
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In fact, if three r places in the triplet are all different 
letters, the r‘* place of the fourth symbol is the remaining 


fourth letter; if they are all one letter, the fourth 7 place 


is that one; if they shew two letters only, the fourth shews 
the odd | | 
Let any of these 4”.(4"-1)(4"-2): (1.2.3.4) quadruplets 
be chosen at random. It will either exhibit, or not, some 
four e* places (for one or more values of e) comprising all 
the letters abcd. Such values of e in the above quadruplet 
are the first places and the sixth. Let the four places 
answering to the least such value of e be suffered to stand ; 
in this case e=1, the units’ places, dbac. Permute now 
cyclically abcd in the four (e+ 1)" places: this gives, in- 
cluding the one before us, four 4-plets, having no symbol 
in common, and all alike in their e“ places. In these four 
permute abed cyclically in the (e+ 2) places, which pro- 
duces 4° quadruplets, having no common symbol: and if | 


the same cyclical permutations be effected in all these in 


their four (e +38)" places, there will arise 4° such 4-plets. 
Continuing these permutations of abcd in all the m places 
except the e”, we obtain 4”° 4-plets, in which the 4” 
symbols are exhausted. It is easily seen that every quadru- 
plet in this group of 4”° will, if thus treated, produce this 
same group, and nothing more. Thus it is proved that 
every 4-plet, which exhibits four unlike e places, deter- 
mines a group in which all the symbols are exhausted, and 
can only determine its own group. 

Take next a quadruplet in which no four e places 
exhibit the four letters. ‘There must be in it four e™ places 
exhibiting a pair, and also four e,"" places exhibiting a pair ; 
for Aa.Ab.Ab. Aa cannot be one of our 4-plets, because 
the symbol Aa is repeated in it. Let such a quadruplet, 


for example, be 


(...abbb) (...acdb) (...bedb) (...bb00). 


We take the lowest values of e and e,, which in this instance 
are e= 2, e = 8, counting from the right. We conceive abcd 
to have rank or magnitude rising in that order: then we 


exchange the pair in the e places for the excluded pair, 


the less for the less and the greater for the greater. ‘This 
gives two 4-plets, including that before us. Next, in the 
e,” places we exchange the pair exhibited for the excluded 
pair, the less for the less and greater for greater. This 
makes our two into four 4-plets, having no symbol in com- 
mon, any one of which, treated in the manner laid down, 
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will produce all the four. If we now continually cyclically 
permute abcd in all the places except the e and the e,' 
we shall make our four quadruplets into 4”", all different 
in their elements, and therefore comprising the 4” symbols. 
We have thus proved that every triplet possible with the 
4” elements or m-plets, determines one quadruplet which 


determines one group of 4". That is, any three young. 


ladies who choose to walk together on any day, determine 
the arrangement of all the 4” for that day. 

To prove the truth of the theorem when x» is 2m+1, 
we add to the former 4" m-plets made with abcd, the 4™ 
m-plets made with abcd. We then join to our rule above 
given, in which a and a, 6 and b, &c., are like letters, the 
following: no quadruplet shall have only three italic or roman 
symbols. This determines, with the preceding rule, the 
fourth element to be added to any triplet. ‘Thus, if out 


of 512 young ladies the three (abbd), (ab86), (adaa), choose 


to walk together to-day, their companion must be (adac), 


and this quadruplet determines the arrangement, for the — 


day, of the 512. 

For such a 4-plet must either have, or not, both italic 
and roman symbols. If it has not, let them be all italic. 
We can, by the preceding argument, form by it a group 
of 4" ° 4-plets comprising all the italic symbols, and under 
these we can write the same group in roman letters. This 
completes the arrangement of the 2.4” ladies for the day. 

If the quadruplet has both italic and roman symbols, it 
must either have, or not, some four e places exhibiting 
four unlike letters, for one or more values of e. Let it 
have them, and take the least such value; then let the 
four e“ places stand, while the cyclical permutations are 
effected in every other four r™ places. This gives us 4”° 
4-plets having no symbol in common, under which, if we 
write the group of 4”", which differs therefrom only in 
the exchange of italic and roman letters, we shall have 
the 2.4" ladies arranged for the day. 

If the quadruplet having both roman and the letters 
exhibits no four e places containing four unlike letters, 
it must exhibit four e places containing a patr of unlike 


letters. Let such a quadruplet be, m= 4, 


abbd abbd.adad . adad, 


in which the least such value of e is e=2. As these tens 


or second places, 6, b, a, a, are all different, though only 
of two names, we can let them stand, and cyclically permute 
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_as before in the other places, thus obtaining 4”" quadruplets 


having no symbol in common. ‘Then, putting in the same 
e* places dd for bb, and cc for aa, less for less, as before, 
we obtain, by a like course of cyclical permutations in the 
remaining places, another group of 4”° 4-plets, which, 
added to the preceding, completes the arrangement for the 
day. And it is easily seen that any quadruplet of any of 
these groups of 2.4", if treated in the manner prescribed, 
will give rise to its own complete group and to nothing 
more. Thus the Theorem J is established. _ a 

When n=4 in J, the triplets combined with any letter a, 
are those required for the solution of the problem of the 
15 young ladies. But I do not see in the case of n=6 
any step towards a like handling of 63. 


Croft Rectory, near Warrington, 


ON A CLASS OF RULED SURFACES. 


By the Rev. GrorGe Saumon, 


Tuer remarks of Mr. Cayley in the last No. on “ Ruled 


Surfaces in General” (vol. vil. p. 171) have led me to ex- 
- amine more particularly the nature of the surface generated 


by a right line resting on three directrices, which we shall 
suppose to be curves of the degrees m,, m,, m.,. 


First, then, it is plain that the directrices are in general. 
multiple lines on the surface of the degrees respectively 


m,m,, m,m,, m,m,. For through any point on the first curve 
pass m,m, lines of the system; the intersections, namely, 
of the two cones having this point for a common vertex, and 
resting on the curves m,, m,. 

The degree of the surface is equal to the number of 
lines of the system which meet an arbitrary right line; 
it is therefore equal to the number of intersections of the 
curve m, with the ruled surface, having for directrices the 
arbitrary right line and the curves m,, m,; or it is equal 
to m, times the degree of this latter ruled surface. And 


by a repetition of the same argument it appears that the 


degree of the surface is 2m,m,m,,. 
The intersection of two lines of the system gives rise to 
a double point on the surface. Let us therefore examine 


how many other lines of the system can intersect a given 
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one. And it is evident that this number is equal to that 
of the intersections of the curve m, with the ruled surface 
whose directrices are the curves m,, m,, and a right line 
resting on both. ‘The degree of this latter ruled surface is 
found by examining the nature of a plane section through 
the right line. And it is found ie the right line is a 
‘multiple line of the degree mm,- 1, and that there are 
besides in any such plane section (ai —1)(m,-1) lines of 
the new system. The degree of the latter ruled surface 
is therefore 2m,m,—m,-m,, which meets the curve m, in 
points not on the right line, whose number i 1s 


(2m,m,-m,-m,) m,—(m,m,-1) = 


If we consider the section of the ruled surface passing | 
through any line of the system, we know that it must be 
this right line and a curve of the degree 2m,m,m,- 1, 
) intersecting the right line in that number of points. “And 

these points are distributed as follows: 


mm -1, mm,-1, mm,-1, 


where the right tia meets each of the Nidiitnes ; the 
2nr,m,mM,— m,m,— m,m,—- m,m, + 1 points just mentioned, where 
the right line meets other lines of the system ; and the 
single point of contact of the plane of section with the ruled 
surface. 

It is to be observed that there are a number of right lines 
of the system which are double lines on the surface ; those, 
namely, which rest twice on one of the directrices, resting 
also on each of the other two. The number of such lines, 
resting twice on the curve m,, is proved, by reasoning similar 
to that used before, to be m,m, times the degree of the ruled 
surface generated by a right line resting twice on m., and 
also on an arbitrary right line. But if we consider the 
section of such a surface through the arbitrary right line, 


we had this dave be ! 1) 


the arbitrary right: line itself, which is a multiple line of 
the degree h,, (A, being the number of apparent double 
points of the curve m,). Lt follows, then, that the total 
number of double right lines on the surface is 


| fm(m,-1). (m, — 1). 


1) 


right lines, besides 
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I am not able to tell the order of the double curve in this 
case; but I may mention that when Mr. Cayley observes 
(p. 173, near the end) that it does not appear that there 
is anything to determine z, he overlooks that he has proved 
that the reciprocal of the skew surface is one of the same 
order as itself, and consequently that the theory of reciprocal 


surfaces must afford equations connecting the characteristics ‘ 
of the double curve with those of the ruled surface. When | 
the curve z is simply a double line, the equation in question 

i m(m—2)(m-—4) = 4). 

The proof of this will appear in a paper on Reciprocal | 
Surfaces, which I wrote about three years ago and which ~ oe 
I hope soon to publish, But ordinarily I believe that the — 4 

curve 2 will include multiple lines of a degree higher than oe 
the double (as, for example, in the case discussed in this . 


paper): and I have not examined the effect of such multiple 
lines in diminishing the cuspidal and double edges of the 
tangent cones to surfaces. | 7 

Trinity College, Dublin, 
Sept. 7, 1852. 


Notr.—I take this opportunity of saying, in reply to Mr. Walton’s 
article in the last Number, that I see no reason why we should not 


close our controversy on the terms of arbitration proposed by Professor { 


De Morgan, namely that Mr. Gregory’s conventions shall be banished i 
the regions of. Algebraic Geometry to those of Geometrical Algebra, 
e where for my part I have no desire to follow them. In fact Mr. Walton . 
FS does not deny the only point for which I am anxious to contend, viz. @ 
___._ that the curvilinear loci obtained by Mr. Gregory’s rules have no geome- ‘ 
a trical connexion with the plane curves represented by the same equations. ‘ 
& And if this be so, they cannot be expected to throw any light on any , 
oF difficulties, real or supposed, in the theory of plane curves. I have only : 
to add that I believe Mr. Walton was hasty in asserting (vol. VII. p. 239) sf 

4 that “if f(z, y) = 0 be transcendental, a conjugate point not double but f 
_ ___ Single may easily present itself,” and that the case of a conjugate point ; 
my appearing to have a real tangent is explained by observing that such > 
% a point results from the union of two or more ordinary conjugate points. § 
AN ACCOUNT OF SOME TRANSFORMATIONS OF CURVES. 
By Anprew S. Harr. 
ae Amona the methods of Transformation of Curves men- é 


tioned by Mr. Salmon in his treatise on the Higher Plane 
iG Curves, is the method of inversion which was introduced 


- to the notice of geometers by Dr. Ingram and Mr. Stubbs [ 
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in the Transactions of the Dublin Philosophical Society for 
1843, and which appears worthy of further development. 


The inverse curve is formed by substituting - for p in the 


polar equation of the — curve, or, which is the same 


Y 


thing, substituting — , for z and y in the equation 


Thus, if the equation of a given curve be 
0 


(where wz, is the absolute term, and w,, w,, &c. the aggregates 
of all the terms of the first, second, &c. degrees), the equa- 
tion of the inverse curve will be 


+ u,(2+ + &e. + u, = 0, 
an equation of the 2n"* degree having three multiple points 


_of the n"* degree, viz. the origin and the two circular points 
at infinity. But if the origin be on the given curve, wu, = 0, 


and the degree of the inverse curve will be 2n—1, the origin 
will still be of the m degree, and the circular points at @& 
infinity of the (n-1)" degree. If the origin be a multiple : 
point on the given curve, the degree of ‘the inverse curve 
and also of its circular points will be diminished by the 
degree of this multiple point. Again, if the given curve be 
circular (7.e. if it pass through the two circular points), the 
equation of the inverse will be divisible by 2° + y’, its degree 
and the degree of the origin will be reduced by two, andthe == 
degree of the circular points at infinity by one. Ifthe given ~~ | 
curve be bicircular, each of these reductions will be doubled, © |. 
and so on. Also, since the origin is the inverse of the line & 
at infinity, the inverse of any parabolic curve will have a 
cusp at the origin. 

For example, the inverse of a right line is a circle passing 
through the origin; but if the origin be on the given line, 
the inverse is a right line. The. inverse of a conic is a 
bicircular biquadratic having a double point at the origin, 
but if the origin be on the conic, the inverse is a circular 
cubic; if the conic be a parabola, the inverse has acuspat ~ 5 


the origin; and if it be a-circle, the inverse is also a circle, — t] 
if the origin be not on the curve: but if the origin be on al 
the given circle, the inverse is still farther reduced and t} 
becomes a right line. of 

The application of these principles to curves of higher th 


degrees i is obvious, and I now proceed to some of the prin- 
cipal geometrical relations of inverse curves to one another. 
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First it is to be observed, that while as a general rule 


every point on one line has its corresponding point on the 


inverse line, the origin and the two circular points at infinity 
are to be excepted, as we have seen that their presence on 


“any curve gives rise not to corresponding points, but to a 


reduction of degree of the inverse curve. : 
Secondly, with these exceptions every multiple point cor- 
responds to one of the same nature on the inverse curve, 


and every contact or intersection of two lines corresponds — 


to a contact or intersection at the same angle of the inverse 
lines. Hence, also, since a focus is an infinitely small circle 
having double contact with the curve, its inverse is a focus 
of the inverse curve, except in the case where the origin 
is a focus to which correspond in the inverse curve two 
imaginary cusps at the circular points at infinity. Thus, if 
the origin be a focus of a conic section, the inverse curve 
will be a limacon, which becomes a cardioide when the 
given curve is a parabola, and the inverse of a circular 
cubic or bicircular biquadratic, when the origin is a focus, 
becomes a Cartesian oval. 
Thirdly, if a@ and 6 be the points inverse to A and B, 
AB. | 
OA.OB’ 
point A from a right line is to the distance of the inverse 
point from the circle inverse to the line measured in the 


O being the origin, and the distance of any 


_ direction of the origin as OA to the diameter of the circle. 


Examples of these properties will be found in Mr.Salmon’s 
Treatise and in the volume of Transactions already referred 
to. I will only add that, as it is proved (Higher Plane 
Curves, p. 177), that confocal circular cubics cut at right 
angles, it follows by inversion that all confocal bicircular 
biquadratics (including Cartesian ovals) cut one another 
orthogonally at their eight points of intersection; in fact, 
if any of these points be taken as origin, the tangents will 
be parallel to the asymptotes of the inverse confocal circular 
cubics, and it is therefore sufficient to prove that they are 
perpendicular. Also, since a circular cubic has four tangents 
parallel to its asymptote, which touch at four of the inter- 
sections with the confocal cubic, it follows by inversion that 
there are four circles which touch a bicircular biquadratic 
at any point O, each of which touches it a second time at 
the points A, B, C, D, which are four of the intersections 
of this biquadratic with the confocal passing through O; the 
three remaining intersections are the intersections of three 
pairs of circles which pass respectively through OAB, OCD; 
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OAC, OBD; OAD, OBC; and each pair of these circles 


cut one another at right angles. 

It would be easy to multiply examples. The above may 
serve to shew the fertility of this method in geometrical 
results. 


Trinity College, Dublin, 
July 28, 1852.. 


ON THE METHOD OF VANISHING GROUPS. 


By James Cockte. 
[Concluded from Vol. vit. p. 118.) 


XXVI. Ifa system of simultaneous and homogeneous 
equations admit of finite algebraic determination by any | 
process without its being necessary that more than a cer- 
tain number of undetermined quantities should enter into . 
each of the given equations, I call that number the explicit me 
limit of the process as applied to the system. If, @ priory 
and independently of the given system, each of the indeter- 
minates involved in it can be represented as a linear and 
homogeneous function of not Jess than a certain number a 
of other indeterminates, without our results being thereby e 
rendered illusory, I call the latter number the correspond- | 
ing ¢mplicit limit of the system. | 

If a limit can be found, below which the process becomes 
illusory, we have an absolute limit of the process. If we 
denote by the order of an equation the number of indeter- —S_ 
minates which it contains, the limit of a system correspond- ~—_—_i| 

ing to any process is the least order under which it is ~ 
determinable by that process. - 

In the application of indeterminate processes to the theory it 

of equations, the implicit limit very early forces itself upon 
our attention. A simple investigation (which shows the 
importance of examining and illustrates a method of deter- 
mining that limit) will be found at pages 128—130 of 
Mr. G. B. Jerrard’s Researches. Developing Mr. Jerrard’s 
2 idea and extending its field by his own peculiar resources, : 
_ Sir W. R. Hamilton, in his Jnguwiry, has afforded us the 
i means of determining the implicit limit of Mr. Jerrard’s 
process in every possible case. ae 
If instead of the implicit limit, we sought no more than © 
the absolute limit of Mr. Jerrard’s process, and of all linear 
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solutions, it would not be difficult to determine it. Adopting 


Mr. Sylvester’s nomenclature and notation (Journal, new 
series, vol. vI. p. 17—18), and also putting every equation 


of a given system under the form 


+ QA" + QN? + Q, = 0, 
let us assume that all the quantities Q, vanish. Then if 
for all values of m, from 1 to 7 inclusive, the quantities Q,, 
which are K, in number, could be made to vanish, we should 
obtain a linear solution of the system. This evanescence 
depends upon the solution of the system indicated by the 
change of / into X, and this again upon the linear solution 
of the system derived from the last by the change of K, 
and #, into 'H, and K,’ respectively. By successive re- 

ductions we should ultimately be conducted to L+ 2. 
The result thus arrived at does not directly furnish us 
with the implicit limit, inasmuch as we have not shewn 
how the quantities Q are to be made to vanish. And, 


‘for all that appears, the very operations by which equations 


are obtained in which such relations are satisfied may con- 
duct to illusory results.. But, comparing the above with 
Sir W. R. Hamilton’s formule, we see that the implicit 
limit of Mr. Jerrard’s process is the absolute limit of all 
linear solutions, however obtained. 


XXVII. The expression £,4,h,..%, or « indicates, through- 
out this paper, that the system given for determination con- 
sists of linear, quadratic, cubic,..., and 4, r'* equations. 
When, in place of 4, numbers or letters used as numbers 
are inserted, commas are placed between them and their 
meaning ascertained by a reference to their position, as in 
the notation of Sir W. R. Hamilton and Mr. Sylvester. 
The evanescence of the formula indicates the finite algebraic 
solution of the system, or the reduction of its solution to 
that of equations involving only two indeterminates. 

The symbol (27; @) denotes the double operation con- 
sisting (1) of the performance of y,,, and (2) of the grouping 
the resulting powers two and two together and making 
each of the r groups thence arising vanish. Whenever 
we have a vanishing group, we must use it to eliminate an 


indeterminate from EVERY expression into which it enters. — 


If we call &” and &'*) the leading indeterminates of the 


group p,p,,,, it will in general be convenient to consider 


one of the leading indeterminates as eliminated. 


I use the symbols 7, s, and vg as characteristic of the 
respective methods of Mr. Jerrard, of Mr. Sylvester, and 
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of vanishing groups. When the characteristic of a process 
is prefixed to a bracketed «, the compound symbol repre- 
sents the explicit limit of the process as applied to the 
determination of the system. Thus, 


J(0, 1 5, -8(0,1,1)=4, og(0,1,1)=4. 


I have given no symbol for the memorable process of 
Sir W. R. Hamilton; but in the above instance, and in 
general, the implicit limit of J, as determined by Sir William 
Hamilton, is given by s. The symbol e will denote ordinary 
elimination. 


XXVIII. If we assume that 


the general explicit limit of the pure method of vanishing 


groups may be represented by either of the identical ex- 
pressions 


vg (k,k,...k,), g(x), or vg(a, B, ¥, 9, & b, a), 


of which the last is equal to Y, as given in IX. and cor- 
rected in X. Let w represent either of the identical ex- 
pressions 


"| or vg (k,k,...k, 


suppose that | 


where the quantities 1, 2,...,w are yt+1 in number, the 
first y-1 of them being the quantities affected with the 
negative sign in the original expression for T, and - 0 being 
supposed to be added to the (y-— 1)" exponent. Then, 
as y passes successively through the values 4, 3, 2, and 1, 
the quantities included in the last brackets become, in 
respective succession, 


* 1, 6,0), €1,:3, 0, 0). 01,9, and (1, w), 


the singular discontinuous 2 disappearing from the last two 


expressions. When y = 0, the equation 
gives the explicit limit. It is to be observed that 
vg(a, B)=a+ 28, (w= 1); 
vg (a, B, 1) = a+ 28% = a + 24(3.2°-1), (w= 2). 
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53 
XXIX. Consider first the system of quadratics 


,=90, u=9, 


u.=0, Uuy=0,..., U, 
in which 

vg(0, 2) = 2* and s(0,2)=4(#' + 2+ 2), 
and consequently for values of z greater than 2 the pro- 
cess s has an advantage over vg. There is a modification 
(g,) of vg in which the explicit limit is given by 
and which may be represented as follows, _ : 

0) 27°; Ou, . Ou, (2250 


= 9, u, = = 0. 
The functions @ vanish by groups, and f by ordinary 
elimination, in which case e(0, 2)=3. Whenever we 
arrive at vg(0, 1) = 2, we have the ordinary solution of a 


quadratic, of which the method of vanishing groups is the 
indeterminate development; e entails upon us the solution - 


of a biquadratic. But for the values z= 2, 3,..., 7, we thereby 
obtain an advantage over the linear solution.* | 


* The scheme of XXXII. enables us to arrive at (18). For if we havez 
quadratics and 
v'(0, = 27" + 27% = y, 


and perform (271; 6), (27%; 6),.., (2%; 8) in due order on the first x—2 
of them, they will be reduced each to the form f(y-2*”") and, with 
the above value of y, admit of solution by vg. The last two quadratics 
will be solved by the remaining two of the grouped quantities (of which 
+... + + 2) or 2 
still remain) by the aid of e. 
We may now replace 2** by 2*%+2*4 in the expression for y. And, 
pursuing this process continuously, we shall arrive at 
2) = + + 27% 4 ...., 


the last term being 2 when z is even, and 4 when z is odd. Of course 


the properties of the functions , &c. would enable us to modify this 
formula, but I shall not pursue the inquiry. 


I would however observe, that in the relation (obtained by any means we 


please) p) = 
whenever we find that 27g is less than 2”*.3, we may change (18) into 


g, (0, x) = 2°?q = 27? (0, p), 


with an advantage great in proportion to their difference. Thus, one of 


the results of XXXI. furnishes us with the formula 


x) = 2**.9, 


the quantity 2**.9 being less than 2**.3 or 274,12. 


I have thought it for the most part unnecessary to encumber the in- 
vestigations in the text with linear equations. The implicit limit (/) 
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XXX. A combination of Lagrange’s method of multi- 


pliers with an extension of the principle of linear solution 


of the system (0, z,..) is always connected with the implicit limit (7) 
of (a, z,..) by the relation | | 

The explicit limits in Mr. Jerrard’s process are not in general connected 
by a similar relation. When linear equations are introduced, Mr. Jerrard 
increases the explicit limit by a number greater than that of the linear 
equations. | : 

In concluding the subject of quadratics I may observe, that if in XXV. 
we make 
v-wtrA, n=y, 


| - 2A =s8, and 2r,'m = u, 
the system there given is equivalent to | 
z*+ty+r=0, 
yt+urts=0; 


_andif U and U’ be functions of g undetermined quantities, then, in general, 


zx and y are linear functions of all those quantities, and ¢ and wu linear and 
yr and s quadratic functions of the same g—2 of them. Various observa- 
tions (for instance, the transformation — | 


y=yt3t) 


‘arise upon the system last arrived at; but I must now pass on to ulterior 


objects. 
et U, V, and W denote three homogeneous quadratic functions of five 
undetermined quantities. Then by XVI. we have, omitting the indices of y, 


= hy +h’ + = pg + f*(3); 
p and q respectively replacing the p, and p, of XI. Let »’, s’, and ¢ be the 


undetermined quantities in f. We may consider U, V, and W as functions 
of pgr’s't; for U already has that form, and V and W may by transformation, 


or a process of reduction, be made to take it; and, completing squares by 


means of the terms involving pw and p’, we are at liberty to make > 
V = (ap + bq)’ + upg + Pp + Qq + R, 
Pp+ 
The three equations U=0, V=0, W=0, 
will be satisfied whenever the system 
| U=V-nU=W-wU=0 


is satisfied. And if we make 


ap+bqg+p=X, and = ¥, 


p and p’ may be so determined as to reduce the last two equations of that 


system to the respective forms 
and Y*+8’X+ 7’ =0, 
where S, S’ are linear, and T, T’ quadratic functions of 7’, s‘, and ¢. We 
may: replace the first equation of the system by 
AVY + +4" =0, 


where v” is a quadratic and », v’ are linear functions free from X and Y. 
In three homogeneous functions of four or more indeterminate quantities 
it may be important to consider two of the variables as distributed in the 
manner indicated in the last three equations. 
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given system z-z equations, each of the form 


+ + = = DAU, 


and let the solution of these equations, together with that 


of the 2 equations | | 
= 0, = O, = 0, 


involve the solution of the given system of z quadratics. 


Let the terms included under 3 be z' +.1 in number, and 
make = A£' + A',..., + A’ 
By means of the z ~ z linear equations | | 


A,=0, A,=0,..., =9,. 
eliminate z-z indeterminates from A,,..., We 
shall thus have z-z reduced equations each of the form 


.Au = + B, 


and if we eliminate z-z other indeterminates by means of 


z-z equations B=0, and continue this operation z times, 
we shall ultimately arrive at z — z equations of the form | 
= aE? + f(y) = 0. 


By means of the z’ ratios of the z’ + 1 quantities A, let each 
of the z' quantities a’, «”,...,a'* be made to vanish; and, this 
being done for each of the z-z equations of the form last 
given, let our results be denoted by 


Let the number. of quantities required for the solution of 


the given system by the present process be (0, x), a yet 


unknown function of z. Then, from the course of our 
eliminations, =O, x) - 2(2-2+ 1), 
and, from the conditions of the question, 

y=~(0,2-2), 


where yf’ is the known operation best fitted for our purpose. 
ence | 


2) = WO, 2-2) + (@- 2+ 1) 2) - 1}...(19). 
 XXXT. Let z= 1; then, putting y, for 

(0,2) = ~(0,2-1)+2; 
and if we make yf’ and y, identical, and treat this last as an 


equation in finite differences, availing ourselves of e in 
determining the constant, we find 


gives results not unworthy of notice. Construct out of the © 
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which is true for all values of z greater than 1, and has 


always an advantage over s. In the — instance we 
may make 


DAU =V,U, — DAU = A,U, — BAU = AU, =} 


a1 1? 
and then solve wv, = 0 by means of &. 
This process is equivalent to another which should proceed 


by causing &* to disappear by ordinary — and E' by 
a its coefficient vanish. 


In (19) let z= 2, then 
z) = 2) + (w-1).2..... (21) ; 
and, if we make z= 4 and w’ the same as e, we find 
¥(0,4)=3+3.2=9; 4)= 10; 


and, in this instance, y, has an advantage over y,,, and a still 
greater one over Ss. The two © functions will be 


+ = 0, and ww, + ww, + = 0, 
and the remaining equations to be solved will be 


= 0 and uw, = 0. 
So we should find 


¥(0, 5)=64+4.2=14; ¥,(0, 15; 5) = 16, 


With this fragment on multilinear solution (as I should 
propose to call it) I shall leave the subject of simultaneous 
quadratics, and proceed to systems in which quadratics are 
combined with one higher equation: my object being, not 
to enter into the general question of the implicit limit of the 
Method of Vanishing Groups, but to point out cases in 


which the explicit limit of that method is the implicit limit 
of that of Mr. Jerrard. 


XXXII. To the process exhibited in the following scheme 
I appropriate the characteristic v7, It 1s a modification of 
the Method of Vanishing Groups. After performing (1; 6) 
on f., I, as a matter of convenience, place to the right of the 
result the effect of the eliminations on the functions whose 
suffixes are greater than m. 


(27; 0) - fle- 2"): 
0) f(z = f(2- 2°); fle- 2°" - 
0) =f(2- 2); fle - 


(2°; ; 4) - = 9); Ie 
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in which scheme z,’ represents - 


and consequently 2’,., = 27-2. 


XXXII. The explicit limit of this process is 
2, 1) 2° + =z, 


where y is any of the functions which we have used in the 
theory of quadratics. For, the determination of the system 
is, by the scheme of XX XII., reduced to the solution of z 
quadratics, each of the form 


3 fz 2°) = 0, 


and which consequently admit of solution. These being 


solved, we have only to eliminate an indeterminate between 


the linear ‘h, + ‘hk, W(-1) = 0, 


and the given s equation, and the system is determined. 
When z = 2 we have . 


-0,(0, 2, O°, 1) = 2° + e(2) = 7 = 8(0, 2, 0°”, 1). 
For z=1 we have 
vg(0, 1, 0°", 1) = 2° = 4 = a(0, 1, 0°", 1). 


In both these cases our explicit limit is the implicit limit of 


Jerrard’s process. 


XXXIV. The combination of the theory of linear trans- 
formations with that of vanishing groups gives one or two 
interesting results. Let a solution of the system 


0, 2, 0°, 1=0, 


be required, and let z be the explicit limit. Then, using f 
to denote the quadratics, we have, as in XX XII., 


(23 =f(e-2)5 fle - 1): 

| (2; 0) f(2z-1) =fi(z- 3): 
and, if z= 7, we have, without the aid of equations higher 
than biquadratics, the following linear transformations, 


2) =f(5) = + + + +0, 


whence Ff, and f,, under the last form, are satisfied by sub- 
stituting for in f(5), and solving the result by 


vanishing groups, that is to say, by breaking it up into two | 
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equations of the form | 


After all the eliminations there will yet remain one disposable 
quantity in the final s'°, by means of which it may be solved. 


XXXV. A second result deduced by the aid of linear 
transformation is the following. Let 
0, 8, 07, 1=0, 


be the system for determination, and let z be the explicit 
limit. Proceed as follows: 


(2°; 0) =f'le- 2); fle- 2): 
- 2") = +h? + f,(z- 2°); 
make 2) = 0 and f,(z- 2°) = 0, 


which can be done by ordinary elimination and the solution 
of a biquadratic, provided that 


2-2=3, or z=11. 


The solution of the given system 1 is now reduced to that 
of the given s*, of 


and of 2)=0 = f{z-6); 


the last 2 being subtracted in f, to indicate that two of the 
quantities involved in that function are determined by the 
solution of the equations f’=0. — 

Now f{z-— 6) or f,(5) may be represented as a quadratic 
function of five indeterminates h,, h,,...,h, And, as in 
XXXIV., we may, with the aid of a biquadratic, pass, 
by linear ‘transformation, from the system 


f{5) = 0, 


to the other system 


and solving this last system by ordinary elimination and 
vanishing groups, as in XXXIV., we shall find one un- 
determined ratio in the final s'*; in other words, an s* 
determination of the given system. The explicit limit of 
this combined process is the implicit limit of Mr. Jerrard’s 
process as applied to the system last discussed, for 


$(0, 8, T) = 11. 
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XXXVI. There are other perhaps not less important 
applications of linear transformation to the theory of equa- 
tions. In fact it is not difficult to see, that three simul- 
taneous homogeneous quadratics involving five unknowns 
admit of finite algebraic solution without demanding the 


solution of an equation higher than an equation of the fifth 


degree. For, by known processes, two of the given equa- 


tions may be simultaneously transformed into pure homo- — 


geneous quadratics involving five new unknowns linearly 
connected with the given ones. Let z,, z,,...,2, be the new 


quantities, then the transformed quadratics may be written 


where the last = only includes four terms, or _ 
= dz, + dz, + dz, + dx, =D. | 
Now if by means of D=0 we eliminate z, from the trans- 


formed system, we shall have three resulting quadratics in 
Z,, Z,, and x,, which, when respectively divided by z,’, 


may be made to form a system of pseudo-homogeneous quad- 


ratics completely resolvible by a process similar to that by 
which Frend solved the problem known as Colonel Titus’s. 
This process entails upon us the necessity of solving a 


biquadratic: by means of others, that need not be further 
adverted to, we may avoid the occurrence of an equation 


higher than a cubic. 


XXXVII. The whole indeterminate department of the 
theory of equations has a peculiar interest attached to it, 
inasmuch as it suggests an inquiry into the extent to which 
the limits supposed to be affixed to the solution of systems 
of simultaneous equations by the researches of Sir W. R. 
Hamilton and Mr. Sylvester may be legitimately considered 
as impassable. So far as their views have yet been developed 
they do not seem to include such cases as those discussed in 
XXX. and XXXI., which appear to have burst through 
_ the bounds prescribed in their investigations. However this 
be, I shall not now attempt to enter into the question. But, 
in concluding this series of papers, while I owe an apology 
for the imperfect manner in which the subject has been 
handled, I may be allowed to express a hope that the general 


indeterminate method here discussed will be found, from. 


its simplicity of conception and uniformity of process, to 
admit of being easily grasped in its most general form, while 


in its application to more elementary cases (the transformation — 


of the general equation of the fifth degree to the trinomial 
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form, for example) it possesses the great advantage of having 
its explicit limit identical with the implicit one of linear 
solution, while its processes are all purely algebraic. The 
next great question will be, how far the indeterminate pro- 
cesses are limited to obtaining linear solutions, and whether 


another range may not be given to them. But this question 
I must leave. 


2, Pump Court, Temple, 
October 15, 1852. 


Erratum.—Art. XII. line 8, for +p, read —p,. 
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ON A THEOREM CONCERNING THE COMBINATION OF 
DETERMINANTS. 


By J. J. Sytvester, F.R.S. 
Ler 'A represent the line of terms 'a,, ‘a,,...’a,, 
Let 14 x'B represent & (‘a,x 'b,), where of course there 
are r terms within the symbol of summation. | 
Again, let represent the line *a,, ’a,,...’a_, 


ip 1 a. a 1, 
and let , represent x \, 
lq 
, '| denoting the determinant 


there will of course be m.}(m-1) terms comprised within 
the sign of summation ; and so, in general, let 

"A 
x | m being less than 


ma! 
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where in general "A denotes "a,,...’a, 


and denotes represent 


1 1 1 1 

2 2 2 2 2 2 | 
> Bhs» ee > 4 ee by, 


Now let (r) be any integer less than (m), and let 


1) 
1.2...7. 


and let G,, G,,...Gu denote the rectangular matrices of 


the fi 
e forms 


A,, \ respectively, 


and let H, H.,... Hp denote the rectangular matrices of 
the forms 
Bo, 


\ respectively. 


| Bo 
Now form the determinant 
Gx G, x Hus 


Gux H,; Gux H,...; Gux Mu; 


then, if we give 7 the successive values 1, 2, 3...m, (in which 
last case the determinant in question reduces to a single 
term), the values of the determinant above written will be 
severally in the proportions of _ | 


K, Kk", Ke, K", K; 


that is to say, the logarithms of these several determinants 
will be as the coefficients of the binomial expansion (1 + x)”. 
When we make r=m, and equate the determinant cor- 
responding to this value of r with that formed by making 
r=1, the theorem becomes identical with a theorem pre- 


viously given by M. Cauchy, for the Product of Rectangular 
Matrixes. | 
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62. Note on the Calculus of Forms. 


It would be tedious to set forth the demonstration of the 
general theorem in detail. Suffice it here to say that it is 
a direct corollary from the formula marked (4) in my paper 
in the Philosophical Magazine for April 1851, entitled “ On 
the Relations between the Minor Determinants of Linearly 
Equivalent Quadratic Functions,” when that formula is par- 
ticularized by making. | 


m+l? ~m+2 
represent a determinant all whose terms are zeros except 
those which lie in one of the diagonals, these latter being 
all units, which comes, in fact to defining that 


mtn 


a 


m+eé 


b 


Base 


=1, and = 0. 


mré 
The important theorem here referred to is made almost 
unintelligible by an unfortunate misprint of 76, '0,, 70, “6 


in place of I may here take notice of another 
and still more inexplicable blunder in the same paper, 
formula (3), in the latter part of the equation belonging 
to which | | | | 


is written in lieu of 


75 New Square, Lincoln’s Inn, 
December 16, 1802. . 


NOTE ON THE CALCULUS OF FORMS. 
By J. J. Syzvester, F.R.S. 


ACCIDENTAL causes have prevented me from composing the 
additional sections on the Calculus of Forms, which I had 
destined for the present Number of the Journal. In the 
meanwhile the subject has not remained stationary. Amon 


the principal recent advances may be mentioned the follow- 
ing. 
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1. The discovery of Combinants ; that is to say, of con- 
comitants to systems of functions remaining invariable, not 
only when combinations of the variables are substituted for 
the variables, but also when combinations of the functions 
are substituted for the functions; and as a remarkable first- 
fruit of this new theory of double invariability, the repre- 
sentation of the Resultant of any three quadratic functions 
under the form of the square of a certain combinantive 
sextic invariant added to another combinant which is itself 
a biquadratic function of 10 cubic invariants. When the 
three quadratic functions are derived from the same cubic 
- function, this expression merges in M. Aronhold’s for the dis- 
criminant of the cubic. The theory of combinants naturally 


leads to the theory of invariability for non-linear substitu-_ 


tions, and I have already made a successful advance in this 
new direction. | 


2. The unexpected and surprising discovery of a quadratic 
covariant to any homogeneous function in 2, y of the n™ 
degree, containing (7-1) variables cogredient with 2z””, 
zy ...y”” and possessing the property of indicating the 
number of real and imaginary roots in the given function. 
This covariant, on substituting for the (2-1) variables the 
combinations of the powers of z, y with which they are 
cogredient, becomes the Hessian of the given function.* 


3. The demonstration due to M. Hermite of a law of 
reciprocity connecting the degree or degrees of any function 
or system of functions with the order or orders of the 
invariants belonging to the system. The theorem itself was 
first propounded by me about a twelvemonth back, and 
communicated to Messrs. Cayley, Polignac, and Hermite, 
as serving to connect together certain phenomena which 
had presented themselves to me in the theory: unfortu- 
nately it appeared to contradict another law too hastily 


* This covariant furnishes, if we please, functions symmetrical in respect 
to the two ends of an equation for determining the number of its real and 
imaginary roots. ‘The ordinary Sturmian functions, it is well known, have 
not this symmetry, As another example of the successful application of 
the new methods to subjects which have been long before the mathematical 
world and supposed to be exhausted, I may notice that I obtain without 
an effort, by their aid, a much more simple, practical, and complete solution 
of the question of the simultaneous transformation of two quadratic func- 
tions, or the orthogonal transformation of one such function, than any 


previously given, even by th t : 
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64 Note on the Calculus of Forms. 


assumed by myself and others as probably true, and I con- 
sequently laid aside the consideration of this great law of 
reciprocality. To M. Hermite, therefore, belongs the honour 
of reviving and establishing,—to myself whatever lower 
degree of credit may attach to suggesting and originating,— 
this theorem of numerical reciprocity, destined probably to 
become the corner-stone of the first part of our new cal- 
culus; that part, I mean, which relates to the generation ~ 


and affinities of forms.* 


4. I may notice that the Calculus of Forms may now with 
correctness be termed the Calculus of Invariants, by virtue 


of the important observation that every concomitant of a 


given form or system of forms may be regarded as an in- 
variant of the given system and of an absolute form or 
system of absolute forms combined with the given form or 
system. As regards that particular branch of the theory of 
invariants which relates to resultants, or, in other words, to 
the doctrine of elimination, I may here state the theorem 
alluded to in a preceding Number of the Journal, to wit — 


that if R be the resultant of a system of (mz) homogeneous 
functions of (”) variables, written out in their complete and 


most general form (so that by definition #=0 is the con- 


dition that the equations got by making the (z) given 


functions zero, shall be simultaneously satisfiable by one 
system of ratios), then the condition that these equations 
may be satisfied by «¢ distinct systems of ratios between 
the (m) variables is 6‘:R=0, the variation 6 being taken in 


‘respect to every constant entering into each of the (n) 
equations. 


7, New Square, Lincoln's Inn, 
January 1853. 


* This theorem of numerical reciprocity promises to play as great a part 
in the Theory of Forms as Legendre’s celebrated theorem of reciprocity in 
that of Numbers. Another demonstration of it, which leaves nothing to be 
desired for beauty and simplicity, has been since discovered by Mr. Cayley, 
which ultimately rests upon that simple law (essentially although not on 
the face of it a law of reciprocity) given by Euler, which affirms that the 
number of modes in which a number admits of being partitioned is the 
same whether the condition imposed upon the mode of partitionment be 
that no part shall exceed a given number, or that the number of parts 
constituting any one partition shall not exceed the same number. 
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ON THE TRIGONOMETRY OF THE PARABOLA. 


| By the Rev. J. Boorn, F.R.S. 
From the Philosophical Transactions, for 1852. Part Il. p. 385. 


A FUNDAMENTAL theorem in the theory of elliptic in- 
tegrals is | 
Cos = cos cosy sing siny sin’)... (338). 
The angles ¢, y, @ may be called conjugate amplitudes. 
When the hyperconic section is a circle, 2 = 0, and cos@ 
= Cosh cosy — sing siny, whence w = ¢ + y, or the conjugate 
amplitudes are ¢+¥, » and y. The development of this 
expression is the foundation of circular trigonometry. 
When the hyperconic section is a parabola, 7=1, and (338) ae 
may be reduced to a | 
tanw = tang secy + tany secd........(839). | 
If we make the imaginary transformations, | 
= v(-1)sino’, tang =Vv(-l)sing, (340) 
tany = v(-1)siny’, secp =cosg', secx=cosy 
The preceding formula will become, on substituting these | 
values, and dividing by v(-1), = | 
sinw’ = sing’ cosy’ + siny’ cos¢’, | 
the well-known trigonometrical expression for the sine of the ow 
sum of two circular arcs. ; | 
Hence, by the aid of imaginary transformations, we may 
interchangeably permute the formule of the trigonometry 
of the circle with those of the trigonometry of the parabola. 
In the trigonometry of the circle, »=9+ x, and in the trigo- 
— nometry of the parabola @ is such a function of the angles ¢ 
and x, as will render tan[(o, y)| = tang secy + tany secg. 
We must adopt some appropriate notation to represent this — 
function. Let the function (¢, vy) be written @+ y, so that 
tan(@+ yv)=tang secy+tanysecg. This must be taken as 
the definition of the function ¢ + x. | 2 
_In like manner, we may represent by tan(¢ + x) the func- 
tion tan secy - tany secg. 
_ In applying the imaginary transformations, or while tang 
is changed into v(-1) sing, sec@ into cosg, and cot@ into 
- V(-1) cosecg, + must be changed into + and + into -. 7 
+ and + may be called logarithmic plus and minus. As 
examples of the analogy which exists between the trigono- : 
metry of the parabola and that of the circle, the following 
expressions in parallel columns are given; premising that the 
formule, marked by corresponding letters, may be derived 
singly, one from the other, by the help of the preceding 5 
imaginary transformations. 
NEW SERIES, VOL. VIIL.—Feb. 1853. F 
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On the Trigonometry of the Parabola. 67 
Since 
= sec’ + tan*d, and tan(¢+ ¢) = 2 sec, 
sec(p+ + tan(p+ d) = (secp + tang)’. 
Again, as 
sec (p+ =sec(h d) sech + tan(p+ ¢) tang, 
and tan(@+¢+¢) = tan(g+ secd + sec (p+ tang, 
it follows that 
seo(pih +g) + tan(p+ $) = (secg + tang)’, 
and so on to any number of angles. Hence 
..to +tang)”. ..(842), 


Introduce into the last expression the imaginary transforma- 
tion tand@ = v(-1) sing, and we get Demoivre’s imaginary 
theorem for the circle, 


+ V(-1) sinnd = {cosd + 1) sin 


Let be conjugate to and while as before, is 
conjugate to ¢ and y. ‘Then we shall have 


tanw = tan(p+ y+ p), or 


tan(p+y + yp) = tang secy secy + tany sech 
+ tany secd secy + tang tany tany.... (w.) 


sec(p+ x+y) = secd secy secy + secgd tany tany 


. + secy tany tang + secy tang tany.... (p.) | 


‘sing +siny + siny + sing siny sind 


and sin(@+y+ 
x 1+sinysinf+siny sing +singsinx 


whence, in the trigonometry of the circle, 


sin(p+ x+y) =sing cosx cosy + sinx cosy cos 


+ siny cos cosx — sing sinx siny.........(p.) 
cos(p +x +) = cosh cosx cosy -cosPsiny sing 

— cosy siny sing — cos) sing siny ......... (r.) 
tan +1) = tang + tany + tany tang tany tany 


1-tany +) 


Let (&.), (4.x) denote three parabolic arcs, measured 
from the vertex of the parabola whose parameter is &. 
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The normal angles of these arcs are w, p, and x; o, g, 
and x being conjugate amplitudes. ‘Then 


2 =Atand sech +h i » tan x sec X+k 


cosx ” 
| dw 
2(k.w) = k tanw secw + k |-——; 
Jcos@ 
whence, since | <X_ 0, because and y 
cosw Jcosp Jcosy 


are conjugate amplitudes, | 
(k.w) - (hx) = k tang tang tany....(343). 
Let y, y', y" be the ordinates of the arcs (4.9), (4.x), and 
(kw). Then tang, y' =f tanx, tana, and the 


last expression becomes | 

(kw) (I) (hex) = 

If we call an arc measured from the vertex of a parabola 

an apsidal arc, to distinguish it from an arc taken anywhere | 

along the parabola, the preceding theorem will enable us to 

express an arc of a parabola, taken anywhere along the curve, 
as the sum or difference of an apsidal are and a right line. 


Thus let ACD be a parabola, O its focus and A its ver- 


tex. Let AB=(h.¢), AC=(k.x), AD = (kw) and 
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Then (343) shews that the parabolic arc (AC+AB) = apsidal 
arc 4D-h; and the parabolic arc(AD- AB) = BD =apsidal 


arc AC +h. When the arcs AC’, AB’ together constitute 


a focal arc, or an arc whose cord passes through the focus, 


+x = 47, and h is the ordinate of the conjugate arc AD. 


Hence we derive this theorem, 


Any focal are of a parabola is equal to the difference 


between the conjugate apsidal are and its ordinate. 


The relation between the amplitudes ¢ and a, in this case, 
is sin 26 = 2 COS | 
is sin 26 
angle of 30° with the axis, we get cosw=1, or y=5k. Here 
therefore the ordinate of the conjugate arc is five times the 
semiparameter. 
We may in all cases represent by a simple geometrical 

construction the ordinates of the conjugate parabolic arcs, 
whose amplitudes are @¢, x, and a. | 

Let ABC be a parabola whose focus is O, and whose 


vertex is A. Let AO moreover, let AB be the 


D 


arc whose amplitude is ¢, and AC the are whose amplitude 

is x. At the points A, B, C draw tangents to the para- 

bola, they will form a triangle circumscribing the parabola, 


Whose sides represent the semi-ordinates of the conjugate 
arcs, AB, AC, AD. 


Thus when the focal cord makes an 
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We know that the circle circumscribing this triangle passes 
through the focus of the parabola. Now | 
Ab=gtand, Ac=gtanx, bd= =9 tang secy, cd=9 ; 
hence bd +cd=g(tan¢ secy + tany sec), 
therefore _ g tanw = bd + ed. 


When AB, AC together constitute a focal arc, the angle 
adc is a right ‘angle. 

The diameter of this circle is g wed: SCCX. 

The demonstration of these properties follows obviously — 
from the figure. 

In the trigonometry of the circle, we find the formula 


tan®} tan°9 = tan’.9 


And if we s develop by common division the expression 
= cosO(1 + + sin‘O + sin’) +. .. &.), 
| 


and integrate, 3 
dd sin'@ sin’) 
= + + + 


COs 7 


+ 


If we now inquire, what, in the circle, is the arc which 
differs from its protangent, by the distance between the 
vertex and its focus; or, as the protangent is 0 in the circle, 
and the focus is the centre; the question may be changed 
into this other, what is the trigonometrical tangent of the arc 
of a circle equal to the radius. ‘This question is answered by 
putting 1 for 9 in (a.), and reverting the series. 


_ tan‘(1) , tan (1) _ tan’(1) 
7 


we should get, in functions of the numbers of Bernoulli, the 
value of tan(1), as is shewn in most treatises on trigonometry. 

Let us now make a like inquiry in the case of the parabola, 
and ask what is the value of the amplitude which will give 
the difference between the arc of the parabola and its pro- 
tangent, equal to the distance between the focus and the 
vertex of the parabola. Now if @ be this angle, we must 
have (4.6) - g sec@ tan@ = g. But, in general, 


dé 
(4.0) - g = g 


+ &C., 
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Hence we must have, in this case, i on 1. If we now 


revert the series (b), putting 1 for | —, , we shall get from 


this particular value of the series, — 

sin’9 
5 7 
an arithmetical value for sin@. This we shall find to be 


-1 
| sin 6 “3 , e being the number called the base of the 


1 = sin@ + 


naperian. logarithms. Hence secO + tan0 =e; or, if we 
write ¢ for this particular value of @ to distinguish it from 


We are thus (for the first time it is believed) put in pos- 
session of the geometrical origin of that quantity so familiarly 
known to mathematicians, the naperian base. From the 
above equations we may derive 

1 


gece = 


or tane = 1°175208015, whence ¢ = 8657606, 
or ¢= 49° 36 15”. 
The corresponding arc . ” parabola will be found to be 


2° 2° 
= kl 14 + fe. |...(347). 
123 12345 12384567 J 
If we assume the theory of logarithms as known, we may at 
once arrive at this value, for in general 


cos 0 


and as this is to be L, we must have sec@ + tan@ =e, as 
before. 

If we now extend this i inquiry, and ask, what is the mag- 
nitude of the amplitude of the arc of the parabola which 
shall render the difference between the parabolic arc and 
its protangent equal to m times the distance between the 
focus and the vertex, we shall have, as before, by the 
terms of the question, — 


(4.0) - tan = (348). 
dé 


(k.0) g secO = 9 


= log (sec tan 6) ; 


But, in general, 
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hence we must have 


n= log(see# + tan@), or secO+ tan = e"...(849). 
Jcos@ 
Now we may solve this equation in two ways, either by 
making m a given number, and then determine the value 
of sec@ + tan@, which may be called the dase. Or we may 


assign an arbitrary value to sec@ + tan@, and then derive the. 


value of x, Taking the latter course, let, for example, 
+ = 10, then = log 10, 
or ~ is the modulus of the second system of logarithms. 
| 


Hence, if we assume any number of systems of logarithms 
on the same parabola, and take their bases 


+tan0), (secO" + tan6"), ... &c., 


the moduli of these successive systems will be the ratios of 
half the semiparameter to the successive differences between 
the base parabolic arcs and their protangents. 


In the naperian system, g the distance from the focus to 
the vertex of the parabola, is taken as 1. The difference 
between the parabolic arc and its protangent when equal 
to g, gives g(sec0+tan@)=eg. In the decimal system 
g (secO, + tan@,)=10g, and the difference between the cor- 
responding parabolic arc and its protangent being xg, if we. 
make this difference xg equal to the arithmetical unit, we 


shall have ng = 1 , org= : = modulus of the system. Hence, 


in every system of logarithms whatever, g the distance be-— 


tween the focus and the vertex of the parabola, is the 
modulus of the system. Every system of logarithms may 
be derived from the same parabola, but the naperian system, 
in which the focal distance of the vertex is itself taken as 
the unit, may justly be taken as the natural system. In 


the same way we may consider that to be the natural system 


of circular trigonometry, in which the radius is taken as 
the unit. ‘The modulus in the trigonometry of the parabola 
corresponds with the radius in the trigonometry of the circle. 
But while the base in the trigonometry of the parabola is 
real, in the circle it is imaginary. In the parabola, the 
angle of the base is given by the equation + tan@ =e. 
In the circle, cos0+v(-1) sinO=e’, and making $=1, we get 
cos(t)+-7(=1) sin({1) =e, 
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Hence, while e' is the parabolic base, e“”) is the circular base. 
Or as [sece + tans] is the naperian base, [cos(1) + v(-1) sin(1)] 
is the circular or imaginary base. ‘Thus = 


[cos (1) + v(-1) sin(1)]¥ = cos.9 + v(-1) sind. 


Hence, speaking more precisely, imaginary numbers have 
real logarithms, but an imaginary base. We may always 


pass from the real logarithms of the parabola, to the. 


imaginary logarithms of the circle, by changing tan @ into 
v(-1) sind, sec@ into cosJ, and e’ into 

As in the parabola, the angle @ is non-periodic, its limit 
being 47, while in the circle 9 has no limit, it follows that 
while a number can have only one real or parabolic logarithm, 
it may have innumerable imaginary or circular logarithms. 

In the parabola we thus can shew the geometrical origin 
of the magnitudes known as the base and the modulus. 


We might too form systems of circular trigonometry analo-. 


gous to different systems of logarithms. We might refer 
the arc of a circle not to the radius, but to some other 
arbitrary fixed line, the diameter or any other suppose. 
Let the circumference be referred to the diameter, then 7 
will signify a whole circumference instead of a semicircle, 


and 47 will represent a right angle. Having on this system, 


or any similar one, found the lengths of the arcs which 


correspond to certain functions, such as given sines or.tan- 


gents, we should multiply the results by some fixed number, 
which we might call a modulus (2 in this example), to 
reduce them to the standard: system; but such systems 
would obviously be useless. Ee 

If ¢ be the angle which gives the difference between the 
parabolic arc and its protangent equal to g=4$h; (e+¢) is 
the angle which will give this difference equal to 2g, (¢+¢+¢) 
is the angle which will give this difference equal to 8g, 
and so on to any number of angles. Hence, in the circle, 
if # be the angle which gives the circular are equal to 
the radius, 29 is the angle which will give an arc equal 
to twice the radius, and so on for any number of angles. 
This is of course self-evident in the case of the circle, but 
it is instructive to point out the complete analogy which 
holds in the trigonometries of the circle and of the parabola. 

he geometrical origin of the exponential theorem may 
thus be shewn. 

Assume two known logarithmic bases (seca + tana), and 
(sec@+tan§), and let us investigate the ratio of the differences 
of the corresponding parabolic arcs and their protangents. 
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Let sece + tane be the naperian base, and let one difference 
be zg and the other yg. ‘The ratio of these differences is 


therefore = 2, if we make y = zz. Hence 


seca + tana = (sec¢ + tans)*=e", and (sec8 + = e’. 
Therefore (seca + tana)’ = e*” = (sec8 + tan)’. 
Or, as y=az, (seca+ tana)’ = + tanB. 


Let A be the first base, and B the second. Then B= A’. 
This is the exponential theorem. | 


Let A be the naperian base, chen x= 1, and A =e. 
Hence B=e’. 


Given a number to find its logarithm, may be exhibited 
by the following geometrical construction. 


Let OAP a Through the focus O draw 
the perpendicular OQ to the 
axis AO. Through JA let a 
tangent of indefinite length : 
be drawn. On this tangent 
take the line AN to represent 
the given number. Join NO, 
and make the angle NOT 
always equal to the angle .| 
NOQ. Draw TP at right » ee | 
angles to TO. This line will 
touch the parabola in the 
point P, and the arc of the 7 as 
parabola AP-PT will be oe 
the logarithm of AW. 

When AWN’ = AO = the 
unit g, the angle N’OQ is | | 
equal to half a right angle. 
Hence the point T in this case will coincide with 4A. The 


parabolic arc therefore vanishes, or the logarithm of 1 is 0. 
When sec@+tan@=1, 


When the number is less than 1, the point N will fall 
below N’ in the position 2. Hence nOQ is greater than 
half a right angle. Therefore 7’ will fall below the axis in 
the point 7’ ; “and if we draw through 7” a tangent T"p, 
it will give the negative arc of the parabola 7p, correspond- 

ing to the number dn. Fractional numbers, or numbers 
between +1 and 0, must therefore be represented by the 
expression g (sec 9 — tan 9), since tan@ changes its sign. | 
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When the number is 0, m coincides with A, and the 
angle NOQ in this case is a right angle. Therefore the 


point Z” will be the intersection of AT” and OQ. Hence T’ 


is at an infinite distance below the axis, and therefore the 
logarithm of +0 is - o. 


Hence negative numbers have no logarithms, at least no 
real ones; and imaginary ones can only be educed by the 
transformation so often referred to, and this leads us to 
seek them among the properties of the circle. For as 0 
always lies between 0 and a right angle, or between 0 
and the half of +7, secO+tan@ is always positive; hence 
negative numbers can have no real or parabolic logarithms, 
but they may have imaginary or circular logarithms; for 
in the expression log {cos} + ¥(-1) sind} = 9v(-1), we may 
make J=(2n+1) w, and we shall get log 

Hence also, as the length of the parabolic arc 7’P, without 
reference to the sign, depends solely on the amplitude 6, 
it follows that the logarithm of sec@- tan@ is equal to the 


logarithm of sec@+tan@. “As (sec@ + tan@) (sec tan@) = 1, 


we may hence infer, that the logarithm of any number is 
equal to the logarithm of its reciprocal, with the sign 
changed. 


When is very large, sec + tan@ = 2 tan, nearly. Hence 


if we represent a large number by an ordinate of a parabola 
whose focal distance to the vertex is 1, the difference between 
the corresponding arc and its protangent will represent its 
logarithm. | 


Along the tangent to the vertex of the parabola, as in 
the preceding figure, draw, measured from the vertex, a 
Series of lines in geometrical progression, 


g (secO + tan@), g + tan)’, 
g (secO + tan g (sec 0 + tan 0)". 


Join N, the general representative of the extremities of these 
right lines, with the focus O. Erect the perpendicular OQ, 
and make the angle NOT' always equal to the angle NOQ. 
The line OT will be = g secO, the line OT =g sec (0+ 8), the 
line OT = 9 sec(0 + 0 + 0), &c., and we shall likewise have 


AT=gtan0, AT. =gtan(0+0), AT, = gtan(0+ 0+ 0), &e. 


This follows. immediately from (342); for any integral 
power of (sec@+tan@) may be exhibited as a linear function 
of seccO+tan®. If O=0+ 0+ 90... &c., since 


&c. to nO) + tan(0+ 0:0: 0 &c. to nO) = (secO+tan8)". 
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Hence the parabola enables us to give a graphical construc- 
tion for the angle (9+ 0+ &c.) as the circle does for the 
angle (0+ 0+ &c.). | 


The analogous theorem in the circle may be developed — 
as follows:—In the circle OBA take the arcs 


| AB= BB =BB,=B,B,,... = 2. 

Let the diameter be G; then a ee 
OB = G cos$, OB, = G cos29, OB, = G cos3J...&c. 
and AB=G@sin9, AB,=G sin29, AB, = G sin3J...&e. 


Now as the lines in the second group are always at right 
angles to those in the first, and as such a change is denoted 
by the symbol v(-1), we get | 
OB + BA =G {cosJ + v(-1) sinJ}, 
OB + BA=G{cos29 +V(-1) sin29} = G{cos3 + ¥(-1)sin9}; 
OB + &. 


The known theorem, that a parabola is the reciprocal — 
polar of a circle, whose circumference passes through the 
focus, suggests a transformation, which will exhibit a much 
closer analogy between the formule for the rectification of 
the parabola and the circle, than when the centre of the 
latter curve is taken as the origin. | | 

Let OBA be a semicircle; let the origin be placed at O; 
let the angle AOB=.3; and let G, as before, be the diameter 
of the circle. Through B draw the tangent BP; let fall on 
this tangent the perpendicular OP = p, and let BP, the pro- 
tangent, be equal to ¢. 

Now as p=G'cos'J, and ¢=G sin3 cos, as also the angle 
AOP = 25, if we apply to the circle the formula for rectifica- 
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tion in (38) , we shall have the arc 
AB = 2G f{cos'Id9 G sind 


Make the imaginary transformations cos = sec@, and 
sind = ¥(-1) tan®@, and we shall have | 

dé 
Gv(-1) 


sec@ tan 6, 
cos’? 


the expression for an arc of a parabola, diminished by its 


protangent. 
The protangent to the circle, which is exhibited in this 
formula, disappears in the actual process of integration ; 
while in the parabola, the protangent which is involved in 
the differential, is evolved by the process of integration. 


As in the parabola, the perpendicular, from the focus on 


the tangent, bisects the angle between the radius vector 


and the axis of the curve; so in the circle, the radius 


vector OB drawn from the extremity of the diameter, 
bisects the angle between the perpendicular OP and the 
There are some curious analogies between the parabola 
and the circle, considered under this point of view. | 
In the parabola, the points 7, 7', 7, which divide the lines 


g(secO+tan@), g [sec (0+ 6) + tan (0+ 


into their component parts, are upon tangents to the para- 
bola. ‘The corresponding points 6B, B, B, in the circle, 
are on the circumference of the circle. 

In the parabola the extremities of the lines g (sec @ + tan 8) 
are on a right line AZ’; in the circle the extremities of the 
bent lines are all in the point A. _ 

The locus of the point 7, the intersections of the tan- 
gents to the parabola with the perpendiculars from the 
focus, is a right line; or in other words, while one end 
of a protangent rests on the parabola, the other end rests 
on a right line. So in the circle, while one end of the 
protangent rests on the circle, the other end rests on a 
cardiowide, whose diameter is equal to that of the circle, 
and whose cusp is at O. OPP A is the cardioide. 

The length of the tangent AWN to any point J is 


| g (sec + tan 0) = 2g tan 9, | 
when @ is very large. The length of the cardioide is 2G'sin¥. 


It is singular that the imaginary formule in trigonometry 
have long been discovered, while the corresponding real 
expressions have escaped notice. Indeed, it was long ago 
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observed by Bernoulli, Lambert, and by others—the re- 
mark. has been repeated in almost every treatise on the 
subject since—that the ordinates of an equilateral hyperbola 
might be expressed by real exponentials, whose exponents 
are sectors of the hyperbola, but the analogy, being illusory, 


never led to any useful results. And the analogy was_ 
illusory from this, that it so happens the length and area_ 


of a circle are expressed by the same function, while the 
area of an equilateral hyperbola is a function of an arc of 
a parabola. ‘The true analogue of the circle is the parabola. 


Let @ be the conjugate amplitude of w and y, while » is 


the omar amplitude, as before, of @ and x. rane 
| {= dw dw 


= an 
os” Jcosw@ cosh Cos x 


cosw. JCOS@ 
we shall have 


if (4.@), (4.6), (4.x), and (A.J) are four corresponding 


parabolic arcs, 


(h.@) (hap) - = Ktan(p+y) tan(p+y) tan(x+¥)...(350), 
which gives a simple relation between four conjugate para- 


bolic arcs. 
Let, in the preceding formula, $=x=y, and we shall have 


(k.w) 3(k.p) = k tan*(p + = 8h tan’¢ sec’d... (351). 
We are thus enabled to assign the difference between an arc 
of a parabola and three times arc, 


If in (w), (341), we make y, tan@ = 4 tan + tang. 

Introduce into this expression fa imaginary transformation 
= /(-1) sin@, and we shall get sin 30=- 4 sin*@ + sin 9, 
which is the known formula for the trisection of a circular 
arc. (351) may therefore be taken as the formula which 
gives the trisection of an arc of a parabola. 

When there are five parabolic arcs, whose normal angles 
xX, v, 2 are related as above, namely, 


w=P+yx, Q=P+x+YP+v, 
we get the following relation, | 
=k tan(p+x+v) tan(y+y+v) tan(p+ P+ v)...(352), 


a formula which connects five parabolic arcs, whose ampli- 
tudes are derived by the given law. 
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The theorem given in (342) is a particular case of this 
more general theorem 


= (seca+tana) (sec@ + tanf) (secy+ tany) (secd+tané) 


We might pursue this subject very much further; but 
enough has been done to show the analogy which exists 
between the trigonometry of the circle and that of the 


parabola. As the calculus of angular magnitude has always 


been referred to the circle as its type, so the calculus of 
logarithms may, in precisely the same way, be referred to the 
parabola as its type. | 


The obscurities, which hitherto have hung over the 


geometrical theory of logarithms, have it.is hoped been now 
removed. It is possible to represent logarithms, as elliptic 
integrals usually have been represented, by curves devised 
to exhibit some special property only ; and accordingly, such 
curves, while they place before us the properties they have 
been devised to represent, fail generally to carry us any 
further. ‘The close analogies which connect the theory of 
logarithms with the properties of the circle will no longer 


ON ELECTRODYNAMIC INDUCTION. 
By Riccarpo FELIct. 
[Extracted from a Letter to the Editor. | 


*** Monsieur Tortolini m’a écrit que vous voudriez bien 
ins¢rer, par extrait, mes travaux dans votre Journal accrédité. 
Je vous remercie infiniment de l’offre, de laquelle je profite 
dés ce moment; en vous priant d’accueillir |’extrait sui- 


-* The views above developed, on the trigonometry of the parabola, 


throw much light on a controversy long carried on between Leibnitz and 


J. Bernoulli on the subject of the logarithms of negative numbers. Leibnitz 
insisted they were imaginary, while Bernoulli argued they were real, and 
the same as the logarithms of equal positive numbers. Euler espoused the 
side of the former, while D’ Alembert coincided with the views of Bernoulli. 
Indeed, if we derive the theory of logarithms from the properties of the 
hyperbola (as geometers always have done), it will not be easy satisfactorily 
to answer the argument of Bernoulli—that as an hyperbolic area represents 
the logarithm of a positive number, denoted by the positive abscissa + 2, 
sO a negative number, according to conventional usage, being represented 
by the negative abscissa — x, the corresponding hyperbolic area should 
denote its logarithm also. All this obscurity is cleared up by the theory 
developed in the text, which completely establishes the correctness of the 
views of Leibnitz and Euler. 
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vant, d’un mémoire qui sera publié prochainement dans les 
Annales de Université de Toscane. 


Mémoire sur Induction Electro- Dynamique. (L£ztrait). 


A’ Vaide d’un nouveau méthode expérimental que l’on 
trouverd decrit dans les Annales des Sciences, publiés a 
Rome, par M. le Professeur Tortolini, année 1851, il est 
facile d’ établir avec toute certitude les faits suivants. 


1. La force des courants induits en ouvrant, ou bien en 
fermant, le circuit de la pile, est simplement proportionelle 
a celle hi courants inducteurs. | 


2. Le théoréme relatif au conducteur sinueux, énoncé 


dans la théorie d’ Ampere, se vérifie aussi dans le cas de 


induction. 
8. Dans le cas de deux anneaux, dont l’un est l’induit 


et Pautre Pinducteur, égaux, paralléles et avec leurs centres 


sur la.méme droite normale A leurs plans, la‘force des 
courants induits, en interrompant le circuit de la pile, croit 
proportionellement aux diamétres, lorsque le rapport qui 
existe entre les distances des ces plans et les diamétres des 
mémes anneaux, est une quantité constante. 


4. La somme A de tous les courants induits sur un 
circuit conducteur par un circuit voltaique, fermé et en 


mouvement, pendant que ce dernier circuit passe d’ une 
position (dans laquelle il ne pourrait produire soit en 
Pouvrant soit en le fermant aucun courant induit sur le 


prémier conducteur) & une autre position quelconque, est 
égale au courant B induit que l’on peut obtenir en ouvrant 
ou en fermant le méme circuit inducteur placé exactement 
dans la derniere position. Il est évident que c’est du 
mouvement relatif, des deux circuits, que l'on entend 
parler. 

Cela posé, et en suivant la méthode suivie par Aumeiee. 


dans la théorie des phénoménes électro-dynamiques, on 


voit que les faits 1°, 2°, déterminent la forme la plus générale 
possible de la fonction algébrique qui exprime la force 


électro-motrice, d’°H, induite sur |’ élément ds dans la direc- | 


tion du méme élément, par un élément ds’ inducteur, en 


ouvrant ou bien en fermant le circuit de la pile. Et par 
consequent on aura la formule 


ds 
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ou r dénote la distance des éléments; @ une quantité pro- 
portionelle 4 la force de la pile ; 4, m constantes qui doivent 
étre déterminées par l’expérience. Mais la valeur de ” est © 
facile a connaitre en vertu du 38° fait; et par un calcul : 
trés-facile on trouve m=1; c’est-d-dire la formule 


kh dr dr 


_ On peut maintenant remarquer, que le premier terme de 
| gon second membre, disparait dans les intégrations, pour 
un circuit fermé, et l’on ecrira | 


Pour le cas des courants induits par le mouvement du 
circuit inducteur, on voit, trés-clairement que le fait 4° : 
resout le probléme sans ajouter 4 l’analyse aucune nouvelle . ‘ 
dificulté. 
La formule (3) donne des resultats assez simples lorsque : 
on l’applique au cas du magnétisme dans l’hypothése de 4 
Ampere. | | | 
Voila, Monsieur, ce que j’ avais a yous communiquer de ; 
plus important dans le dit mémoire. * * * 


Pisa, March 30, 1852. 


ON THE INDEX SYMBOL OF HOMOGENEOUS FUNCTIONS. 
By Rosert Carmicuarn, A.M., Fellow of Trinity College, Dublin. 
[Concluded from Vol. v11. p. 284.] 


: - In the first article of the following paper, the Index 

4 Symbol is employed to illustrate a useful general theorem 

7 in the Calculus of Operations... In the second and third 

articles, the general applicability of the same symbol to the 

integration of large classes of differential equations, ordinar 

and partial, is exhibited and illustrated. In the fourth 

article, this symbol is employed for the solution of systems 

of simultaneous partial differential equations, a department 

of the Integral Calculus as yet comparatively unnoticed, 

and possessing much that will interest the mathematician | ‘ 

and physicist. Finally, in the fifth article, certain excep- : 
NEW SERIES, VOL, VIJI.—Feb. 1853. 
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tional cases are discussed, which will occur in this, as in 
any other, method of integration. 


1. W being a distributive symbol such that 
= ubv + 
it can be readily proved that 
| uv = 
whence it follows that 
.uvw... = eV ue’ v.eYw... 
Hence u" = 
and therefore, if F' denote any algebraic function, 
e”.F(u) = F(e¥u). 


This valuable theorem is due to the Rev. Prof. Graves. 
Now the distributive symbol 


d. 
satisfies the above law, and therefore : | 


where © and U are any functions whatsoever of xyz &c. 


With this symbol y, however, are connected* the two. 
useful theorems 


F(v).u,,= F(m).u,, F (V).t, V= u,.F (9 + mM) (II.), 


where uw, is an homogeneous function of the m*‘* degree in 
ayz &c., the generalizations of the elementary formule 


ak X=2"F (2 +m) X, 


better known in the shape 
d 


| | d d 
F(5)¢ = F(m) e”, O=e +m), 


Hence, if U be a mixed rational function of zyz &c., broken 
up into its homogeneous terms, thus © 


CO=u,+u,+u,+ &. + 


* Camb. and Dub. Math. Journal, Noy. 1851. Phil. Mag., Feb. 1852. 
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- we obtain the remarkable theorem 
F(U) = + eu, + eu, + &e. + e”u,). 


As a second example of the general theorem (I.) we may 
investigate the algebraic value of the symbolic ——T 


FO, 


where ©, ©, are known homogeneous fanctions of the 
degrees m, N, “respectively. Now | 


| @ = {1+20,, + ©’ + &e. } © = ©. 
| (1-me,)" 
(1-m®,)”’ 
Th 924 9%) = +2 
{1-(ax+by+cx)}? 


%. There is one class of linear differential equations with 
— constant coefficients, whose integration, in general, presents in- 
surmountable difficulties to the student. In it the right-hand 
member or absolute term consists exclusively of exponentials 
or circular functions, sines, cosines, Ke., and may be written 


in the form sin8, cos 6). 


For the solution of: such equations, different processes have 
been employed, varying with the character of each example, 
useless in practice when the order of the equation is elevated, 
and unsuggestive of any susceptibilities of extended applica- 
tion. 

It is proposed to shew that, through the instrumentality 
of the Index Symbol, this class of equations can be integrated 
by a process simple and uniform, equally susceptible of 
employment in equations of the higher orders as in those 
of the lower, and directly indicative, in either case, of a 
corresponding class of partial differential equations with the 
appropriate form of solution. 

The type of the first class is 

d”y 


, 
dor * * 


This, being reduced to the form 


d ag 


..+ Ty = f(e, sin9, cos). 


| 
| 
| 
| G2 


where 
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where a may be positive or negative, fractional or integer, 
real or imaginary, becomes, by the substitution z = e’, 


and the solution, obtained at once in terms of z, gives in 


terms of 
e” 


=A Fa comp. funct. 
and when a@ is imaginary, we may restore the circular 
function. 


We have said that this class of or dinary differential equa-— 
tions has its analogue amongst partial differential equations, 


-and that the method of solution of the former is directly 


suggestive of that of the latter. oe 
Thus, the class of partial differential equations whose type is 


.+Tz=f(e', sin8, sing, cos, cos), 

do db 

can be thrown into the form _ 

_F(y)2= 34, 


where, as before, a and b may be positive or negative, 
integer or fractional, real or imaginary. By the transforma- 
tions = y=, this becomes 


d d 


and the solution, obtained at once in terms of z, y by the 


method furnished in either of the papers before quoted, is 


in terms of 0, 
e% 


F(a + 6) 


When the roots of F(v)=0 are all real and unequal, this 
complementary function or arbitrary perce of the solution 
is of the form : 


wv + Lie, ef) + + 
where 7, p, 7, &c. are the values of the roots, andy, 


&c. are homogeneous functions of the given degrees n, p, q, &e. 
but whose forms are arbitrary. 


Z= + corresponding comp. funct. 
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When there are a equal roots whose common value is x, 
its form is 


ef). (0+ + x, (e’, ef). (04 + &e. + e%) + &e., 


where W, x,, &c. are different arbitrary homogeneous func- 


tions of the degree n. 
Finally, when there are pairs of i imaginary roots, the form 


_ of the arbitrary portion of the solution is 


+ Wy + &e. + ef) + &e. 


We proceed to furnish some illustrations of the above 
method of solution, which would seem to establish its value 


as a practical good. ‘The equations proposed for solution are 


selected from Gregory’s Examples. 


dy 

I. 

(I.) sin a. | 
The method of investigation given for the solution of this 

simple equation is extremely artificial, and ents did un- 

susceptible of extension. 


By the transformation z =e’, it becomes 
d 1 
therefore 


2v(-1) {av(-1)-m}? = Og rte, 


or, replacing the circular function, 


7° 


_ a’) sina + 2ma cosaé 
+ a’)? 


By the transformations z= e?, y =e, and a repetition of 
the same precise process which we have now employed, can 
be obtained the solution of the partial differential equation 


in the form 

—(a+ by} sin(aO + bd) + 2m(a + b) cos(a + bd) 

{m* + (a+ by}? 

+ (e?, + +8 (e?, e%), 
where ® , are different arbitrary homogencous functions 
of the mt degree. 


+ mz = sin(aO + bd), 
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dy 1 


Expanding the right-hand member, this becomes 


2 
(2 + = 1+ 27+ 82° + &c.; 


therefore y= (1 + = + &e.) +4 log x + 


or y= + loge + 


Similarly, the solution of the partial differential equation 


+ Qrys + yt) + 3(ap +99) +2 = = 
where O, is a given homogeneous function of the first degre 


in 2, y, is, by the second fundamental theorem, 
1 


1 
z = log| + u_,(logz + logy) + 


where u_,, v., are different arbitrary homogeneous functio1 
nz, y, of the degree - 1. 


dw dw d 
Thrown into the symbolic shape, this becomes 
(V-a)w= 


where wu, 1s an arbitrary homogeneous foneuon 3 in the qua 
tities z, y, z, of the degree a. 
More generally, the solution of | 


dz 4 dy dz 
where ©, ©, are known homogeneous functions of z, y, 
of the m and nt degrees respectively, i is 
1 © 


w= — +U. 
(m=n) 


‘ 
4a 
3 
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d"z n(n-1) d"z 
By the third article of the paper, to which the writer has 


already taken the liberty of referring, it appears most readily 
that this equation is susceptible of the symbolic shape 


Consequently its solution is, at once, 


0. 


Z=U,+U,+U,+...+ 


More generally, the solution of the equation 
d"z d"z n(n 

is 


a” 


ee: 
The simplicity of the method employed in this last 
example, when compared with the artificial and laboriou; 
processes which have hitherto been employed for its solution 
seems to exhibit, in a remarkable degree, the power of the 
Index Symbol as an instrument of integration, and the 
facility with which it admits of manipulation. It is obvious 
that (11) in the Examples is only a particular case of the 


general theorem now established. 


3. Hitherto we have confined our attention to the inte. 
gration of classes of differential equations, ordinary anc 


partial, in which the coefficients are constants. There are 


however, two classes of equations in which the coefficient: 
are symmetric functions of the variables, which can easil; 
be reduced to those discussed. 

In the first, the coefficients are symmetric functions of the 
independent variables. Its type is : 

dz d*z 
\a 
A {(m +02) a(m + + Ay) 


-a(a- 
1.3 


+ 
d®z d fz 

B\(m+ ray +t (n + Ay) 


dPz 
dx? + 


+ 
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Making the substitutions 
M+Ar=AL, N+rY=dy’, 


and renting up of homogeneous functions, its 
solution can be obtained at once. The corresponding class 
of ordinary differential equations is most easily solved in this 
way, and -the transformation employed for its solution by 
Legendre (Mémoires de 1 Academie, 1787) rendered unne- 
cessary. 

In the second class, the coefficients are symmetric functions 
of the dependent variable. Its type is 


Az + Bowe + &. = + O, + &., 


where ©, ©,, &c. are homogeneous functions of z, y, of the 
degrees Nn, p, &e. respectively. Putting 


the equation’ is obviously reducible to the form — 
+ + &. =9 ©, + 


the solution of which can be at once obtained by the method 
furnished in the paper before quoted. 
Thus, the equation 
2”? (a'r + + + + + Cz" =0,+ 0, 
ecomes 
m(m — 1) 


Let the roots of 
—-1)+ Bim- 1) Vt Cm(m - Fly) = 0 
be 6 and c, and the solution is | 
2" = m(m + 
Fan) Fipf** 
where u,;, w, are arbitrary homogeneous equations of the 
degrees 6 and ¢ respectively. 


We may derive from Gregory’s Examples some pleasing 
illustrations of this method of solution. Thus, the equation 


dz 
assumes the symbolic shape 


V sin” 


and its solution is therefore . 


= sin(zy + 


— 
PY 
4 
“2 > 
q 
? 
Be 
q 
7 
< 
= 
& 
. ‘Be 
it 
thes 
awe 
: 
— 
= 
a 
Wa 
hs 
$ 
al 
4 


On the Index Symbol of Homogeneous Functions. = 89 


to great advantage in the investigation of the solutions of 
systems of partial differential equations. ‘The results exhibit 
themselves in a remarkably symmetrical and elegant form. 


Thus, if we had the system . 


8s = f(z, 
t= f(z, y), 


miidiiaiy: the first equation by 2’, the second by 2zy, the 


third by y’, and adding, we get 


ar + Qrys+ Yt=2f + + 


Break up the right-hand member, as before, into sets of 
homogeneous functions, and the whole assumes the symbolic 


shape -1)z= +0 +0,+ 
and the required solution is 
9 0. 
+ &e. + + 


where u,, u, are arbitrary homogeneous functions of the 
degrees 0 and 1 respectively. 

The apparent method of solving such a system wall be, 
to integrate the first equation twice with respect to z, sup- 
posing y constant, thereby introducing two arbitrary functions 


of y; to integrate the second equation alternately with respect 


to x and y, thereby introducing two more arbitrary functions, 
the one of y and the other of z; and to integrate the third 
equation with respect to y twice, thereby introducing two 
more arbitrary functions of z. Finally, by a comparison 


of the solutions thus got, we should endeavour to determine 


the characters of the resultant arbitrary functions as far as 


possible. 


It is obvious that our method of solution will apply 
to the — 


, sing, siny, cos cosy), | 


= e”, sing, cos, cosy), 


“ 


d*z 


as well as to many others which readily suggest themselves. 


=f, , sin 8 siny, cosy), 


4. We may, in some cases, employ the Index Symbol 


q 
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5. It is indispensable that we should discuss an excep- 
tional case, which will sometimes occur in the employment 
of the present, as of any other, method of integration. 

This arises from the circumstance that the inverse process 
may generate an infinite coefficient, and can be illustrated by 
the partial differential re 


dz 
—-az=90. 
dy 
The solution of this equation, as given by our method, is 
z= 
m—a 


in which, when a =m, the first term becomes infinite. 


‘To clear away this difficulty, assume, in the — 


solution, 
m-a 
which gives 
gu — 
m—-a 


This becomes indeterminate when a =m; therefore, differen- 
tiating with respect to m both numerator and denominator, 
and remembering that 


+ “F(? 
9 
we find for the solution in the exceptional case 
2=0, + 0,. 
By an obvious extension it appears that the solution of 


dx dy dz 


m? 


3 


which, of course, may be generalized for independent 
variables. ‘thus, the solution of 


dz | 
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Agen, the of 


dz dy 
x 


The integral of this equation, as given by Gregory, is 


incomplete; and the same remark will apply to his solutions 
of the equations numbered in the Examples (7), (9), (26). 
Such a result might indeed be anticipated from the method 


_ of integration employed. It is, of course, a priori obvious 


that, as these partial differential equations are more or less 


symmetrical in z and y, their solutions should possess the 
same character. 


_ Particular instances of the occurrence of such exceptional 
cases are furnished by the ordinary differential equations 


dy d 
16 ay = ce”, or 


when @=™m. 


As regards this latter example, it may be observed that 
the partial differential equation corresponding is 


d’z 
and its solution 
cos (m@ + 
ny 


+ az =cos(m@ + np) 


+ Way's + ef), | 


The partial differential equation corresponding to the ex- 
ceptional case is 


, 
270 do * 

and its solution 
sin(m0+np) 
The methods of integration hitherto in use seem inadequate 


to contend with the difficulties which the integration of 
such an equation would present. 


Trinity College, Dublin, 
October 1852. 


—~+(m+nyz= cos (m0 + ng), 


+ Wissen) + men) e?). 
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SOLUTIONS OF TWO PROBLEMS. 
By Arruur CoHEN, — College, Cambridge. 


Tre following problem is not without historical intere: 
and the solution given in Gregory’s Examples is rath 
complicated. 


“'To find a point within a given triangle, such that tl 
sum of the distances of the point from the three vertic 
of the triangle may be a minimum.’ 


Let (a,),), (4,6 (a,b,) be the coordinates the thr 
vertices A,, A,, A, of the triangle. Let z,y be the c 
ordinates of the ‘required point X. ‘Let XA,=r;, XA,= 
AA, 


Let @,, 0,, 8, be the angles made r,, respectivel 
with the axis of x; and let, finally, ¢,, 3' ‘¢, denote t! 
angles between (rr, respectively, then 


is to be a minimum, therefore 


du 
dz dy 
therefore + 2 = 0, 
r r 


therefore cos@, + cos@, + cos@, = 
+ sin@, + sin @, = 
sin(@,- + sin(@,-@,)=0, = = >; 


and, more generally, if it be required to make u = = ICP. £5 | 
a maximum or minimum, we obtain, in a similar manner, 


dr, dr. 
sin sin ng, sing, 


pas 
y-b, y-b, y-b 
l 2 3 
0 
‘ 
2 3 
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A, = 1,5 


ctively, 


ote the 
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The theorem that the geometrical mean of n_ positive 
quantities is less than their arithmetical mean has been 
proved in Lvouvdlle’s Journal by means of the Differential 
Calculus. If, however, the Differential Calculus be em- 
ployed, the following proof seems to be shorter than the 
one given in the French journal. 


It may be easily proved that the absolute maximum value 


of = (z,...2,)° with the condition that z, 


is found by putting z,=z,...=z,, and it is therefore “-"""™ , 
n 


and any other value being less than the absolute maximum 


A, +....4+ 4, 
n 


MATHEMATICAL NOTE. 


By ProFEssor De Moraay. 


In a Letter of Newton to Collins, dated Nov. 8, 1676, 


there is so remarkable an assertion relative to the extent 


to which Newton had carried the integral calculus, that the 
little notice it has received is to be wondered at. Looking 
at the evidences which the Principia offers of the possession 


of more methods than were ever published, such an asser- 


tion is not to be lightly passed over, extraordinary as it 
may be. 


The following extract was published by William Jones, 
in his Analysis per Quantitatum Series, &c., Lond. 4to. 1711. 
The most interesting part of this work was reprinted in 1712 
in the Commercium Epistolicum, so that it fell into com- 
parative neglect. How what follows came to be omitted in 
the Com. Epist. it is difficult to say. Both in date and 
matter it would have been much to the purpose: it may 
be that Newton had subsequent doubts as to the correctness 
of the assertion in all its extent. The whole Letter is in 
the Macclesfield Collection (vol. 11. pp. 403-5), to which the 
editor has added the following words: “An extract from 
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this Letter is published in the Analysis per Quant. Series, 
but with interpolations.” This is not correct: the extract 
~ by Jones (from which the following is taken) agrees 

a syllable with what is printed i in the Macclesfield Col- 

“There is no Curve-line express’d by any Equation of 
three terms, tho’ the unknown quantities affect one another 
in it, or the Indices of their Dignities be surd quantities 
(suppose az* + bay” + cy” = 0, where 2 signifies the Base, 
y the Ordinate, A, uw, o, T the Indices of the Dignities of z 
and y, and a, b, c known quantities with their signs + or -,) 
_I say, there is no such Curve-line, but I can, in less than. 
half a quarter of an hour, tell whether it may be Squar’d, 
or what are the simplest Figures it may be compared with, 
be those Figures Conic Sections, or others. And then by 
a direct and short way (I dare say the shortest the nature 
of the thing admits of for a general one,) I can compare 
them. This may seem a bold assertion, because it’s hard 
to say a Figure may, or may not, be Squar’d, or Compar’d 
with another; but it’s plain to me by the fountain I draw 
it from, tho’ I will not undertake to prove it to others. © 
The same Method extends to Equations of four Terms, and 
others also, but not so generally.” 


Nov. 26, 1851. 


PROBLEMS. 


1. A VARIABLE ellipse always touches a fixed ellipse and 
has a common focus with it. Find the locus of the second 


focus—(1) when the axis-major is constant ; (2) when the 
axis-minor is so. 


2. Find the locus of the intersection of pairs of tangents 
to a cycloid which are at right angles to one another. 


3. Prove the following expressions for the general dif- 
ferential coefficient of tanz. 


(-1 (1 + A) 
tanz = 0 
(-1)" A(A + 2) (1+ tan’z) 


tanz = 
dx 4(1+A) + A*(1 + tan’z) 
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4. A perfectly rough sphere is laid upon a perfectly rough 
plane, inclined at a given angle to the horizon. This plane 
is then made to revolve uniformly about an axis perpen- 
dicular to itself. Determine the motion of the sphere. 


5. (a) What would be the density and pressure of air 
at an immense distance from the earth, if the earth were 


at rest in a space of constant temperature ? 


(b) Ifthe earth and moon were both at rest, at immense 
distances from one another, in a space of constant tempera- 
ture, what would be the pressure and density at the surface 
of the moon? [Work out numerically, taking 0° centrigrade 


as the constant temperature; 2114 times the weight of a 


pound at the earth’s surface, as the atmospheric pressure 


1 
at the earth’s surface ; 12383 lb. the mass of a cubic foot 


of air at 0° and under that pressure ; 7912 miles the diameter 
of the earth ; 2160 miles the diameter of the moon; ‘163 the 
force of gravity at the moon’s surface as compared with that 
at the surface of the earth.] — 


6. Find the attraction of a solid sphere of which the 
density varies inversely as the fifth power of the distance 
from an external point, on any point external or internal ; 
the mutual attraction between two particnes varying inversely 
as the square of their distance. 


7. If a ball weighing W be shot from an air-gun, the 
volume of the barrel of which is U, by means of the ex- 


pansion of a quantity of air which occupies the space V 
under the pressure P at the commencement of the motion, — 


the mass of the air being very small compared with that 
of the ball, and the mass of the ball very small compared 


with that of the gun; shew that, provided the cooling effect 


of the expansion be not, during the motion of the ball 
through the barrel, sensibly compensated by the communica- 
tion of any heat to the air from the matter round it, and 
provided there be no sensible loss of effect by friction, the 
velocity of the ball on leaving the gun is 


where II denotes the atmospheric pressure, and 4 the ratio 
of the specific heat of air under constant pressure to the 
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specific heat of air in constant volume, which may be taken 
asa constant quantity. Find the proportion which the work 
spent in communicating the motion to the ball bears to that 
spent in producing noise and in overcoming fluid friction 
near the mouth of the gun.—sSt¢. Peter’s College Examination 
Papers. Third Year. June 1852. 


8. (a) If an infinite number of perfectly elastic material 
points equally distributed through a hollow sphere, be set 
in motion each with any velocity, shew that the resulting 
continuous pressure (referred to a unit of area) on the in- 
ternal surface is equal to one-third of the ws viva of the 
particles divided by the volume of the sphere.—St. Peter’s 
College Examination Papers. June 1852. 


(b) Prove the same proposition for a hollow space of any 
form. | 


9. If in the case of homoloidal spaces, we denote the 
volume formed in space of r dimensions, from +1 next 
inferior spaces by V; and through each of their r + 1 points 
of intersection draw parallel lines meeting the opposite spaces 
in points, the volume pore from which is V,; then 


= 


If the lines pass pen the same finite point, give the 
corresponding formula. 


10. If (abc) denote the area of the triangle formed from 
the points abc, and (123,) the area of the triangle formed 
by the polars with regard to a central conic of these points, 
divided by the radius of its circumscribing circle, and /* 
be the product of the squares of the semiaxes of the curve, 
and O,0,0, the perpendiculars from the centre on the polars ; 


shew that 20,0,0,(abc) = k*(128,). 


Hence, by means of the expression for the radius of curva- 
ture of a conic, compare in the limit the radii of the circles 
circumscribing the 3 triangles formed from 3 points on the 
curve, their tangents, and one chord and the tangents at its 
extremities; also the areas of the 2 first triangles. 


Evaluate the expression when one of the points is the 


centre of the conic. What is the corresponding form for 
general space ? 
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ON THE RATIONALISATION OF CERTAIN ALGEBRAICAL | 
EQUATIONS. 
| By ArtHur CayYLey. 
“SUPPOSE . 2 y = 6; 


then if we multiply the first equation by 1, zy, and reduce 
by the two others, we have 


zr+y=0, 
bz + ay = 0, 

from which, eliminating z, y, 
1,1|=0 
which is the equation between @ and b, Or, considering 


Z, y as quadratic radicals, the rational equation between z, y. 
So if ‘te — equation be —— by x, y, we have 


we 


Or, eliminating 1, zy, 


6, 1 


which may be in like manner considered as the rational 
equation between 2, y. 

The preceding results are of course self-evident, but by 
applying the same process to the equations 


a+y+z=0, #=a, y=b, 


we have results of some elegance. Multiply the equation . 
first by 1, yz, zz, zy, reduce and eliminate the quantities | 
Y, xyz, we have the rational equation 


| 


Again, multiply the equation L,Y, 2, and 
eliminate the quantities 1, yz, zz, xy, the result is 


a 6 c|=0. 
1 
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which is of course equivalent to the preceding one (the two 
determinants are in fact identical in value), but the form 
is essentially different. ‘The former of the two forms is that 
given in my paper “On a theorem in the Geometry of 
Position,” (Old Series, vol. 11. p. 270): it was only very 
recently that [ perceived that a similar process led to the 
latter of the two forms. 


Similarly, if we have the equations 


t+yt+z+w=0, ya w=d, 


then multiplying by 1, yz, 22, ry, re, YW, ZW, Lyzw, reducing 
and eliminating the quantities, 


2, Ww, Y2W, ,WLY , LYZ 


wehavetheresult} 111111). . .|.J4<=0. 
1 
a 1.1 
dic 


So if we multiply the by 2, w, yzw, soe, wry, 
and zyz, reduce and eliminate the quantities, 
Y2, ZL, LY, LW, yw, zw, 


Cc 


we have the result 


1 


which however is not essentially distinct from the form 
before obtained, but may be derived from it by an inter- ’ 
change of lines and columns. 


And in general for any even number of quadratic radicals 
the two forms are not essentially distinct, but may be derived 
from each other by interchanging lines and columns, while 
for an odd number of quadratic radicals the two forms cannot : 
be so derived from each other, but are essentially distinct. 
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I was indebted to Mr. Sylvester for the remark that the 
above process applies to radicals of a higher order than the 
second. ‘To take the simplest case, suppose | 


r+y=0, 2 y' = 6. 
| And multiply first by 1, z’y, zy’; this gives 
= 0 
be . =0; 
or, eliminating, 
Next multiply by z, y, z’y’; this gives 
g + q 
+2y=0 
ay? . =0; 
or, eliminating, | 
And lastly, multiply by z*, y*, zy; this gives f 
a+zy . =0 
= 0 | 
ay’ = 0; : 
or, eliminating, 
et And it is proper to remark that the second and third forms ¢ 
| are not essentially distinct, since the one may be derived : 
| from the other by the interchange of lines and columns. 
Apply the preceding process to the system é 
gaa, 2=e. 
H 2 
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First multiply by 1, zyz, xy’ 72, *2, 
reduce and eliminate the quantities, 


the resultis} 1 1 1 = 0. 
b 1 
Cc l 1 


Next multiply by z, 2, za’, ‘tye, xy, 
reduce and eliminate the quantities, 


a, 2, yt, zu, ay, 
the 


l l l . 
c a 1 
ba 


0.44. 


Lastly, multiply by 2’, y’, 2’, yz, 2a, zy, xy’2’, 
reduce and eliminate the quantities,. 


1 z*y*2*, 22°, y*2, 2*2, 


ie. 
1 
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where, as in the case of two cubic radicals, two forms, 
viz. the first and third forms of the rational equation, are not 
essentially distinct, but may be derived from each other by 
interchanging lines and columns. | : 
And in general, whatever be the number of cubic radicals, 
two of the three forms are not essentially distinct, but may be 
derived from each other by interchanging lines and columns. 


2, Stone Buildings, : 
Dec, 28, 1852. 


NOTE ON THE DOCTRINE OF IMPOSSIBLES. 2 
By WILLIAM WALTON, | | | 


In a note in page 47 of the last Number of the Journal, E 
_ Mr. Salmon has made certain observations on the question | 

of Geometrical Impossibles, in reply to my paper on the 
subject in the previous Number. I subjoin in separate 
paragraphs, for convenience of reference, all his remarks | 
except one, which does not seem to me to bear upon the 
question at issue. hee 


(1). ‘I see no reason why we should not close our con- 
troversy on the terms of arbitration proposed by Professor 
De Morgan, namely that Mr. Gregory’s conventions shall 
be banished from the regions of Algebraic Geometry to 
those of Geometrical Algebra.” | ee 


(2). “Mr. Walton does not deny the only point for which 
I am anxious to contend, viz. that the curvilinear loci ob- 
tained by Mr. Gregory’s rules have no geometrical connection 
with plane curves represented by the same equations.” 


(8) “And if this be so, they cannot be expected to 
throw any light on any difficulty, real or supposed, in the 
theory of plane curves.” 


(4). “TI have only to add that I believe Mr. Walton was : 
hasty in asserting (vol. vit. p. 239) that if f(z,y)=0 be 


‘transcendental, a conjugate point, not double but single, 
may easily present itself.” | 


(5). “And that the case of a conjugate point appearing :. 
to have a real tangent is explained by observing that such 
a point results from the union of two or more ordinary 
conjugate points.” 
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(1). I quite concur with Mr. Salmon in thinking that we 


may close our controversy on the terms of arbitration pro- 


posed by Professor De Morgan, whose excellent term Geome- 
trical Algebra so exactly accords with the distinction, on which 
I myself most carefully insisted in my own paper, between 
the two provinces of reasoning. 


(2). I neither assert nor deny that there is any geometrical 
connection between the possible and the impossible branches 
of the locus of an equation involving z and y; conceiving 


that the one or the other view might be adopted according 


to the precise sense attached to the phrase. 


(3). I am quite ready to admit that all the properties of 
the possible branches may be thoroughly discussed without 
any reference to the impossible ones, even where I might 
not myself see any obvious explanation of an apparent 


difficulty ; just as I should believe it possible to examine 


adequately the nature of the impossible ones without con- 
sidering the possible. 


(4). Take the equation 


_ There is a sengle conjugate point at the origin, the equation 
to the tangent of the one branch through it being z+ y = 0. 


The only objections which, as far as I am aware, could 


be urged against what I have here said, are either that an 
equation to a curve cannot be admitted to involve the symbol 
v(-1), or that v(-1) is necessarily equivalent to + v(-1). 
The former objection would be at variance with the object 


of Geometrical Algebra, which professes to trace out a cur- 


vilinear locus for any equation whatever in z and y: those 
who might entertain the latter objection 1 must refer to a 
paper by Gregory on the Impossible Logarithms of Quan- 
tities, in the Cambridge Mathematical Journal, vol. 1. p. 226. 
I do not say that a sengle conjugate point may not exist 
in curves not transcendental: take for instance the equation 


a+y=2y(-1). 


I specified transcendental equations in particular owing to 
its being necessary, provided that we desire by transposition 
of terms, squaring, &c. to get rid of the symbol y(-1), to 
have recourse to infinite series or their symbols. 


(5), { thank Mr. Salmon for his suggestion that the 
existence of a real tangent at a conjugate point may be 
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explained by the idea of the union of two or more con- 
jugate points, as it is always I think interesting, in philo- 
sophical inquiries, to contemplate the same phenomenon 
from different points of view. 


Cambridge, Jan. 15, 1853. 


ON CERTAIN GEOMETRICAL THEOREMS. 


By W. Sporriswoove. 


THEOREM I. When two systems of four points taken upon 
two straight lines, and corresponding each to each, have ther  —— 
anharmonic ratios equal, uf the two strarght lines be so placed | 
that two homologous points coincide, the three straight lines, 
which join the three other points of the first system to the three 
homologous points of the second respectively, will meet in a 


pot. 


0, 2,, z,, 2, be the distances of the four points onthe 
first line, and 0, y,, y,, y, those on the second, measured from 
the point of intersection ; then the equivalence of the anhar- 
monic ratios of the two systems will be thus expressed : 


= @, 


But if the two straight lines be taken as coordinate axes, 
this equation expresses the condition that the three straight 


¢ 
lines | 
x 
Y, 


shall meet in a point. ) 4 


q 
1 
4 
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But these lines pass through the pairs of points 
0, 2,3 0, 


0, U5 0, Yo» 
0, 7,5 9, 


respectively. Hence the theorem above enunciated. 


THeorEM II. When two systems of four straight lines, 
which correspond each to each respectively, have ther anhar- 
monic ratios equal, if they be so placed that two corresponding 
straight lines coincide in direction, the three other straight 
lines of the first pencil will meet the corresponding lines of the 
second respectively in three points situated on the same straight 
line. 


If w, a, B, y be the four straight lines ‘dunies the first 

_ pencil, and o, a,, 8,, y, those forming the second, the equi- 

valence of the anharmonic ratios of the two pencils will be 
thus expressed : 


cotwa, cotea, 1|=0. 
cotwB, cotw8, 1] 
cotwy, cotwy, 1 


But if the common straight line w be taken as the axis of z, — f 
and the centre of one pencil as the origin; then, a being the 
distance between the two centres, and Z,, 2.5 Ys 

being the coordinates of the points of intersection of a, a, ; 

B, %» respectively, on substituting for cotwa,.. 

cotwa,,... in terms of z,, y,,... and dividing out the term a 
common to an entire vertical row, the above determinant 


becomes 
y, 
Z, 1 


which is the condition that the three points of intersection 
shall lie on a straight une. Q. E. D. 
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ON CERTAIN GEOMETRICAL RELATIONS BETWEEN A SURFACE 


OF THE SECOND DEGREE AND A TETRAHEDRON WHOSE 
EDGES TOUCH THE SURFACE. 


Tuomas 


Ler ¢=0, u=0, 0=0, w= 0, be the equations to the faces 


ofa tetrahedron ; then if t, u,v, w have been multiplied by 


arbitrary constants, the equation to any surface of the second 


degree may be denoted by 
w+ + + 2vtw + 2ouv + 2ouw + = 0. 


If the surface which this equation denotes touch the edge 
(vw) of the tetrahedron, then, putting v= w=0 in the pre- 
ceding equation, the result + 2Atu = 0, must be a com- 
plete square, and this requires X=+1. Similarly, that the 
surface may touch the other edges, we must have w=+1, 


andr=i+1; al the to the 


surface becomes 
w+ 2tut 2tv + 2tw + 2uv + 2uw + 20w = 0. 


Now the double signs in this equation, being independent 
of each other, may be combined in (2°=) 64 different ways ; 
but it will on examination be found that there are eight ways 
in which the signs of (1) may be taken so that the left-hand 
member shall be a complete square, and the equation will 


then denote a plane; also there are 48 ways in which the’ 
signs of (1) may be combined so that it shall denote a cone 


having its vertex on one of the edges of the tetrahedron, 
(thus + 2tu- 2tv 2tw — 2uv - 2uw - 20w = 0, 
or (-¢-uw+0+w)+(v—w)=(v+wy, denotes a cone having 
its vertex at the point 4+w=v=w=0, on the edge (vw) ; 
hence these (8 + 48 =) 56 combinations of signs must be 
rejected, and there remain (64 - 56 =) 8 combinations to be 
considered. One of these gives 


4. + 2tu — 2tv — 2tw 2uv 2uw - 2vw = 0...(2); 


and if this be denoted by f(é, wu, v, w) = 0, it will be found 
that the other seven combinations are 


U, v, w)=0, f(-t, u,—v, w)=0, u, v, - 
f(- t, u, v, w) =0, F(t, w)= 0, S(t, u, w) = 0, 
and f(t,u,v,-w)=0: 


but since each of these may, by changing the signs of one or 
more of the quantities ¢, uw, v, w, be reduced to f(é, u, v, w)=0, 
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we. conclude that (2) is the most general form of the equation 
to surfaces of the second degree touching the edges of the 
tetrahedron. It must be remembered that since ¢, wu,» and w 
have been supposed multiplied by arbitrary constants, (2) 
implicitly contains three arbitrary constants, ‘as it evidently 
ought.* 
Let A, B, C and D be the angular points of the tetra- 
hedron, the faces BCD, CDA, DAB, and ABC being 
denoted by ¢=0, w=0, v=0, and w=0, respectively; also 
let E, F, G, e, f, g be the points of contact of the surface (2) 
with the edges AB, AC, AD, CD, BD, and BC, respec- 
tively; and e,, f,, g,, #,, F, G,, the points in which tangent 
planes to (2) that pass through these edges intersect the 
opposite edges ; so that HE and £, are on the edge AB, &c. 
To find the equations to the point Z, put v=w=0 in (2), 
and we have 2tu=0, or ¢-u=0. In a similar 
manner we shall find that the points H, F, G, e, f, g are 
denoted as follows: 


v=we=t-us= 


* If the surface, instead of touching all the edges of the tetrahedron, | 
only touch the four edges (vw), (wt), (tu), (uv); that is, the sides AB, BC, 
CD, DA, of a twisted quadrilateral ABCD, its equation will be 

4 Quv + 2vw + 2tw 4+ Qutv + 2ouw =0; 
or, since we may change the sign of any of the quantities u, v, w, the 
equation may be written | 
t? + + + —2tu— uv —2vw + 2tw + 2utv+2ouw=0..... (a). 


Hence the points H, K, L, M of contact of the sides AB, BC, CD, DA, 
respectively, will be denoted as follows: 


H v=w=t-u=0) 
K, w=t=u-—-v=0 
L, 
M, w=v=wtt=0) 


Now the points HKL are situated in the plane ¢—u+v—w=0; and if the 
lower sign in (8) be taken, this plane also contains the point M. If, how- 
ever, the upper sign be taken, let the plane HAL intersect the side (wv) 
or DA in the point NV: now since the harmonic planes w=0, t=0, w+¢=0, | 
and w—t=0, pass through the points A, D, M, and N, respectively, it 
follows that the side DA is divided harmonically in Mand N. Hence 


If a surface of the second degree touch the sides of a twisted quadrilateral, the. 
four points of contact will either be in one plane ; or else, any side of the quad- 
rilateral will be divided harmonically by its point of contact and its intersection 
with the plane of the other three points of contact, 
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Hence the equations to the planes drawn through the edges 
of the tetrahedron and the points of contact of the opposite 
edges are as under. 


Equation to the plane CDE, t-u=0.......... 
| | ABC, 0-W= 
| ACE, UH 
Again, since the equation (2) may be put under the form 
(¢-uy + wy = 2 (t+ uw) WwW) 
it appears that ¢+ =0, and v+ w= 0, denote tangent planes, 
and they evidently pass through the edges CD and AB 


respectively. In a similar manner the tangent planes through 
the other edges may be obtained as under. 


The equation to the tangent plane through the edge - 


AB touching at FE is 0+w=0......... (15), 
Hence the points #,, Ff, &c. are denoted as follows: ‘ 


It is evident from equation (y) that the tangent plane 
o0+w=0 meets the surface (y); that is, (2), in ome point =~ 
only; hence the surface cannot be either an hyperboloid ~ 
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of one sheet, an hyperbolic paraboloid, a cone, or a.cylinder, 
but must be either an ellipsoid, an hyperboloid of two —" 
or an elliptic paraboloid. In other words, 


I. No ruled or developable* surface of the second degree can 
touch ALL the edges of a tetrahedron, so that every surface of the 
second degree touching all the edges is necessarily umbilical. 


In my first memoir “ On the Theorems in Space analo- 


gous to those of Pascal and Brianchon in a Plane,” (Journal, 
new series, vol. iv. pp. 30 and 33), I have also shewn that 
no ruled surface of the second degree can touch all the edges 
of either a hexahedron or an octahedron. I have not as yet 
met with an instance in which a ruled surface of the second 
degree touches all the edges of a solid figure. 


It appears from what has been already said, that (1) denotes 
64 surfaces; 8 of which are planes, 8 umbilical surfaces, and 


_ 48 cones ; and it is easily seen that the whole of these surfaces 


meet the edges of the tetrahedron in the points E, F,; e, e,; 


F, F,; f, 1,3 G, Gs g, g, only —each surface meeting the 
edges in some six of these points. Now, taking one point 


on each edge, the preceding six pairs of points can be com- 


bined, six in each combination, in (2° =) 64 different ways 
(and no more), and therefore these different ways correspond 
to the different surfaces just mentioned. Hence 


II. If any six of the points E, E,; e,e,; F, F,; f, f,; G, G,; 
g, g,—one point on each edge—be taken, then 
either the six points are in one plane ; 
or, are the points of contact of an umbilical surface of the second 
degree touching the edges of the tetrahedron ; 
or, one of the points is the vertex of a cone of the second degree 
which touches five of the edges in the remaining points. 


There are, as already observed, eight ways in which a 
selection of six points may be made so that they shall be in 
one plane; the equations of these eight planes and the points 
through which they pass are easily seen to be as under: 


EFGe fg, 0+ W= (27), 
Efge FG, 04+ wm (28), . 
CPZELG, 04+ WH (29), 
ef GE E+ U4 — WH (30), 


* We have seen however that it is possible for a cone to touch five of the 
edges, and to have its vertex on the sixth edge. Such a cone may, if we 
please, be considered to touch all the edges. 
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EF Gefg, t+uto+we=0...... 
E.FGefg, -t-uU+0 + 0 = 
EF ,Gefg, 
EFG.efg,, (34). 


It will be observed that the four planes (27), (28), (29), 


and (30), pass through the points of contact on the contiguous 
edges of the tetrahedron. 


Put the left-hand members of (27),...(34) equal to 2¢’, 2u', 
2v', 2w', 2p, 29g, 2r, and 2s, respectively, and it will readily 
be found that we have the following identities: __ 


Ip = 
2g 
2s 
Quu= t-utv + w =pt+gq-r-s 
t+u+v-w=p-q-ris 


bo 
Ss. 


evel 35). 


=-tiwtviwe=p-q-r-s 
24 = t-wtviw=p-girts 
20= 
Qw= 


The equation (2) to the surface touching the edges of the 
tetrahedron may also be written in any of the three follow- 
ing forms: | 

tt’ + + vv + = 36), 
+ 4 2t'v'— 2t'w'- Qu'v' - Qu'w'— 2v'w' =0...(37), 


denote a tangent plane to (38), then will 7 
and the point of contact will be determined by the equations 


(-/). 


And conversely, if (vy) denote a point in the surface (38), so that we have 
the condition (@), then will («) denote the tangent plane at that point. 
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The planes ¢’, w', v', w' will be the faces of a second tetra- 
hedron .A’B'C'D'; and the planes p, g, 7, s those of a third 
tetrahedron OO'O"0""; the faces B’'C’D', C'D'A', DAB, 
A'B'C', 0'0"0"", 0" O''O0'", and OO'O", being those 
denoted by #’/=0, w=0, =0, w=0, p=0, q=0, r=0, 
and s=0, respectively. I shall refer to the tetrahedra 
ABCD, A'B'C'D', and OO'O"0O", as the given, second, 
and third tetrahedra respectively ; and when two tetrahedra 
are referred to without specifying which, I mean the first 
two. Omitting the third tetrahedron for the present, I pro- 
ceed to the consideration of properties connected with the 
other two. 

At the point A’ we have =v' =0, or 
and at O'" we have p=q=r=0, or -t=u=v=-w, and so 
on; hence the angular points of the second and third tetra-— 
hedra are denoted as follows: 


A’, -f= U= v= w | 

B, t=-us= Ww 

C"" = U=-0= 

dD, t= = 

O, t= u= = w | 

O'", -t=-u= = wi 

O", -¢ =-U= 

0", -t= w= v=-w, 


The intersection of each pair of tangent planes (15, 18), 
(16, 19), and (17, 20) is obviously situated in the plane 
t+u+v+we=0; hence 


Similarly, if we take the more general equation 
kp* + + mr* + ns* = 0, 
it may be shewn that if 7 
| ap + bg +er+es=90 
be the equation to a tangent plane, then 
| ka? + 1b? + + ne’ = 0, 
and the point of contact will be denoted by 


and conversely. 

These formulas are capable of easy extension, but it is unnecessary to say 
more here, as I shall treat the subject in a much more general manner 
before I conclude. 
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Il. If a surface of the second degree touch the edges of a tetra- 
hedron, the tangent planes passing through the opposite edges will 
intersect in three straight lines in one plane. a 

Moreover, since the six planes (9...14) all pass through the 
point ¢=u=v=w, we infer that 

IV. The siz planes which pass through the edges of the given 
| tetrahedron and the points of contact of the opposite edges, intersect 
| ' an one point; or, which is the same thing, the three straight lines 
" | joining the points of contact of opposite edges pass through one point. | 
{ Since the planes uw=0, ¢=0, t-uw=0, t+ u=0, form 

_a harmonic system, and pass through the points A, B, #, E,, | 
on the edge AB, it appears that 
V. The two faces and the tangent plane through any edge, together 
with the plane passing through the same edge and the point of contact __ 
of the opposite edge, form a harmonic system; and hence anu edge is ; 
divided harmonically by its point of contact and the point in whichit = 
is intersected by the tangent plane through the opposite edge.* i 
Again, (27...30) and (35), the straight lines (wz’), (vv’) 
and (ww’) are all situated in the plane¢+u+v+w=0; hence ~~ 
VI. If (four) planes be drawn through the points of contact of 
every three contiguous edges of the given tetrahedron, these planes 
will intersect the corresponding faces of the tetrahedron in four 
straight lines in one plane. This amounts to saying that, the cor- 
responding faces of the two tetrahedra ABCD, ABC'D' intersect 
in four straight lines in one plane. oe 
The equations to the straight lines 4A’, BB’, CC’, and 
are, (39), 


uU=v=W 
vo=we=t 
w=t=u 
and =u=v, 
| and these pass through the point ¢=u=v=w orO. Con- a 
| sequently 
* Hence when the points of contact are given, the tangent planes passing & 
through the edges may be constructed. q 
; It is evident, however, that the six points of contact are not all indepen- ; 
a dent, but that if three of them (which must not be all in the same face of e 
3 the tetrahedron) be given, the other three can be found. This may be i 
done in various ways, one of which is derived from the well-known plane ie 
theorem, that ‘If a triangle be circumscribed about a conic, the three bs 
straight lines joining the points of contact to the opposite angles intersect 3 
in a point,’’ so that when two of the points of contact are given, the third a 
may be readily found. We have only to apply the construction here S: 
indicated to three of the faces of the tetrahedron, to find the points of é 
contact of the other three edges. E 


VII. The straight lines joining the corresponding angles of the 
tetrahedra ABCD, A’B'C’D intersect in one point.* 


On account of the complete reciprocity of ¢, u, 0, w aia 
t’, u', v, w (see 2, 87, 35), the following is evident : 


VIII. The edges of the tetrahedron ABC'D’ touch the surface 
(2), and the points of contact coincide with those of the edges of the 
tetrahedron ABCD. 


Since the equations to the edge C’D' are t’=w' = 0, or (85) | 
t-u=v+w=0, it follows that the edge C’D’ intersects the 
edge CD in t=u=v0+w=0, or the point e,; and likewise 
the edge 4B in v= w=t-—u=0, or the point Hence 


IX. The edges A'C', AD’, C'D', DB, BC’ intersect the 
edges AB, , AD, ‘CD, DB, BC, respectively, in the points 
£E, Fy G, e, f, g,; and the former edges likewise intersect the 
edges CD, DB, Be, AB, AC, AD, respectively, in the points of 


contact e, f, g, E, F, G. The former six pairs of edges lie in the 
planes (9. ..14), and the latter siz pairs in the ae planes 
(15...20). | 


The equations to the ines Be, Cf, Dg are, (6, 7, 8), ¢=0, 
combined with v-w=0, w-u=0, and u-0= 0, respectively ; 
and hence these lines pass through the point in which the 
face BCD (whose equation is ¢ = 0) is intersected by the line | 
AA' (whose equations are w=v=w). In a similar manner 
it may be shewn that the lines B'E, C’F, and D'G intersect 
in the point in which the same line AA’ intersects the face 
BCD. Hence 


X. In any face of either of the tetrahedra ABCD, ABCD, 
let lines be drawn from the angles of the triangle which constitutes 
that face to the points of contact of the opposite sides, then shall these 
three lines pass through the point in which the said face is intersected 
by the line joining the corresponding angular points of the tetrahedra. 


In Plane Geometry we have the following theorem: “If 
a triangle be circumscribed about a conic, the straight lines 
joining the angles and the points of contact of the opposite 
_ sides intersect in a point”; and it is easy to recognise that 
(1v.) is analogous to this theorem; as is also theorem (X11.) 
(due to M. Chasles) in my third memoir “On the Theorems 
in Space analogous to Pascal and Brianchon in a Plane,” 


* It appears from (18, 19, 20) that the three tangent planes through the 
edges BC, CD and DB in the face BCD intersect in the point —t=u=v=w 
or A’; and similarly it may be shewn that the tangent planes through the 
edges in the other faces intersect in the points B’, C’, and D’, It is hence 
easily seen that theorems (vi.) and (vi1.) justify the foot note at p. 131, 
vol, vi. of this Journal, 
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(Journal, new series, vol. v1. p. 128). So likewise is the 
following: ‘‘ If a surface of the second order be tangential 
to three planes, the planes passing through the mutual inter- 
sections of every two of them, and the point of contact of the 


third tangent plane, will intersect in the same straight line.”* — 


The preceding are not the only analogous properties how- 
ever. (viI.) may be viewed as an analogue, if we present 
the plane theorem in this form: “If a triangle be circum- 


scribed about a conic and another be inscribed in the same, 


having its angles at the points of contact of the sides of the 
former, then shall the straight lines joining the correspond- 
ing angular points intersect in one point.” I dare say the 
analogy between (vi1.) and this theorem will not be denied 
by most mathematicians, but in case there should be any 
doubt, I give one way of establishing an analogy. Ifa plane 


figure be circumscribed about a conic, and the points of con-— 
- tact of the contiguous sides be joined, a plane figure will | 
be inscribed in the conic. Now if the edges of a solid 


figure touch a surface of the second degree, and planes be 
_ drawn through the points of contact of the contiguous edges, 
these planes will form the faces of another solid figure whose 
edges will also touch the surface; and the two solids will 
be such that the faces of each pass through the points of 
contact of the contiguous edges of the other. It hence 
follows that two solids so related bear some analogy to two 
plane figures, one inscribed in, and the other circumscribed 
about a conic, the sides of the latter figure touching at the 
angular points of the former. <i a 
I wish to state here that theorem (1v.), and the general 
equation (2) to surfaces of the second degree touching the 
edges of a tetrahedron, were discovered by the late G. W. 


Hearn and myself, independently of each other, and about | 
the same time. It also appears (from letters in my posses- 


sion) that Mr. Hearn had also investigated many of the 
preceding equations and theorems (and possibly some. of 
those that follow), but he never pointed out which of my 
results coincided with his own. 

Equation (2) may be put under the form 


(-¢+u+v0+w) wut uv); 


* A very elegant demonstration of this theorem, by the late G. W. Hearn, 
will be found at p. 55 of his Researches on Curves of the Second Order. It is 
however only a particular case of a more general theorem, due it would 
Seem to M. Chasles, for which see Journal, new series, vol. v1. p. 130, 
theorem (x1x.). | 
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hence vw + wu + uv = 0 is the equation to the cone which has 
its vertex at the point (wew) or A, and which envelopes the 
surface (2). In like manner we ‘shall obtain the equations 
of the cones which have their vertices at the other angles 
of the tetrahedron ABCD, and which envelope the sur- 
face (2); and collecting the whole we have 
tw + wu+uv =0 
wt + te +ow=0 
tu+uw+wt = 0 
uo+ vt +tu=0 
These I shall denominate the circumscribed cones of the 
given tetrahedron. 
Again, if in (2) we put ¢=0, w=0, v= 0, and 1 w= 0, in 
succession, we shall get 
Yo +0'+w— 2tv - 2lw - = 0 
— 2tu 2tw - 2uw = 0 
2tu - 2tv -2uv =0 


and these are evidently the equations to the cones whose 
vertices are at the angular points of the given tetrahedron, 


and whose directors are the conics in which the opposite 


faces of the tetrahedron intersect the surface. These may 
be called the escerzbed cones of the given tetrahedron. 

Taking the difference between the first two equations of 
(41), we get (¢-u) (v+w) =0; now v+w=0 is the equa- 
tion of a common tangent plane to the two cones denoted by 
the two equations; hence the cones ¢fersect only in the plane 
¢—w=0: in like manner it may be shewn that the planes 
of the other conics in which the cones (41) intersect, two 
and two, are those denoted by (10)...(14); hence 


XI. The circumscribed cones intersect each other, two and two, 
sia planes which pass through one point. 
_ Again, taking the difference of the first two equations 
of (42), we get 

{t-u} {t+ u-2(v+w)} = 0, 


and hence the two cones denoted by the first two equations 
of (42) intersect in the two planes ¢-w=0 and ¢+ u=2(v+w). 
In a similar manner we shall obtain the equations to the 
other planes in which the inscribed cones intersect two and 
two; there will be twelve such planes altogether—six of 
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them coincide with those denoted by (9)...(14), and the 
equations to the other six are as follows: 

t+u = 2(0 + w)) 

t+v =2(u+ w) 

t+ w= 2(u+v) 

w=2At + 

uUtw= v) 

w+v=2(t+w)} 


(48). 


Now the first and fourth of these equations are satisfied 
by ¢+u=v+w=0; the second and fifth by ¢+v=u+w=0; 


ind the third and sixth by t+w=u+v=0. Hence, (15.. 20) 
and (I1I.), 


XII. The inscribed cones intersect each other, two and two, in 
twelve planes—which consist of a system of six planes that intersect 
in a point, and of @ system of sia planes, the corresponding pairs 


of which intersect in three straight lines in the same plane, and these 
straight lines coincide with the intersections of the three pairs of 
tangent planes to the surface (2) that pass through the ope edges 


of the tetrahedron. 


It is evident from a comparison of (2) and (37), that if we 


accent ¢, w, v, and w in all the equations from (41) inclusive, 


we shall get the equations to the inscribed and circumscribed 
cones of the second tetrahedron A’ B’C’ D’, and their mutual 
intersections. Now, (35), =u -t, &.,t+u'=v+w, &e. 
identically ; hence the following theorem is evident : 


The cones of the second tetrahedron inter- 


sect each, two and two, in the same planes as the ee a 
cones of the given tetrahedron. | 


Again, considering the circumscribed cones of both tetra- 
hedra, each pair of corresponding cones will intersect in the 
plane ¢+«@+v+w=0; besides which there are second planes 
of intersection which are different for each pair of cones ; 
their equations are, 


0 
~3u+t+0+w=0 | 
(44); 
+?+uU+we=0 
=0 


and each of these passes through the point O, or ¢=uw=v=w. 
Hence 


12 


= 
x3 


116 | On certain Geometrical Relations between a 


XIV. The corresponding circumscribed cones of the two tetra- — 
hedra intersect each other in five planes—which consist of the single 
plane that passes through the four straight lines in which the cor- 
responding faces of the two tetrahedra intersect; and of a system 
of four planes which pass respectively through these lines and which 
intersect in the point O. 


The corresponding inscribed cones will be found to inter- 
sect each other in the preceding five planes; so that 


XV. The corresponding inscribed cones of the two tetrahedra t | 
_ intersect each other in five planes which coincide with those in which = * 
the corresponding circumscribed cones intersect each other. | 


Besides the faces of the given tetrahedron, the inscribed 
cones of the given tetrahedron intersect the corresponding 
circumscribed cones of the second tetrahedron in the planes 


+U+0+W= 0 
tt +vo+w=0] . as) 
30+ ¢ = 


Also, besides the faces of the second tetrahedron, the cir- 
-cumscribed cones of the given tetrahedron intersect the 
corresponding inscribed cones of the second tetrahedron 
in the planes 


w+ t+u+w=0 
=0 


Hence, including the faces of the two tetrahedra in which j 
these cones also intersect, we may say that 


XVI. The sixteen planes in which the inscribed cones of each 
tetrahedron intersect the corresponding circumscribed cones of the 
other, pass through four straight lines in one plane, four planes 
passing through each line. 


Moreover, besides the faces of the given tetrahedron, the 
inscribed cones of the same intersect the surface (2) in four 
planes whose equations are 


+ut+viw=0 
| 
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Also, besides the faces of the second tetrahedron, the 
inscribed cones of the same intersect the surface (2) in the 


four planes 


7t+ut+v+we=0 
u+t+v0+w=0 
7o+t+u+w=0 
lw+t+u+v=0 


Hence, recollecting that the former and latter cones also 


intersect the given surface in the faces of the first and second 


tetrahedra respectively, we may say that 


XVII. The sixteen planes in which the inscribed cones of the two 


tetrahedra intersect the surface (2) pass, four and four, through four 


straight lines that are in one plane. 


We have thus a great number of planes, (see 44, 45, 46, 
47, 48), which pass through the four lines (¢#’), (uw'), (vv), 


- (ww), in which the corresponding faces of the two tetrahedra 
intersect. 


Several harmonic relations between the faces of the tetra- 
hedra and the planes just referred to, might easily be 
deduced, but I shall omit them. | | 

From (44) inclusive, I have only written down the equa- 
tions to the planes of intersection in order to save space. 
The investigations are extremely easy, and I shall, as an 
example, merely investigate the equations for (Xv.). — 

The equation to the inscribed cone of the second tetra- 


hedron having its vertex at the point .4’ is of course 


+ Qu’ Qu'w' - = 0, 
which, when expressed in terms of ¢, w, v, and w, becomes 
— 3¢°+ 5u? + 50? + 5w’ — 2tu — 2tv — 2tw — 6uv — = 0; 
from this equation deduct four times | 

+ Que Quw - 2rw = 0, 
(the equation to the corresponding inscribed cone of the 
given tetrahedron), and we get 

8 

or (¢+u+ot+w) (-38t+u+v+w)=0; 


so that the two cones intersect in two plane curves situated 
in the planes ¢+u+0+w=0 and - 38t+u+v0+w=0. 

It may also be observed, that having obtained (45) and 
(47), we shall get (46) and (48) by accenting the letters in 
(45) and (47), and then expressing the resulting equations 
In terms of ¢, uw, v, and w by means of (35). 


& 

4 
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Putting w=0 in the first equation of (47), we have 
_ t=2(w+v), and these values of ¢ and w being substituted 
in (2), there results (wu -—v)’=0, or w—v=0; hence the 
straight line in which the face w ‘and the first plane of (47) 
intersect, touches the given surface. Similarly, it may be 
shewn that any of the planes (47) and a non-corresponding 
face of the given tetrahedron intersect in a straight line 
which touches the surface (2). Also, since the equations (48) 
are what (47) become when #¢, uw, », and w are accented, it 
follows that the same is true of the planes (48) and the faces 
of the second tetrahedron. Hence 


XVIII. The twelve straight lines in which the fowr planes (47) 
intersect the non-corresponding faces of the given tetrahedron, and 
the twelve straight lines in which the planes (48) intersect the non- 


corresponding faces of the second tetrahedron, touch the sind surface 
(2 or 37). 


It will be observed that the faces of the given tetrahedron 
and the planes (47) form the faces of a duodecangular octa-_ 
hedron whose edges touch the surface (2) of the second 
degree ; but as the consideration of this subject here might 
be too great a digression, I shall postpone it to the end 
of this paper. | 

The equation to any surface of the second degree cir- 
cumscribed about the given tetrahedron is evidently 


fu + gto + htw + f'vw + gu + hur = 0. 


If this also passes through the points 4,8, C’, and. D, 
we must, (39), have 


-f-g- h +f’ +g +h'=0, 

-h =), 

and 


Now the last three equations give f=f', g=g', andh=h’, 
and these satisfying the first equation, we aos that 


XIX. Any surface of the second degree passing through seven of 
the angular points of the two tetrahedra will pass through the 
eighth. 


* Since the angular points of the two tetrahedra form the angular points 
of a hexahedron (whose faces are denoted by 


t+u=0, viw=0, 
t+v0=0, w+u =), 
t+w=0, u+v=0), 
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The general equation to such a surface is 
I (tu + ow) + 9 (tv + uw) + h (tw + uv) = O.s.0+.(49), 


f, g, and h being arbitrary constants. 
The last equation may be presented in a neat form in 
terms of p,g,7,ands. By (35) we have 
tu + vw = 4( +¢- &c., 
hence (49) becomes 


Put kaf+g+h, l=f-g-h, m=-f+g-h, andn=-f-gt+h, 
so that k+limin= i Hence the equation to surfaces of . 
the second degree circumscribed about the given and second | 
tetrahedra may be written in this form: 


| kp’ + dq’ co (50) 
where | k 4 + 0 


XX. Any surface of the second degree touching seven of the faces : 
of the two tetrahedra, will touch the eighth face. | &§ 


This theorem may be established as follows: . 
In the. Mathematician, vol. 111. p. 278, I have shewn that : 
the general equation to surfaces of the second degree touch- 
ing the faces ¢, «, v, w of the given tetrahedron is 


L(at + bu cv - ew) + m(at bu +cv—ew) + n(at-bu-cv+ ew) 
=(at + bu + cv + ew), 


where +n" = 1. 


Substitute and - kn, for 7, m, and n, and these 
equations become 


k(at + bu+ cv + + Uat+ bu-cv- ew)? + m(at - be +cv- ~ ew) 
+ n(at - bu - cv + ew)’ = 0...(1’).* 


‘ it follows that (xrx.) is only a particular case of theorem (VIII.) in my > 

| second memoir ‘‘ On the Theorems in Space analogous to those of Pascal ; 
| and Brianchon in a Plane,”’ (Journal, new series, vol. v. p. 65). But 

indeed the latter theorem itself is only a particular case of the following : 

Every surface of the second degree passing through seven of the eight points of ¢ 

progr of three surfaces of the second degree, will necessarily pass through e 

e eighth, 

I may as well observe here that, since the faces of the two tetrahedra @ 

form those of an octahedron, the next theorem (xx.) in the text is only i 

a particular case of theorem (1x.) (7%. p. 66), and this again is only a par- . 

_ ticular case of the following: Every surface of the second degree touching ® 

seven of the eight common tangent planes to three surfaces of the second degree, e 

will necessarily touch the eighth. 


* If we change the sign of the arbitrary constant @ in this equation, we 
shall get the more symmetrical form 


¥ 
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Put —at+ bu + cv + ew = 2P, 
at + bu — cv - ew = 2Q, 
at - bu + cv - ew = 2R, 
at — bu - cv + ew = 28; 

also put = 20 
= 28 
= 
We thus readily find 

-2t =-aP+BQ+yR+ 8S’ 
Qw'= 8P+y7Q+RR- aS} 

and the equation (1') to the tangent surface becomes 
+ + MR? + nS? = 


Hence, observing (4’ and the foot-note at p. 110, we see that 
if ¢=0, wv =0, = 0, and w'=0, ‘denote tangent planes to 
(1') or (5 ‘), we must have 


+ my? = 0) 

+ + m8 + ny = 0 

+ +m +78? = 0 ). 

Now if we add these four equations, we get 

m+n") (+ B+ + 5”), 


which = 0, by (2'). Hence three of the equations (6’) imply 
the fourth, and theorem (xx. i” is therefore established. 


+n(at+bu+cv—ew)*=0 
where | 044m 4n1=0. 
Another form (also symmetrical) of the general equation to surfaces of 
the second degree touching the faces of a tetrahedron is made use of at 


vol. v. p. 61 of this Journal; and the demonstrations of the whole will be 
found in the Mathematician, vol. 11, p. 261, and vol, 111. pp. 278-9, 
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Add the first two equations of (6’), recollecting that 
=-(m" +n"), therefore 


(K+ (at - 8) = 05 
therefore either or + +O: 
but, (3'), a’ + + & is equivalent to ab = Ce, 
therefore either 4*+7* =0, or ab=ce. 
Similarly,  k*+m*=0, or ac=be, 
and + n'=0, or ae=be. 
Now, since the equations 14701=0, k'+m*=0, and 


k*+n*=0, cannot exist simultaneously (2' ), we shall have 
three cases to consider: 


Firstly, ab=ce, ac=be, and ae= be. 


Secondly, such as 


=0, ac=be, and ae=be. 
Thirdly, such as 
k*+0* =0, =0, and ae= be. 
Taking the first of these, we must have 
either a=b=c=e, 
or, such as a=b=-c=-e. 


Substituting the former of these in (1'), we find the required 


equation to be 


v- wy + m(t- 
+n(t-u-—v+w) =0...... (7’). 


If we were to take a= 6=-c=~-e in (1’), and then inter- 


change / and /, and m and n, (which does not affect (2’)), we 
should also get (7’). 


let k'+77=0, ac= be, and ae= bc; hence, (2'), 

=—k and n=-™m. Also either a=6 and c=e; ora=-)b 
andc=-e. Taking /=—k, b=a, and e=c, in (1’), 
we get 


also taking 7=- k, n = - m, b=~-a, and c=-e in (1'), we get 
k(t-u)(v-w)+ m(t+u) (v+w) = 0, 


and this coincides with the former when & and m are inter- 


changed ; but the former equation is what (7’) becomes when 
/=-k and n=-m, so that both these equations may be 
rejected as being — cases of (7’). 
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Lastly, +J*=0, k* + m™ = (0, and ae = be; hence 
l=-mM=n; ‘and (1’) is reduced to 


aetw + beuv =0: 


but since ae = be, this becomes éw + wv = 0, and this equation 
may also be rejected, seeing that it results from putting 
k=-l=-m=n in (7). 

From the preceding discussion it follows that the general => 
equation to surfaces of the second degree touching the faces 
of the given and second tetrahedra may, (7'),; be written 
wy +l(-t- wy +m(-t+u- 

+n(-t+u+v0-w)=0...(51), 


where &, /, m, n are arbitrary constants, subject however to 
the condition 


3 
The equation (51) may also be written ne oe 
+ Ug? + mr? + ns* = 0 53)", 
also of course with the condition (52). 
Since (2) may be written in the form | 
(¢-uy +(v-w) - 2(¢+ u) (v+ w) = 0, 
we see that the equation to any other surface of the second 
degree touching the edges of the given tetrahedron is | 
(at buy + (ev - ews 2 (at + bu) (cv + ew) = 0...(a). 
Let this touch the edge C’D’ or (¢'w’) of the second tetra- 
hedron ; then, since ¢# =w' =0 are equivalent to ¢=u, and 
w=-v, we must have,(a), 


w+(ce+ey v- 2(a + - e) vw = 0, 


* The faces of the second and given tetrahedra, when expressed it in terms . 
of p, g, 7, and s, are, (35), denoted as follows : 


ptq+r+s=0 —pt+qtr+s=0 
—p—qtr+s=0| p-q+r+s=0 
—p+q—r+s=0 ptq—-rt+s=0 
—p+q+r—s=0 p+q+r—s=0. 


Hence (Journal, new series, vol. vi1. p. 256, equations (5)), the faces of 
the two tetrahedra are the faces of a diagrammatic octahedron. Con- 
sequently the above investigation of (51), that is, of (53), (with the 
condition (52)) does in fact establish equations (9) (bed. p. 258) in my 
memoir **On certain Systems in Space analogous to the Complete Tetra- 
gon and Complete Quadrilateral ;’’ and hence also equations (54) in my 
first memoir ‘‘On the Theorems in Space analogous to those of Pascal 
and Brianchon in a Plane,”’ (ibid. vol. rv. p. 37). It is on this account 
chiefly that the above investigation has been inserted. 
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a complete square; this requires that 
(a-b)(c+e)=+ (a+b) (c-e); 
which gives ac=be or ae = be. 
Proceeding in this way, we find the conditions required 
in order that the surface (a) should touch the various edges 


of the second tetrahedron to be as follows: 
If the surface (a) touch A’B’ or C’D’, then must 


either ac = be (8), 
if or BD’, either ab=ce or de = (Y)s 
if A'D' or B'C’, either ab=ce or ac=be ........+44+4++ (8). 


Hence, if the surface (a) touch any edge of the second ~ 
tetrahedron, it must necessarily touch the opposite edge; 
also if the surface touch any edge, say A’B’, so that one of 
the conditions (8) is satisfied, then one of the conditions 
either of (y) or of (6) will be satisfied, so that the surface 
will touch other two opposite edges. Hence this theorem: 


XXI. Every surface of the second degree touching all the edges 
of the given tetrahedron, and also one of the edges of the second 
tetrahedron, will necessarily touch the opposite edge, and likewise one 
or other of the two remaining pairs of opposite edges. 


In order that the surface (a) should also touch all the 
edges of the second tetrahedron, we must satisfy (8), (¥), . 
and (6), and this may be effected in three ways: 


or ab=ce and aC = be (f). 


gives b=+a and e=+e, 
(n) gives c=+a and b=+e, 
(€) gives e=+a and c=+5. 


Substituting these values successively in (a), we readily 
find the resulting equations to be ~ 


a(tFuy tw) = 2ac(t+u)(v+ w)......(54), 
a(t + e(w tu) = (55), 
a(ttw)yt+ = 2ab(tiw)(ut v)......(56), 


where a, 6, c, and e are arbitrary constants, and each equa- 

tion, on account of the double signs, is equivalent to two. 
Hence, every surface of the second degree touching all 

the edges of both tetrahedra, must have an equation of some 
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of the above forms. But each of the surfaces (54), (55), and 
(56), whatever may be the values of the constants, always 
touches one pair of edges of each tetrahedron at their points 
of intersection: thus (54), if the upper signs be taken, 
touches the edges CD and A’B’ at their point of inter-_ 
section e, and the edges AB and C’D’ at their point of 
intersection H; while, if the lower signs be taken, (54) 
touches the edges CD and C’D' at their point of inter- 
section e,, and “the edges AB and A’B' at their point of 
intersection #,. Hence 


XXII. A surface of the second degree that touches all the edges of 
both tetrahedra must touch one pair of opposite edges of the given 


tetrahedron, and the corresponding pair of opposite edges of the — 


second tetrahedron at the points of intersection of these edges ; but 
it does not necessarily touch the other eight edges at their points of 
intersection. 


The two tetrahedra possess other properties of a similar 
kind, but I deem it advisable to omit them. __ 

The equation tu +vw-=0 denotes a ruled hyperboloid, 
which being satisfied by ¢=v=0, t=w=0, w=v=0, and 
-u=w=0, respectively, passes through two pairs of opposite 
edges of the given tetrahedron. Now tu+ow=t'u' +v'w 
identically, and hence the hyperboloid also passes through 
_ the corresponding two pairs of edges of the second tetra- 
hedron. Hence 


XXIII. Through any two pairs of opposite edges of the given 
tetrahedron, and the corresponding two pairs of opposite edges of the 
second tetrahedron, a ruled hyperboloid may be described. 


There are evidently three such surfaces, and their equa- 
tions are 
tu + = | 


tw+uv =90 
or, (35), +4) 


prse=ad 


By comparing (38) and (58), we see that the given surface 
touches the surfaces (58) in the planes g = 0, r=0, and s=0 
respectively; or¢+u=v+w,t+v=u+U, and t+ w= 
and these pass through the lines in which ‘the tangent planes 


(15) and (18), (16) aa (19), and (17) and (20) intersect. 
Hence 
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XXIV. Each of the hyperboloids just mentioned touches the given — 


surface (2) in a plane. Also the plane of contact of any of these 
surfaces and the tangent planes to the given surface that pass through 
the third pairs of opposite edges intersect in a straight line. | 


Equation (54) may be written in either of the forms 
{a(t #u)+c(vo w)} = 4ac(tv + ww), 
or =+ 4ac (tw + ur); 


and (55) and (56) may be thrown into similar forms. Hence 


XXV. Every surface of the second degree touching all the edges of — 


both tetrahedra has necessarily plane contact with two of the three 
hyperboloids (57). | 


In the Mathematician, vol. 111., p. 278, I have shewn that 


the general equation to surfaces of the second degree touch- 
ing the faces of the tetrahedron (¢wvw), and which moreover 
are such that the straight lines joining the points of contact 
and the opposite angles shall intersect in a point, is 


CE — abtu—actv—aetw —beuv—beuw-cevw=0, 
and the point through which the said lines pass is denoted by 
| | at=bu=cv=ew; 


if this point coincide with O or t=w=v=w we must have 
a=b=c=e, and then the equation to the surface becomes 


tw ue - uw vw = 0...(59). 


Hence (59) is the equation to the surface which touches the 
faces of the given tetrahedron in the points in which they 
are intersected by the lines joining the corresponding angular 
points of the given and second tetrahedra. But since (59) 
still denotes the same surface when 7’, w’, v', and w’ are written 
for t, u, v, and w, it follows that the surface (59) also touches 
the faces of the second tetrahedron in the points in which 
these faces are intersected by the lines joining the correspond- 
ing angles of the two tetrahedra. 

If we put ¢=0 in (59), the resulting equation may be 
written 

(- 2u+v+w)+ 38(v-wy =0, 


which requires -2u+v+w=v-—we=0, so that the tangent 
plane ¢ = 0 meets the surface (59) in one point only. 


XXVI. An umbilical surface of the second degree can be described — 


to touch the faces of the two tetrahedra in the points in which the said 
faces are intersected by the straight lines joining the corresponding 
angles of the two tetrahedra. | 
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Suppose e every inscribed as well as every circumscribed 
cone of each tetrahedron to be limited by the corresponding 
face (of the same tetrahedron) which will thus be the base 
of the cone. A surface will be circumscribed about one 
of these cones when it passes through its vertex and the 
perimeter of its base; and will be inscribed in the same 
when it touches the base and the curved surface of the cone 
in a curve. | 

The equation (59) may be written 


(—2¢+u+v+w) + 3 +v + — 2uv Quw = 0; 


hence the inscribed cone, + + 2uv 2uw 2vw =0, 
touches the surface (59) in the conic in which it is inter- 
sected by the plane — 2¢+u+v+w=0, and we already know, 
(xxv1.), that the base of the cone touches (59); hence the 


‘surface (59) is inscribed in this cone. Similarly, putting (59) 
under the form 


t+ 4+ 4 w?- tu! -tw' - uw =0, 
it may be shewn that the surface is inscribed in the inscribed | 


cone of the second tetrahedron which has its vertex at the 
point A’. Hence 


_ XXVIT. An umbilical surface of the second ia may be in- 
scribed in the eight inscribed cones of the two tetrahedra. 


Again, the surface whose equation is 
tu+tv+twt+ uv +uwt vw (60), 


is circumscribed about all the circumscribed cones, for it 
is satisfied t=0 and w+uw+vw=0; by u=0 
tv+tw+vw=0, &c.; also, putting (60) under the form | 


4 tv =0, 


we see that it is satisfied by ¢=0 and w'v'+u'w' + v'w' =0, &e.; 
also, since (60) is circumscribed about both tetrahedra, (49), 


it passes through the vertices of all the circumscribed cones. 
ence 


XXVIII. An umbilical 1 ated of the second degree may be cir- 


cumscribed about all the eight circumscribed cones of the two tetra-— 
hedra. 


The equations (59) and (60) may also be writin 


and hence both surfaces are umbilical, as has been asserted. 
Again, 
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XXIX. A ruled hyperboloid may be described so as to touch two 
corresponding circumscribed cones of the two tetrahedra along the 
perimeters of thew bases. | ae 


The equations to these four surfaces are 


+uv+uw+vw=0 
+ tw+vw=0 
+ tu + to +u0=0! 


+ uv =O} 


For the surface ¢ + uv +uw+vw=0 touches the cone 
uv +uw+vw=0, in the plane ¢=0; and since + wv + uw + vw 
at? 4 + u'w' + identically, the same surface touches 
the cone + + =0 in the plane ¢’=0. Also 
t?+ uv + uw + vw = (t+u) (E-u)+ (w+ v)(u+w), hence 
t? + uv + uw + vw =0 denotes a ruled hyperboloid. 

We have already seen that the two tetrahedra ABCD 
and A’B'C’D' are copolar, that is, the four lines joining 
the corresponding angles A and 4’, Band B, Cand C’, 
and D and JD’ intersect in a point—the pole of the tetra- 
hedra. There are, however, altogether fowr ways in which 
the tetrahedra are copolar, the angular points of the tetra- 
hedron OO'O" 0" coinciding with their poles. If we write 
the corresponding angular points of the tetrahedra in the 
same order, so that if, for instance, ABCD and B’A'D'C' 
be the tetrahedra, the corresponding angles are A and B, 
B and A’, C and D’, and D and C’; then the four ways 
in which the tetrahedra are copolar are as under :— 


1. The tetrahedra ABCD and A'B'C'D' have O for pole; 
their edges AB and C'D', AC and BD’, AD and BC’, 
CD and A’B’, BD and A'C’, BC and A'D, intersect in 
the points EZ, F, G, e, f, g, respectively ; and the surface 
of the second degree whose equation is 


touches the edges of both tetrahedra at these points. 


&. The tetrahedra ABCD and B’A'D'C' have O' for pole ; 
their edges AB and D'C’', AC and A'C’, AD and A'D, 
CD and B'A', BD and BD’, BC and BC’, intersect in 
the points E, F,, G,, e, f,, g,; and the surface of the second 
degree whose equation is 

(65), 


touches the edges of both tetrahedra at these points. : 
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3. The tetrahedra ABCD and C'D'A'B' have O" for pole ; 


their edges AB and A’B’, AC and D'B’, AD and A'D, 


CD and C'D', BD and A'C’, BC and BC’, intersect in 
the points #,, F, G,, e,, f, g,, respectively ; and the surface 


touches the edges of both tetrahedra at these points. 


4. The tetrahedra ABCD and D'C’B'A' have O"" for pole ; ; 


their edges AB and A'B’, AC and A'C’, AD and BC, 


CD and C'D', BD and B' D, BC and A 'D, intersect in the 
points #,, Fi, G, e,, f, g, respectively ; and the surface 


1? “1? 


(67), 
touches the edges of both tetrahedra at these points. 


Moreover the two tetrahedra ABCD and 00'0"0"" are 


copolar in four ways. 


l'. The tetrahedra AB CD and 00'0"0"" have A’ for pole; 


their edges AB and O”O", AC and O'O", AD and O'O",", | 
CD and OO’, BD and 00", BC and 00", intersect in the 
points #,, F, G,, e, f, g, respectively ; and the surface 


touches the edges of both tetrahedra at these points. — 

2’. The tetrahedra ABCD and 0'00"0" have B’ for pole ; 
their edges AB and O"O", AC and OO", AD and OO", 
CD and OO’, BD and O'0O"", BC and O'O", intersect in. the 
points E,, F, G, e, f, g,, respectively; and the surface 

touches the edges of both tetrahedra at these points. 


8. The tetrahedra ABCD and O"0"'00' have C' for pole ; 
their edges AB and OO, AC and O'O"", AD and OO", 


CD and O'0",", BD and OO", BC and O'O", intersect in the . 


points EL, Ff’, G, e,, f, g,, respectively ; and the surface 
touches the edges of both tetrahedra at these points. 


The tetrahedra ABCD and O'"0"0'O have D' for pole ; 


their edges AB and OO', AC and OO", AD and 010" 
CD and BD and BC and intersect in 
the points £, F, G,, e,, f,, g, respectively ; and the surface 


touches the edges of both tetrahedra at these points. 
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Lastly, the two tetrahedra ABC D and OO'O"O" are 


copolar in four different ways. 


1", The tetrahedra A’B’C'D’ and have A for 

pole ; their edges A’B’ and O" 0", and O'0", A’D' and 
0'0", C'D' and OO'", and 00", BC and OO", intersect 
in the points £,, F, Gy, E, F, G, respectively ; and the 


touches the edges of both tetrahedra at these points. 


The tetrahedra A’B'C'D' and O'O0'"0" have B for 
pole; their edges A’B’ and OO", A'C’ and OO", A'D' 
and C'D' and BD’ and 0'0O"", BC and 
‘intersect in the points E, 2, Bis respectively and 
the surface O + Wi + (73), 


touches the edges of both tetrahedra at these points. | — 
3’. The tetrahedra A’B'C'D' and have C for 
pole; their edges A’B’ and OO’, A'C’ and O'O", A'D' 
and OO", C'D' and BD and OO", and O'0O", 
intersect in the points e, f, g, e,, F, g,, respectively; and 


touches the edges of both tetrahedra at these points. | 
4", The tetrahedra A’B’C'D' and O'0"0'0 have D for 


pole; their edges A’B’ and OO'", A’C’ and OO", A’D' and 
OO", and B'D' and 0O'O"", BC’ and OO", 
intersect in the points e, f, G,, e,, f,, G, respectively ; and 4 
touches the edges of both tetrahedra at these points. 

Hence the following theorem: : 


XXX. Any two of the three tetrahedra ABCD, A'B'C'D' and f 
00'0"0” are copolar in four different ways; and the poles of any 
two coincide with the angular points of the third tetrahedron. Also 
through the sia points in which the edges of any two of these copolar 
tetrahedra intersect, an umbilical surface of the second degree may be 
described so as to touch all the twelve edges. 


There are, as we have already seen, twelve such surfaces, : 
and it may be noted that those eight which touch the edges i 
of the tetrahedron ABCD are the eight umbilical surfaces : 
mentioned in (I1I.). 

Each of the following sets of planes forms a harmonic . 
System: v, w, 0+ W,0-W; t+U, 2p=(v+ w)+ 
29 =(v+w)—(t+u); v-w, 2s = (u- t) + (0 w), 
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or = (u-2)- (0 - w); vo+w, u-t, 
2u'.=(v+w) —(u—t); &c., &c.; hence the following theorem 
is evident. 


XXXI. Some two of the twelve planes, (3...8) and (15...20), 
pass through each of the eighteen edges of the three tetrahedra 
ABCD, ABCD’, and 00'0"0" ; also the two planes and the two 
faces that pass through any edge form a harmonic system. 


It is evident from the symmetry of the equations (35) that 
any property which the given and second tetrahedra may - 
- possess, will also be true (with suitable modifications) of any 
two of the three tetrahedra. ‘Thus, on substituting ¢’w'v'w’ 
instead of pgrs in (50) or (53), we shall have the general 
equation to surfaces of the second degree circumscribed 
about, or inscribed in, the two tetrahedra ABCD and 
OO'O"0'"; and if tuew be written for pg7s in the same, we 
shall get the equations for the tetrahedra A’B’C'’D' and 

From this and the equations (64...75) it appears that © 


XXXII. The angular points of any one of the three tetrahedra 
ABCD, A'B'C'D', and OO'0" 0" are the poles of the opposite faces 
(of the same tetrahedron), with respect to any of the following surfaces — 
of the second degree : | 

1. Any surface circumscribed about the other two tetrahedra ; 

2. <Any surface inscribed in the same; and 3 

3. Each of the four surfaces touching the edges of the other two 

tetrahedra at the points of intersection of their edges. 


Again, it is obvious that the equations to the angles of the 
three tetrahedra, namely (39, 40), and the equations 


v=w=t=0 

= 


coincide in form with equations (3) and (4) in my memoir 
“On certain Systems in Space analogous to the Complete 
Tetragon and Complete Quadrilateral,” (Journal, new series, 
vol. VII. p. 254); also it is equally evident that the equations 
to the faces of the three tetrahedra coincide in form with the 
equations at the foot of p. 257 (¢bed.). Hence 


XXXIII. The angles of any two of the tetrahedra ABCD, 
A BC'D, and 0O'O" 0" form the angles of a complete syngrammatic 
octangle whose syngrammatic points are the angles of the other tetra- 
hedron ; and the faces of any two form the faces of a complete 
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diagrammatic octahedron whose diagrammatic planes are the faces 
of the remaining tetrahedron.* | 


I now come to consider some formulas and properties 
relative to the centres of gravity of the tetrahedra, and the 
centres of various surfaces and curves of the second degree. 


Let a, 6, c, and e be such constants that 
At + bu + CV + 1 (76), 


identically. I shall occasionally refer to this as the equation 
of rdentity. 
Let 2a =-at+bict+e 
26 = a-bicie 

2 = at+b-cr+eé 

2e' a+b+c-e 


also atbicre 

=-at+bic-e 


Hence, (35),.the equation of identity is equivalent to either 


of the following equations : 


When u=v=w=0, we have at=1 identically, (76); 


hence the plane, at = 1, passes through the point A, and 
it is parallel to the face BCD: but ¢ is proportional to the 
perpendicular from A on BCD; consequently the equation 
to the plane, parallel to the face BCD and at a distance from 
it equal to one-fourth of this perpendicular, is at=1; and 
this plane of course contains the centre of gravity of the 


tetrahedron ABCD. Similarly, the planes bu=1, cv =}, 


and ew =1, all contain the centre of gravity; hence this 
centre is denoted by 


at = bu = cv = ew = 


_* For the definitions of ‘complete syngrammatic octangle’ and ‘complete 
diagrammatic octahedron,’ see the memoir just referred to. (Journal, new 
Series, vol. vir. pp. 255 and 257.) 


_t The neat equations (81) to the centre of gravity of a tetrahedron were 
discovered by the late Mr. Hearn and myself independently, the demon- 
stration given above being however Mr. Hearn’s, Equations (82) and (83) 
are due to myself. 
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Let A denote the centre of gravity of the tetrahedron 
ABCD; K,, K,, K,, HK, those of its faces BCD, ACD, 
ABD, ABC, respectively; and L, M, N, 1, m, n, the 
middle points of the edges AB, AG, AD, CD, BD, BC, 
respectively. Also let these letters accented apply to the 
tetrahedron ABCD; and the same letters with two accents 
apply to the tetrahedron 00'0" 0", 

By (81) the equations to the line AX which intersects the 
face BCD in H, are bu = cv=ew; hence, when ¢=0, we | 
have, (76), bu = cv = ew = 1, The centres of gravity of the 
— of the tetrahedron ABCD are therefore denoted as 
ollows: 


t=0, bu=cv =ew 
K,, u=0, at = cv = ew = 
v=0, at=bu=ew= 
w=0, at=bu=c = 


(82), 


Again, from these equations we see that the plane, at = bu, 
contains the points A,#,, and it passes through the edge CD; 
consequently this plane bisects the edge AB, and therefore 
the middle point (Z) of AB is denoted by v= w=0 and 
at = bu=%4, by (76). Hence the middle points of the edges 
of the has ABCD are denoted as follows: 

L, v=we=0, at=bu =}3) 
w=u-=0, at=c =} 

N, u=v=0, at=ew=4 

t=u=0, cv=ew=h4 

m, t=v=0, 

t=w20, buecv =4 

If all the letters in (81), ( 82) and (88) be accented, it is 
evident that the equations will then be adapted to the second 


tetrahedron A’B'C'D’. And if a’, b",c’, e’ be written for 
a,b,c, e, and p,q, for t, u, v, w, wer will apply to the 


* In like manner if ¢=0, w=0, v=0, be the equations to the sides of — 
a plane triangle, and at+bu+cev=1, 


be the equation of identity, then the equations to the centre of gravity of 
the triangle are 
and those to the middle points of the sides are 
t=0, bu=cy=}; 
u=0, co=at=}; 
and v=0, at=bu=}, respectively. 
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third tetrahedron 00'O"0'". It is unnecessary therefore to 
write down the formulas for these two tetrahedra. 


The preceding equations (81), (82), and (83) may be 
viewed somewhat more generally. If instead of at+bu+cvt+ew 
being = 1 identically (so that at + bu + cv + ew = 0 is the ogee : 


tion of the plane at infinity), we assume 
at + bu+cv+ew=0 
to be the equation to any plane; then (omitting ‘ -}) (83) 


_will denote the harmonic conjugates of the points in which 


the plane cuts the edges of the tetrahedron (¢wvw), the har- 


monic conjugate of each point being taken with respect to 


the two angles of the tetrahedron that are on the same edge. 


If the points (¢.e. the aforesaid harmonic conjugates) in each 


face be joined to the opposite angles in that face, they will 
intersect in points denoted by (82), (‘=}' being omitted) ; 
and, finally, if these latter points be joined. to the opposite 
angles of the tetrahedron, the four straight lines thus drawn 
will inter sect in the point denoted by (81), —* =}). 


Let + +nv + Ew + Qutv+2vtw 
+ + 2ouw + = 0...(84), 


be the equation to any surface of the second degree. Multi- 
plying (84) by e, it may be put under the form 


Au+ =(A’— wu... + ET) Vw; 


from which we see that ef + Au + mv +vw=0 is the polar 


plane of the point u=v=w=0: but 
1 
2° dte 


50 that © = 0 is the polar plane of the point w= v= w = 0. 


+ AU+ MY + VU, 


Next, to find the polar plane of any point 


so that the point (85) is denoted by U=V=W = 4: hence, 
if we write U + and for wu, v, and w 
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in (84), and then differentiate with respect to ¢, we shall | 
have the polar plane required. Now the result of this, after 
multiplying by is seen to be 


‘Hence (86) is polar of the point with respect 
to the surface (84). 


1 do 


Now + me, 
tu + pe son, 
1 do 
and = Ew + vt + ows TH; 
2° dw 
also put a’ = + py + vd, 
= + ra + py + 
y = ny + wa + +78, 
and. = € + va + 08+ ty. 


Substitute for -, &e. their values just given, and (86) 


becomes | 
(ea+AB+ py + vd) t+ (B+ rAa+ py + od) u+ Ke. = 0. 
Also, from (85) we get 
+ AU + vw M+ pvt 
eat AB+my+vo 


Simplify these equations by those that ge them, and 
then drop the accents. Hence the pole of the plane 


at + But yu + (87)," 
with respect to the surface (84), is 


* Ifthe plane (87) touch the surface (84), (88) will denote the point of 
contact, and will therefore be a point in the plane. Hence, if we eliminate 
t, %6, %, and w from (87) and (88), we shall get the condition necessary in 
_ order that (87) should be a tangent plane to the surface (84). This is the 
easiest way of obtaining the conditions given in the foot-note at pp. 109, 110. 
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These equations enable us to find the centre of the surface 
(84); for the centre is the pole of the plane at infinity, and, 
(76), the equation. to the latter being | e | 


at + bu + cv + ew = 0, 
we have only to write abce for aPry6é in (88), and we get 
1 dp_1 dp_1 gg, 
for the equations to the centre of the surface (84). 
In a similar manner it may be shewn that if 


+ + que + + + 2vvw = 0...(90), 
be the equation to a cone, and 


those of any straight line through the vertex; then the polar — 
plane of (91) with respect to the cone (90) is denoted by 


Also, if at + Bu+yv=0...... (93), 


be the equation of any plane through the vertex of (90), 
its polar line with respect to the cone (90) is denoted by 


1d 1 1 dp 
a dt B du y dv (94). 


Since (90), (91) and (92), also (90), (94) and (93), are 

- cut by any plane (not passing through the vertex) in a conic, 

a point and a straight line respectively, such that the point is 

the pole of the straight line relative to the conic, it follows 

that if a plane cut the cone (90) in a conic, we can find the 

equation to the polar line of any given point in that plane 
relative to the conic ; and conversely. 

Hence also we can find the equations to the centre of the 
conic in which a plane, w = 0, cuts the cone (90). From (76) 
we have 

at + bu + cv = 1 ew, identically, 


so that the plane at+ bu+cv=0, (or ew- 1=0), which 
passes through the vertex of the cone, is parallel to the 
plane w=0 of the conic, and therefore the intersection of 
these planes is at infinity; consequently the pole of this 
line with respect to the conic is its centre. Hence, writing 


(91), 
d d d 
| 
dt du dv 
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abe for apy i in (94), we see that the equations to the centre 
of the conic in which the plane w = 0 cuts the cone (90) are 


Putting w= 0 in (2), we see that the equations to the conic 
in which the face ABC is intersected siden the surface (2) 
touching edges, are 


w=0, and f+ + - — 2tv — 2Quv = 0. 


Hence, (95), the centre of the conic is denoted by w= 0, 
combined with 


_ which are equivalent to 


@4¢ a+b 


and these are evidently the equations to the straight line 
drawn from the angle D or (tuv) to the centre of the conic. 


Proceeding in a similar manner, we find that the following 


are the equations to the straight lines drawn from the angular 
points of the tetrahedron to the centres of the conics in which | 


the opposite faces are intersected by the surface (2). 


c+e b+e 

t w 
= 

t U Vv 


* This evidently amounts to saying that the plane whose equation is 
at +bu+cv=1, 
will cut the cone (90) in a conic whose centre is denoted by 
1 1 _ 1 ay 


combined of course with at +bu+cv=1. 
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Now these lines evidently lie on the hyperboloid — 
{(b+e)(a+c)—(b+c) (a+e)}.{(a+b) tu +(e+e) vw} 
+ tv +(b+e) uw} 


+ {(a+b)(c+e) - (b+e)(a+e)}.{(a+e) tw +(b+c) uv} =0.. (91); | 


and this hyperboloid contains the point ¢ =u = v=, or the 
point O. Hence the following theorem: 


XXXIV. Let a surface of the second degree touch the te of 
a@ tetrahedron, and cut the faces in conics; the four straight lines 
drawn from the centres of the conics to the opposite angular points 
of the tetrahedron lie in a ruled hyperboloid and belong to the same 
system of generators ; 3 also the point in which intersect the three 
straight lines joining the points of contact of opportte edges, is @ point 
in this hyperboloid. 

By using (94) instead of (95) it is easily seen that this 
theorem is still true when instead of the centres of the conics 
we substitute the poles of the lines in which the faces are 
intersected by any plane, the pole of each line being taken 
with respect to the conic in the same face of the tetrahedron. 
It is worthy of observation too that, though the hyperboloid 
will vary for different: positions of the. cutting plane, yet it 
(the hyperboloid) always passes through the fixed point in 
which intersect the three straight lines joining the points of 
contact of opposite edges. — 

Again, the polar plane of the point 


(98), 
that.is, of the straight line 
| 


with respect to the circumscribed cone (of the given tetra- 
hedron) tu+tv+uv=0 

is, (92), a(u de) + u)=0; 

that is, 


In a similar manner the polar planes of the point (98) with 
respect to the other circumscribed cones may be obtained, 
and tabulating the whole, we have 


(y+ w= 0 
(y+ (99) 
(Bry) 
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The four straight lines in which these planes intersect the 
faces ¢t, u, v, w respectively of the tetrahedron evidently lie 
in the hyperboloid whose equation is | 


(y+ 8) (a+ (at 
(a+) (a+ 8B) 
+ {(8+8)(a+y)+ (B+ y)(a+ 5)} {(y + 8) twt+(at B) vw} 
+{(7+8) (a+ 8) + (B+) (a48)}.{(8+8) to + (aty) uw} 

+ (B48) (aty)}-{(B+y) tw (048) wv} =0...(100). 
X=(-a+P+y+8) t+ (+8) w + (B48) 04 (B+y) w 
and 
w, 
it will be found that (100) may be made to assume the form 

(a—B)(a-y)(a-6) (¢+u+v+w)t+ XY=0, 


and hence the hyperboloid (100) always touches the plane 
£+u+v+wz=0, whatever be the values of aPy6, that is, 
whatever be the position of the point (98). Hence the follow- 
ing theorem: | 


XXXV. Let a surface of the second degree touch the edges of 
a tetrahedron, and the four circumscribed cones be drawn; also let 
the polar plane of any point be taken with respect to each of these 
cones: these fowr planes will intersect the corresponding faces in four 
straight lines belonging to the same system of generators in a ruled 
hyperboloid: and this hyperboloid, whatever be the position of the 
point whose polar planes are taken, always touches the fixed plane 
in which intersect the tangent planes to the first-mentioned surface 
that pass through opposite edges of the tetrahedron. 


_ This theorem includes some interesting particular cases, 
one of which I may mention. We have seen that (100) may 
be thrown into any of the forms 


+ XY =0, 
X'Y' =0, 
(y-a)(y-B)(y-d8) (t+ ut+v+w)v+ X"Y"=0, 
(S-a)(8-B)(8-y) (t+ 


so that when any two of the quantities a, B, y, 6 are equal, 
the hyperboloid will split up into two planes; and this will 
be the case when the point whose polar planes are taken is 
situated in any of the planes (9...14). 
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By (89) the equations to the centre of the surface (2) are 


_ which, (77), are equivalent to either system of equations 


| 
eo 0. 


| Ss 
The centre of the surface (2) or (38) is also, (80, 89), denoted by 


By (96) the equations to the centre of the conic in which the 


| face ¢ cuts the surface (2) are 


u w 
t’=0, and = = 
tin gad Bad Cee” 


-U+04+W +W 
t'=0, 


| | a 
~¢ w 
that is, t =0, and 


Now these equations, the first of (96), equations (101), the 


equations w =v = w = 0, and the first of (39), each satisfy the 
equation 


(e-¢) w=0, 
or, (which is the same thing, (77),) 
w=), 
and hence we have the following theorem (which is due to 


the late Mr. Hearn), 


XXXVI. The centres of the two conics in which the surface (2) 
cuts any two corresponding faces (as BCD, B'C'D’) of the two 
tetrahedra, the centre of the surface itself, and the two corresponding 
angular points (A, A’), are in one plane. 


By (89) the centres of the surfaces (61) and (62) are 
denoted by 


respectively. 
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Now each of these systems of equations, as well as (103), 
and g=r=s8=0 (which denote the point Q), satisfies the 
equations 


Hence 


XXXVIL The point of intersection of straight lines joining the 
corresponding angles of the two tetrahedra, and the centres of the 
surface (2) touching the edges, of the surface (61) inscribed in the 
inscribed cones, a of the surface (62) circumscribed about the cir- 
cumsoribed cones, are in a straight line. 


The equations to the straight line j joining the middle — 
of the edges AB and CD are, (83), 


at = bu and cv = ew: 


as the equations to that j joining the middle points of A 'B’ 


and CD are 
at = bu’ and cv = ew ; 
that is, 


and 


Now the equations to both these straight lines are satisfied 
by the equations | 


@ 


which denote the centre of the first hyperboloid (57). 


Hence, recollecting that the centres of gravity of the two 
tetrahedra are respectively in the beforementioned — 
lines, we have the following theorem : 


XXXVIII. The straight line joining the middle points of any two 
opposite edges (as AB, CD) of the tetrahedron ABCD, and that 
joining the middle points of the corresponding pair (A’B’, C'D’) of 
the tetrahedron A'B'C'D., intersect in the centre of the h yperboloid 
passing through the other eight edges. Hence also the middle points 
of any pair of opposite edges of the given tetrahedron, those of the 
corresponding pair of the other tetrahedron, the centres of gravity of 
the two tetrahedra, and the centre of the hyperboloid py through 
the other eight edges, are in one plane. 


A great number of theorems somewhat similar to the last 


five might be given, but I shall content myself with only one — 


more. 
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The centres of the surfaces (64), (65), (66) and (67) are 
denoted as follows: 


q 
a b 
p £2.38 
and. ‘he —=- respectively ; 
a b e 
4 hence the straight lines drawn from these points to the cor- : 
: responding angles of the tetrahedron OO0'O" 0" are | 
and these intersect in the point ‘ 


XXXIX. The straight lines joining the centres of the surfaces 
(64), (65), (66) and (67) (which touch the edges of the two tetrahedra 
ABCD and A'BC'D' at the points of intersection of these edges), 
to the corresponding angles of the third tetrahedron O00'O"'O" inter- 
sect in a@ point. 


It is scarcely necessary to observe that these theorems 


acy of being generalized (by substituting poles for centres, 
C. 


I come, finally, to the subject alluded to at page 118. 


In my third memoir ‘On the Theorems in Space analogous : 
to those of Pascal and Brianchon in a Plane,’ (Journal, new eH 
series, vol. vi. p. 132), I have shewn under what conditions, » 
at once necessary and sufficient, a duodecangular octahedron : 
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will be inscriptible in, and an octangular dodecahedron* 
circumscriptible about, a surface of the second degree, namely, 
in the former case that the four straight lines in which the 
- opposite faces intersect, and in the latter that the four straight 
lines joining opposite angles, shall lie in a ruled hyperboloid 
and belong to the same system of generators. We cannot, 
of course, inquire under what conditions a duodecangular 
octahedron will be circumscriptible about, or an octangular 
dodecahedron inscriptible in, a surface of the second degree, 
because innumerable surfaces may evidently be always in- j 
scribed in the former, and circumscribed about the latter :t+ : 
but we may inquire under what conditions, at once necessary | 
and sufficient, a surface of the second degree may touch the 
edges of these figures ; and these conditions it is my present “ 
object to ascertain. 2 
I begin by finding the equations to the faces of a duo- 
decangular octahedron whose edges touch a surface of the a 
second degree. 
Let ¢=0, v= 0, be the equations to the 
_ hexagonal faces of a duodecangular octahedron ; then, sup- 
posing ¢, w, v, and w to have been multiplied by the proper 
constants, the equation to the surface of the second degree 


touching the edges of the duodecangular octahedron may be 
denoted by 


C+ + + — 2tu 2tv — 2tw — 2uv — 2uw - 2vw = 0...(a), 


for the edges of the tetrahedron (tuvw) are edges. of the 
octahedron. 


Let But yor dw=0 


* To avoid unnecessary reference, I copy the definitions of these two 
solid figures from the page cited in the text. 

1, A duodecangular octahedron is a solid figure generated by taking a 
tetrahedron, and cutting off a portion towards each angular point by a 

lane. 
* 2. An octangular dodecahedron is a solid figure generated by taking four 
tetrahedra whose bases are respectively equal to the faces of a fifth tetra- 
hedron, and applying the bases of the former to the faces equal to them 
of the latter. 

It is obvious that the octahedron has four hexagonal and four triangular 
faces, and the dodecahedron four hexahedral and four trihedral angles. 

+ We may, however, ask under what conditions the faces of duodec- 
angular octahedron are the eight common tangent planes, and the angular 
points of an octangular dodecahedron the eight points of intersection, of 
three surfaces of the second degree. It is easy by the first four theorems 
of my second memoir ‘On the ‘Theorems in Space analogous to those of 
Pascal and Brianchon in a Plane,’ (Journal, new series, vol. v. pp. 58 and 
60) to give these conditions, which, however, may be said to belong rather 
to the system of planes or points than to the solid figure. 


q 
if 
2 
* 
x 
4 
a 
sts 
a 
th 
vd 
» 
BAS 
4 
4 3 
bal 
4 
a 
the 
ie 
eat 
vt 
4 
\ 
AR 
‘ 


Surface of the Second Degree and a Tetrahedron. 143 


denote the triangular face of the octahedron opposite to the 


hexagonal face ¢. Since the edge (w7’) or wu =¢ + yu + dw=0 


touches the surface (a), putting w = 0 and ¢ = - yo — dw in (a), 
the resulting equation | | 


0 +(64+1) w+ 2 (y+ 1)(6+1)- 2} ew =0 
must be a complete square. This requires that 
(y +18 (8+ = {(y +1) (8+ 1)- 9}, 

or (y +1)(8+1)=1. 

Proceeding in a similar manner, we find that 

(8 +1)(8+1)=1,_ 

and (B+1)(y+1)=1, 
if the edges (v7Z’) and (wT’) touch the surface (a). 


These three equations being solved give 
or Be Y= 6=- 2, 


the former of which being inadmissible, we must take the 
latter, and then we have | 


+2u+ 2v+ 2w, 
sothat -tt+u+v0+w=0 


_ is the equation to the triangular face opposite to the hexagonal 


face ¢. In a similar manner the equations to the other tri- 
angular faces may be found, and collecting the whole, we have 


+u+v+w=0 


Hence, if the edges of a duodecangular octahedron touch 
a surface of the second degree, its hexagonal faces may be 


denoted by ¢=0, w= 0, v= 0 and w = 0, its triangular faces 


by (104), and the surface itself by (2) or (a). 

Now it is evident at a glance that the opposite faces in- 
tersect in straight lines in the plane ¢+uw+v+w=0, but 
this implies only five conditions; whereas, that a surface of 
the second degree should touch the edges (eighteen in number) 
of a duodecangular octahedron requires nine conditions. The 
four conditions wanting can, however, be supplied as follows. 
It is evident that each hexagonal force is circumscribed about 
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a conic, so that the diagonals joining the opposite angles of 
each will intersect in a point (by Brianchon’s theorem); and 
since there are four hexagonal faces, this will supply four 
conditions. We have, therefore, the following theorem : 


XL. If a surface of the second degree touch the edges of a duodec- 
angular octahedron, the opposite faces will intersect in four straight — 
lines in one plane, and the three diagonals joining the — angles 
of each hexagonal face will intersect in a point. 


It remains to be seen whether the conditions ae are 
sufficient as well as necessary; or, in other words, whether 


the preceding theorem is convertible. I shall first enunciate 
the converse theorem, and then shew that it is true. 


XLI. Uf the opposite faces of a duodecangular octahedron intersect 
in four straight lines in one plane; and if, moreover, the three 
diagonals joining the opposite angles of each hexagonal face intersect 
ina point; the edges of the octahedron will touch a surface of the 
second degree. 


Let ¢= 0, u = 0,0 = 0, and w = 0, be the equations to the 
hexagonal faces of the octahedron : then, supposing ¢, wu, », 
and w to have been multiplied by the proper constants, the 
equation to the plane in which the opposite faces intersect 
may be denoted by 


hence the triangular faces will be denoted as follows: 
T=at+ ut+ovt+we=0) 
U=t¢+ 
| | W=t+u+o+dw=0 
where it is evident that neither a, 3, y nor 6 can = 1. 


The equations to the angular points in the hexagonal face 
tare 0, combined withu=V=0,u=W=0,0=W=0, 
o=U=0, w=U=0, and w=V=0 respectively ; and it is 
hence easy to see that the equations to the three diagonals 
joining opposite angles are ¢ = 0, combined with 


u+yo+ dw = 
Bu+v+dwe= 
and But yor+tw 
respectively. Now these diagonals pass through the same 


point; hence, eliminating v and w from the last three equa- 
tions, we must have 


1- - By - Bd+ 2Byd =0........ (0. 
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Proceeding in a similar manner with the other hexagonal 
faces, we obtain 
1-46 - ay - ad + end... 
1 - aB - ad + = 0, 
and 1 - By - - ay + = 0. 
Deduct (e) from (c); therefore 
(a - 3) (y + 8 - 298) = 0, 


hence, either or y+ 2y6=0. 


Taking the latter, multiply it by 8 and add the product to (ce), 
therefore 78 = 0; | 


but the two equations y+6-2y6=0 and 1-yd=0 give 


y=6=1, which are inadmissible values; hence we must 
have a= (3. .Treating every two of the four equations in 
the same way, we find 
a=—B=y7=6, 
and (c) is reduced to 
1- 8a’ + 20° =0. 


The three roots of this equation are 1, 1, and - 4, the last 


_ only being an available root, so that 


a=B=y=6=- 4. 

Hence the equations (6) coincide with the equations (104), 
and all the edges of the duodecangular octahedron therefore 
touch the surface (2) or (a). | 

It remains to consider this subject for the octangular 
dodecahedron. Here it would be shortest to employ the 
method of reciprocal polars, but I shall give an independent 
investigation. 

Let ¢=0, w= 0, v=0, w=0, be the equations to those 
diagonal planes of the octangular dodecahedron that pass 
through the four hexahedral angles;* then, if the edges 
of the dodecahedron touch a surface of the second degree, 
the equation to the surface may be denoted by (a), for the 
edges of the tetrahedron (¢wvw) are edges of the dodecahedron. 
Also, since the faces intersecting in that trihedral angle which 
Is Opposite to the hexahedral angle (wow) pass through the 


* In other words, t=0, w=0, v=0, w=0, denote the faces of the ‘fifth 
tetrahedron’ mentioned in the definition at the foot of p. 142. 
NEW SERIES, VOL. VIII.—May 1853. L 
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edges (tu), (tv), and (dw) respectively, their ee may 
be denoted 


=at, v=(t, and w 


Since the edge which the faces = at and v = intersect 
touches the surface (a), if we write at and B¢in (a) for uw and 


(1 2a- - 2a[3) + - 2(1+a+) tw = 
must be a complete square. This requires 
1+a’+ - 2a- 28 - 2aB = (1+ a+ By, 
_ which reduces to 


(a +1) (B+ 1) = 1. 
Ina similar manner, we get 
(a+ 1)(y+1)=1, 


and (8B +1)(y+1)=1. 
These equations being solved, we have 
either a=B=y47=0, 
or | as B=y=- 2. 


‘The former values being clearly inadmissible, we must 
take the latter and the equations to the three faces become 
u+2¢=0, 0+ 2¢=0, and w+ 2¢=0. Ina similar manner 
the equations to the other faces may be obtained, and collect- 
ing the whole we see that if the edges of an octangular 
_ dodecahedron touch a surface of the second degree, its paces 
may be denoted as follows: % 


u+2¢ =0, 0+2¢ =0, w+ 2¢ 


t + 24 = 0, v + 2u = 0, w+ (105); 
t+2v0=0, w+ 2v =0, 


t+ 2w=Q, u+2w=9, + 2we= 


where the equations to those faces that intersect in a trihedral 
angle are placed in the same horizontal line. Hence, elimi- 
nating ¢, «, v, and w respectively from the first, second, third, 
and fourth rows of equations, we get the equations to the 
straight lines joining the opposite angles of the dodecahedron, 


namely, 
t=v =U, 
W,. 

and t=u=v, 


‘and pass through the point ¢= w= 0 = w. 
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Also the equations to the faces that intersect in one of the 
hexahedral angles, as (wrw), are 


v+Qw=0, 0+ 2u =), 

| and | w+22u=0, w+ =0, 
where the equations to the opposite faces are placed in the 


same horizontal line. Hence, the opposite faces intersect in 
straight lines in the plane w+v+w=0; so that the following 


theorem is established. | 
H XLII. If a surface of the second degree touch the edges of an 
_  octangular dodecahedron, the four straight lines joining the opposite 
angles will intersect in one point, and the three straight lines in which 
_ the opposite faces of each hexahedral angle intersect, will be in one 


plane. 
Conversely, | 
XLIII. If the straight lines joining the opposite angles of an & 
octangular dodecahedron intersect in a point, and if besides the three 
straight lines in which the opposite faces of each hexahedral angle 4 
intersect, lie in a plane; then shall the edges of the octangular : 
dodecahedron touch a surface of the second degree. 7 4 
To prove this theorem, let as before ¢=0, w=0, v=0, w=0, 
denote the diagonal planes passing through every three of 

the hexahedral angular points: also let | 


be the equations to the point in which intersect the straight 
lines joining the opposite angles. One of these lines (namely 
9g passing through the hexahedral angle (wvw)) is denoted 


y w=vV=W; 
80 that if a be properly assumed, — 


a 
will denote the trihedral angular point on this line, and the 
- equations to the three faces intersecting in this point will be 
¢=au, t= av, and t=aw. In like manner the equations to 


the other faces will be obtained, and collecting the whole 


we have t=au, t=av, t=aw 


u=(Bt, u= Pw (f)." 
w= ot, w= OU, w = Ov 

L2 
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Since none of the angles of the dodecahedron must coincide 
with the point ¢ =u =v = w, it is clear that none of the quan- 
tities a, 8, y, or 8 can = 1. 

Now the faces that intersect in the hexahedral angle (wow) 


are v=yu, w= ou, 
pv, 
and u=(w, v=yu, 


where the equations to the opposite faces are placed in the 
same horizontal line. Hence, these opposite faces intersect 
in the straight lines 


ll 


ie owt o/8 


ic DWI LIe 


and 


and if these straight lines are in the plane lu+ mv + nw = 0, 
we must have 


+ bn =0, 
Bl+ m + dn=0, 
and Bl+qym+n=0; 


and eliminating l and m from these equations, we get 


1 - 76 - By — Bd + = 0. 
Similarly, we get 1 - 9d - ay ad + 2ayd = 0, 


1 BS - aB - ad + = 0, 


and 1 By - aB ay + = 0. 


Now these equations have been already solved, and since 
in this case also none of the quantities a, B, y, 6 can = 1, 
we must have 


These values make (f) coincide with (105), and hence 
the edges of the octangular dodecahedron will touch the 
| surface (a) of the second degree. 


York Town, near Bagshot, 
November 30th, 1852. 
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ON A PROBLEM IN COMBINATIONS. — 
By R. R. Anstice, 
4 (Continued from Vol. vit. p. 292). 


To complete the discussion of the problem in combinations 
which I have begun, I will now give the general expression, 
a particular case of which was considered in my former 

paper, and add a sketch of the proof. 

Let m be an odd number ; let 3.2°".n +1 be a prime; and 
let r be a primitive root thereto. Let p, p, be any two 
different roots of the equivalence 


2"4+1=0 (modulus 3.2°.” + 1). 


(This same modulus will be understood in all the equivalences 
in this paper where no other is expressed.) 

Let a be any odd number less than 2". Also, as before, 
let & be the constant term, and P,P,, &c., Q,Q,, &c. the - 
successive members of the two cycles. Then primary ar- 


from i= 0 to i= 3n—1, and from i’ = 0 to = 2-1, 
from 7=0 toz=n-1, and from = 0 to = 1. 


First, to the letter P all the subscripts are annexed, 4 
2.@. none are repeated. These subscripts are the different : 


terms of the series ; 
from 7 = 0 to7 = 6n -1, and from =0 to 1. 
If possible then, let 4 
-1 4 
where J and I' are comprised lias the same limits as. 2 
j and 

and, consequently, | 

2°(J—7)+a(I' = 3.2°" nn. 
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being some integer. Therefore 7’ must be divisible 
by 2°. But the difference J'-—7' lies between the limits 
(inclusive) +(2'-1), and therefore cannot be divisible by 
2° unless it vanishes. 


Let then J’-2'=0, and divide both sides by 2°. Therefore : 


J-—j=6nr. Here ‘the value X= 0 is inadmissible, since 
we cannot have J= 7 and J'=7' together. And so is any 


other value; for the difference J—¥ lies between the limits 


(inclusive) + ( 62-1). So the above equation is impossible. 
Next, to the letter Q all the subscripts are annexed: 
v.e. none are repeated. ‘The possibility of the repetition of 


any of the subscripts of Q is easily seen to depend on the ~ 


possibility of any of the three equivalences 


s+1 


or” stati! _ Tal! 


It being given that both 7 and J are less than 3n; that both 
¢ and J’ are less than 2" ; and further, that we cannot nave 
simultaneously 2= J and = I’. 

The two first of these equivalences are manifestly impos- 
sible from the same reasoning as before. From the third 


But, by the definition of p, its most general value, expressed 
as a power of 7, must be 
X being some integer. Therefore 
1) = - 2) +a - 7’). 
Impossible (as before) unless J'- 7'=0. And if this is the 
case, still impossible, since then we must have 
2r4+1=2(1-2), 


or an odd equal to an even number. | 

Again, the differences of the subscripts of duads of the 
second class cannot be equivalent, whether estimated positively 
or negatively. The possibility of their being equivalent is 
easily seen to rest on the possibility of the equivalences 


z.e. of the equivalences 
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with the same conditions as ara 
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If we take the upper sign, we must have 
2°"(L- 7) + - = 


® being some integer. Impossible (as before) unless J'-7' = 0. 
Let then J’ — 2’ = 0 and divide both sides by 2". oe 

Therefore [-7= 8nd, which is impossible, since the dif- 
ference I-17 lies between the limits (inclusive) + (8% — 1), and 
the value A = 0 is inadmissible, as before. 


If we take the lower sign, we must have © 
oT = 3.2'n + 3.2" nd, 
being some integer. Impossible (as before) unless J'— 7’ = 0. 
And if this is the case, still impossible, since then we must 
have 2(I-1) = + 6nd, 
2.e. an even number equal to an odd one. 
The rest of the proof may be easily inferred. 


The number of distinct species remains to be considered. 
Now in the general expression, as it stands, we give to 


the variables ¢ and 7 successive integral values, beginning 


from 0 in each case. But in proving the efficiency of the 
cycles, we are only concerned with the differences I-1 and 

L'-1«. Therefore we might have taken for ¢ or for 2 suc- 
cessive integers, commencing from any integer as origin, 
and the cycles would still have been efficient. Now what 
effect does this change of origin of ¢ or of @ have on the 
form of the general expression ? 


First, suppose the origin of ¢ is changed. This will have 


no effect whatever. It is true that ¢ is summed in one case 
between limits 0 and 32-1, and in another between limits 0 
andnx-1. But we might have used in this case the same 
limits as in the former and divided the result by 3, as we 
should only have reproduced the same triads. Now if we 
attribute to 7 any value equal to or greater than 3n, only 
its remainder when divided by 8” will have any effect, since 

i is always multiplied by 2"? and 

Next, suppose the origin of 7’ is changed. Suppose that 
successive integral values are to be substituted for ¢ begin- 
ning from » instead of from 0. ‘This will clearly be the 
same as if we wrote 7’ +A in place of 2’ in the general ex- 
pression, and then measured the 7’’s from origin 0 as before. 
This certainly may change the form of the expression, but 
not the system generated, since it is the same change as 


would be wrought by multiplying all the subscripts by the 


yon 


| 
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same factor r#\. Consequently we do not extend the ex- 
pression by altering the origin of @. 
Again, the efficiency of the cycles would have been 


demonstrated in just the same way, if we had taken for a 


any odd number whatever. What effect then is produced 
on the form of the general expression by taking for a odd 
- numbers greater than 2°" ? 

In place of a write 2'°"X+a; and the same effect is pro- 
duced as by writing in place’ of 7 t,¢+ 2; that is, it has the 
effect only of changing the origin of ¢, and therefore produces 
no alteration in the general expression. 

Or again, if we take another primitive root; if we write 
r? in place of r, where 8 is any number prime to 62, it is 
easily seen (though the explanation would be rather tedious), 
that though we may change the form of the primary arrange- 


ment, it would be only for another included in the same 


expression. 

Lastly, what effect is produced o: on . the form of the primary 
arrangement by multiplying all the subscripts by any the 
same number prime to the modulus, an operation which will 
not alter the system generated? Such a number must always 
be, equivalent to some power of r.. Let it = 1. 


(1). Let mw be divisible by 2°". Then the origin of 2 only 
will be altered and no effect result. 


(2). Let mw be divisible by 2' but not by 2°". Then the 


same effect results as there would from the simultaneous 
change of p into and of p, into I As will readily appear 


if we write 2(2u, + 1) in place of | f, and put for p its value 
| 


(3). Let » be not divisible by 2°. Then the form of the 
primary arrangement is altered entirely. The effect pro- 
— is a change in the origin of ’, by a quanhty which 


= ( modulus 2***). 


7 follows from these considerations that the number of 
distinct species = number of odd integers less than 2” 


multiplied by half the number of permutations of 3 things, 
taken in pairs = 2°".32(8” — 1). 


If s=0 this becomes sales J. as was given in my 


former paper. 
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As an example, let us apply the formula to 27 symbols. 
Here n=1,8=1, 3.2°"7+12=18 andis prime. A primitive 
root of 13 is 6. Taking then r = 6 throughout, we can con- 
struct six forms of the primary arrangement which will 
generate six distinct systems, thus: | : 
= 10, p= -1, a= 1) 
| + + Px 
Il. (p=10, p,=-1, a=83) | 
+ + + 
PsPiPs + Py PsPr 


+ P 1%6%s + 97297 P 395711 
+ t+ Pio 
IV. (p=10, p,=4, a=8) 
PsP2Ps + | 
V. (p=-1, p,=10, a=1) 
+ D969, + + 
+ Pre 
VI. (p=-1, p,=10, a=8) 
| + + + 
+ Pi Po Ps: 


We might, indeed, give other forms of the primary ar- 
E rangement than these, but they would all generate one or 
\ _ other of these systems. ‘These are all, I mean, which can 


result from the formula given: for the method of Mr. Mease 


1 
| Ill. (9 =10, pp=-=4, a=1) 
: 
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and Mr. Kirkman, I should imagine, would generate distinct 
systems from these. | 


November 20, 1852. 


NotE.—I have determined, I believe, in this and my former paper, 
the number of distinct species comprised in the formule given. But 
I now find there are more general formule, including the formule given 
as particular cases: and three formule in particular, each comprising | 
many distinct species, which are applicable even when the modulus is | 
composite, provided all its factors are of the form 6n+1. 


April 13, 1853. 


ELEMENTARY INVESTIGATION OF THE FORMULH FOR THE 
VARIATIONS OF THE INCLINATION AND LONGITUDE OF THE 
LINE OF NODES. | as | 
By R. Townsenp. 


_ Tue following elementary but rigorous investigation of the 
formule for the variations of the inclination and longitude 
of the line of nodes may be acceptable to the younger class 
of students entering upon the subject of the planetary per- 
turbations. | | 

- Round the sun, as centre, let a sphere of unit radius be 4 
conceived described intersecting the fixed plane of reference 
in the great circle aa; that of the momentary orbit of the : 


\b 


planet in the circle zy; and the plane perpendicular to the 
momentary line of nodes in the circle 00; let p be the posi- 
tion of the planet with respect to this sphere at the moment | 
in question ; pg the component of its angular motion in the . 
plane of its orbit during the time d¢; and qq’ the perpen- 
dicular component subtending the small distance to which it 
is forced out of that plane by the disturbing action during 
the same interval. ‘hen, bisecting the small arc pq at 0, 
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connecting q’o, and producing the connecting great circle to 
meet aa and bd at x and y’ respectively, the plane of the 
great circle z'oy’ will be that of the new instantaneous orbit at 
the end of the time dt, and zz’ and yy’ will be the momentary 
changes in the longitude of the line of nodes and in the 
inclination of the orbit which it is our object to calculate in 
terms of the ordinary quantities usually employed for the 
purpose. | 

Letting fall the small perpendicular z'z’ from z' on zy, 
and denoting by ¢ the argument of latitude or the arc oz, 
we have | 
di=yy' and dow = = 


s1n 


we 


but, from the proportions 
and yy'::4pq:cos¢, 


we have = COS and = sing. 
PT ? PY ? 


Let P be the perpendicular component of the disturbing 
force, that which alone causes the plane of the orbit to 
change position; then, since from its action alone continued 
during the time dt, the body has been forced out of that 
plane to a distance = r.gq,, 7 being the radius vector of the 
planet, we have | 
Pdt* 


3 


, and therefore 299 = 


.cos@ and zz’ = . SIN ; 
but 7.99 = Hdt, H being the momentary elementary area of 
the planet in the plane of its orbit; hence, substituting from 
this for pg, and dividing by dt, we have finally 

the most general expressions for the required variations, 
whatever be the inclination of the orbit or the nature of 
the curve described by the body. 

But these formule not being practically applicable in their 
present form, as containing explicitly the actual position of 
the planet, the force P — be easily expressed in terms of 


so that yy! = 


the partial differential coefficient of the ordinary disturbing © 


function R with respect to cither of the variables ¢ or w, and 


am 
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thus tie simplest form of the ordinary formule may be 
readily obtained. 

Let R and R+dR be the values of the disturbing func- 
tion for the positions g and gq’ respectively; then, from the 
characteristic property of that function, the disturbing force 
along the line joining those ‘positions, that is the force P, 


ae the distance 7.qq' being considered positive, the 


actual direction of the force being of course from q towards © 
_ g, and & being supposed to have the same sign as in Airy 
and Pratt. 

Now the change of position from g to g’ might be con- 
ceived to take place by either of the two variables ¢ or @ 
receiving a small change, the other in common with all the 
remaining elements of the orbit remaining unaltered, and 
we should have ae 


In one case, @ ili varying, (fig. 2) 


= yy, .sing = di.sing, 
1 dk. 


and therefore P=-——. —;} 
rsing dt 


and in the other, w alone varying, (fig. 3) 
q7 = @£,.8int. cos = — dw.sin?.cos¢, 


and therefore P=- 
rsint.cos¢ dw 


| Substituting the second and first of these values of P in the 
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first and second of formule (1) respectively, we get 


dt Hsini do Hm 


the ordinary formule in their simplest form expressed like 


those for all the other variations in terms of the elements of 
the instantaneous orbit, partial differential coefficients of R 
with respect to the elements, and the time. : 


In an excellent article on the present subject by Mr. Black- 


burne, in the first volume of this Journal (new series), the 
formule (1) and (2) are obtained in a different way, and some 


Important remarks are added in explanation of the proper 


method of applying them. See pp. 37 to 45. 


Trinity College, Dublin, 
Dec, 31, 1852. 


ON DEFINITE INTEGRALS SUGGESTED BY THE THEORY 
OF HEAT. 
By W. H. L. Russet, Esq., B.A., Shepperton, Middlesex. 


Porsson has considered in the tenth chapter of his Théorie 


_ de la Chaleur, the case of the distribution of heat in a sphere 


of very great radius situated in a medium of variable tempera- 
ture. In the course of his investigation he remarks that a 
certain part of the temperature of the interior of the sphere 
arising from a supposed increment of the exterior tempera- 
ture vanishes with the time, and thus finds | 


[ Vha—-Vdasinz Vda} da 


0 — a’) (a + pv2a + 
2a (a +pv2a + p*) 


He then says, that this process “ nous fait connaitre la valeur 
d’une integrale definie que |’on n’obtiendrait par aucun 
procedé direct, mais qui n’en est pas moins certaine, puis 
quelle est une consequence necessaire de notre analyse.” 

Now I am going to shew that this is not the case, but that 
the integral can be obtained without any reference to the 
Theory of Heat and by a direct process. I shall also in- 
vestigate the values of some other integrals suggested by 
this process. 7 


¥ 


A 
« 
| 
| 
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| da 
Let wu = | , whence 
0 


3 


—+ = cosrVada = 0, 
therefore 
u=C coszva’ +Ce* sinzva'+ coszva'+C, sinava'. 


Now the integral cannot go on perpetually increasing with z, 
consequently C,=C,=0. It remains to determine C, and ¢, : 

Let z=0, then 4 
| 


with regard to (x) and pat z= 0, then we have 


dava dva dva | 4 
Hence we have 

“e™4coszVada 

| = — sing va’. 


Put $a for @ and 4a’ for a’, and multiply by ¢”*, and we find 


cosxzViada 
20 


Hence, integrating with respect to z, and dividing by “tall 
cosz V4a — Vda sina Vda} da 


2a! (a' + pV2a' + p*) 


© | 
Again, to find u = | ee , we have 


V2 


omitting the terms which continually increase with (x). We 
find also 
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cosz Va da 


therefore u = C, eo 


(2442) 


Va’ 


cosz Va da 


12 2 


+ 


C= C,=C,= 0. 
‘If we put z= 0, we have 


a? 


therefore 


V/2) 


v2 


[ Va da 
0 


+a" 


T 


2a! 
Qa’ 


Put 4a for a, and 4a’ for a’, and multiply by e”*, then 


+ COs el 


{(p + Vha) cose _ 
(a* +a") (a+ pv2a +p’) 


follows: 
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By the Rey. Samvet Haveuron. 


dz’ da, 


dé dx’ 


da,” dz* 


dy" dz’ 


No. 2 .—Propagation of Plane Waves. 
THE equations of small motions of elastic media are as 


— + — 

dy 

Wid dv id av 

dz' dB, dp, dz ap, 

d avid aV 

dy,: 


da, 


V2 


The integral must continually decrease as x increases, therefore 


* Vide vol, tv. p. 174 and p. 178, for the meaning of a,, 


we 
| = 
3 
24 pt+va 
| 
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Let Vv be the most general function of the second order 
of the differential coefficients a,, a,, &c.; then 
~2V + (a,?) a,’ + &e. + (0,7) + &e. 
+ (a,b,) 4,8, + &c. (¢,0,) y,%, + &e. 
Introducing this value of V into equations (4), we find — 


dn (9), 
at 
dt’ 
= &e. 


Let the following values of t n, ©, be introduced into 


equations (9), 


= cosa x function (la + my + nz — vt), 
n = x ey 


€ = cosy x eee eet esse ee ee 


in which J, m, are the direction cosines of the wave normal 
and a, 8, y the direction angles of molecular vibration, which 
is supposed rectilinear. ‘his particular integral corresponds 
to the case of rectilinear vibrations of plane waves, pro- 
pagated without diminution of 1 intensity. 


We find from the substitution | 
ev’ cosa = P cosa + H' cosB8 + G cos y 
ev = Q’ cos8 + F" cosy + cosa)... (10), 
ev’ cosy = cosy + cosa + F’cosB 
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in which | | 
+(a,)m’ + (a,’)n’ + 2(a,a,)mn + 2(a,a,)In + 2(a,a,)lm, 
=(b,)7? + (6,7) n? + 2 (b,b,)mn + + 2(6,0,)lm, 
R' + (c,”)n’ + 2 (¢,c,)mn + 2(c,c,)ln + 2(e,¢,)lm, 
F’ =(b,¢,)F + (6,¢,) + (6,¢,) + (0,¢, + 6,¢,) mn + (b,c, + b,c,) In 
+ (b,c, + b,c,) lm, 
G' =(a.c,)P +(a,c,) + (a,c,) + (a,c, + a,¢,) mn + (a,c, + a,c,) In 
| + (a,c, + a,c,) lm, 
H' =(a),)P + (a,b,) m’ +(a,b,) n® + (a,b, + a,b,) mn + (a,b, + a,b,) In 
+ (a,b, +a,6,) lm. 


_ Equations (10) are the well-known equations which deter- 
mine the axes of the ellipsoid 


+ + Re + 2F’yz + + 2H'zy = 1...(11); 


there are, therefore, three possible directions of molecular 


vibration for a given direction of wave plane; and there will 


be three parallel waves moving with velocities determined 
by the magnitude of the axes of the ellipsoid, the direction 
of vibration in each plane wave being parallel to one of 
the axes. : 
The construction of the direction of molecular vibration 


just found was given by M. Cauchy* for a system of 


attracting and repelling molecules; it is here shewn to be 
a necessary consequence of the assumption of a function - 
such as V, to represent the effects of molecular force. Hence 
we may state the following theorem: : 


If the sum of the molecular moments of an elastic body can be 
represented by the variation of a single function, the directions of 


molecular vibration, corresponding to a given direction of wave plane, 


must be at right angles to each other. 


~ The converse of this theorem in molecular mechanics has 
been proved by Professor Jellett.t 

The cubic equation whose roots are the squares of the 
reciprocals of the axes of the ellipsoid (11) is : 


(P’- 8)(Q'~ s)(R'- 8)- F*(P’- 8)- G*(Q'-s)- H*(R'- 
| + 2F'G'H' =0, 
where s = ev’; hence, if P, Q, R, F, G, H be the same > 


* Exercises des Mathematiques, tom. v. p. 32. 
t Transactions of Royal Irish Academy, vol. xx. p. 195. 
NEW SERIES, VOL. VIII.—May 1853. | M 
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functions of 2, y, z, that P’, Q, R, F’, G', H' are of 


l,m, n; it can easily be shewn that the surface of wave- 
slowness i is 


F*(P -1)- G"(Q-1)- -1) 
+ 2FGH = 0....(12.). 


It is natural to inquire whether a series of plane waves 
_ may not be propagated, with a continually decreasing ampli- 
tude of vibration: to ascertain the — of ss let us 
assume 


2a 
~ = p(la+my +nz) | 

n= p cosB &e. | | 
=pcosy&. 
This is equivalent to assuming that the amplitude of vibra- 
tion diminishes as the plane wave moves away from the 
plane /z + my + nz =0, passing through the origin of coor-— 
dinates ; in fact, dx + my + nz is equal to the perpendicular 
let fall from the point (z, y, z) upon that plane, and the 
vibration is here assumed to diminish in geometrical pro- 
gression, as that perpendicular increases in arithmetical 
progression. | 

In order to simplify the introduction of (E, m, €) into the 
differential equations, we may use the following symbolical 


equation, e*sinp =sin{p+gv(-1)}........(14). 


This is equivalent to Fresnel’s interpretation of imaginary 
quantities, and assumes that 


1) sinf = sin( f+ 1n), 
V(- 1) cos f= cos( f + 47). 


Introducing, by the aid of (14), or by direct differentia- 


tion, the values of &, , ¢, into equations (9), we find 


ev" 


; cosa = P’ cosa + H' cos8 + G cosy) 


cosB = Q' + F’ cosy + H' cosa 


, cosy = R' cosy + G' cosa + F' cosB +++ (15), 
and 2pv(-1)(P cosa+ cosB + cosy) = 0, 
2p 1)(Q' cosB + = 0, 
20 V(— 1) (B' cosy + = 
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giving six equations of condition: but these equations cannot 
coexist unless p = 0, 7.e. unless there be no diminution of 
intensity. 

If we assume 


Qr 
| | | 
E = | sin vt : 
..(16), 
&e. 


so as to introduce another unknown constant A, we should 
find for the equations of condition 


ev’ cosa = P’ cosa + H' cosB+ 

cosB = + &e. | 
ev’ cosy = cosy + &e. 
and — ev’ cosa = P’ cosa + A cosB + G' cosy 
p | 

— ev cos8 = Q' + &c. 4 

ev’ cosy = cosy + &c. 


/ 


These equations of condition can only coexist on the sup- a 
position that 

18). 
Equation (18), which is quadratic, if solved for A, will give 

: 1 

the latter is to be rejected, as it would give an imaginary 
velocity, and the former introduced into the expression (16) 


gives, if = = (lz + my + nz vt), | 


E = p cosa sing 
n=pcosBe?? sing (16) bis. 
C=p cosy e?? sin 
M 2 


' | 
| 
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These values of &, n, € are functions of the phase, but do not 
indicate a diminished intensity of vibration: this agrees with 
a statement of Mr. Rankine’s, Math. Jour., vol. vit. p. 218. 

- It is desirable, before concluding this note, to give some 
idea of the true nature of the differential equations which 
have been used. We have assumed that the density is very 
little altered during the motion of the particles: if we take 
- account of the alteration of density, the equations will be 
different. 


The equation of <<, is 


u,v, w, denote the parallel to #,Y, 2. For 
small displacements this will become 


dt dz dy de 
de do | 
dé dn de 
in which w cubical compression. 


Integrating (20), we obtain 
loge + w = F(z, y, 2), 
_ which gives, since the cubical compression is supposed zero 
before the motion of the wave reaches a particle, 


é, denoting the statical density of the medium, sel e denoting 
the napierian base. 


Introducing this value of the density into equations (4), 


we find 


dv dav aav 


an 
dV. d d (99), 
dt) dx dB, dy dB, dz dB, 
dn : 
dvd avd av 
dy, dy dy, dz dry, 


we must, therefore, inquire into the are involved in 
the use of equations (4). If the medium were absolutely 
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| incompressible, the equation of continuity would become 

| | dz dy dz 
and equations (22) would coincide with (4); but the medium 


may be nearly incompressible and equations (4) used. In 
the case of plane waves the limitation may be thus formed, — 


pil cosa +m cosB + n ; 
or, if 8 be the angle between the wave normal and direction 
of vibration, equation (21) will be 


cosd cos | 

In order that ¢ shall not differ much from ¢,, it is, therefore, : 
necessary to suppose that the vibration is nearly transversal, | 4 
in which case cos8 is very small; or, that if the vibration | 
be nearly normal, % must be very great; t.e. the velocity : 
of the normal vibration must be very great. a 4 
In my next note I shall consider the case of vibrations, . 
rigorously normal and transversal. | 


Trinity College, Dublin, 
Dec, 30, 1852. 


‘THEOREMS IN THE CALCULUS OF OPERATIONS. | | 


By Ropert CARMICHAEL. 


THosgé who have studied the Calculus of Operations in : 
connexion with the Integral Calculus cannot but have felt ; 
a difficulty in the interpretation of the symbolic results at i 
which they may have arrived. ‘The farther the relation | : 
between these two subjects is prosecuted, whether in the _ : 
solution of Differential Equations, the extension of Definite 
: Integrals, or the reduction of equations in Finite Differences 

the more imperative becomes the demand for such inter- 
pretation. In all these cases, so long as the solutions are 
symbolic and not completely evaluated, they are unsatisfac- 
: tory to the advanced mathematician and perhaps calculated [ 
to lead the younger student to undervalue the utility of 
prosecuting these branches of analysis in conjunction. 

The want here indicated can only be satisfied by the con- : 
tributions of individuals. Much still is required, although : 

| 


at 


; 
KA 
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much has already been done. The present paper, with two 
others previously published in this Journal, are offered by 
me in furtherance of the object. 

There is another matter to which it may be well to direct 
attention. When the questions to be investigated have 
a symmetrical character, not only should the results be 
symmetrical, but symmetrical methods should be employed 
for their deduction. A regard to this latter point might 

_ possibly have not only precluded some errors and many — 
incomplete results, but also led the way to the discovery 
of higher and more elegant methods of analysis. 

In conclusion, I would express my acknowledgments to 
the Rev. Professor Graves, without whose valuable suggestions 
these pages would never have been written. I have done 
little more than generalize and apply results communicated 
by him to the Royal Irish Academy in the month of April, 


1852, an abstract of which 1 is published 1 in the Proceedings 
of that body. 


- . Let it be proposed to investiga the value of the 
symbolic quantity 


o(2) Wy) x(2) + Be. 


3 
where Ue f(a, y, 2, &e.). 
Now if we put 
dx dy dz 
——=d—, -—“-=dn, = df, &c. 1), 
this becomes 
+ &¢ 


and as U, from being a function of z, y, z, &c., can be 
transformed into a function of &, y, ¢, &c., by the aid of (1), 
we have reduced the question to a shape which admits of 
obvious solution. ‘Thus, as 


= f (2, Y> &c.), | 


and 


on 
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we get | 
= = f{P + +d), + e), &e.}, 

and therefore 

da 

ae + &c. | 

U=f{o(E+c+1), ¥'(n+d+1), &c.}; 

whence, finally, 


| 


In the practical application of this fundamental theorem 
the only difficulties with which we have to contend are, the : 
deduction of the integrals | 
dz dy 

vy)’ 
and the inversion of the functions ®, ¥, &c. | } 


Ex. I. The simplest and most obvious illustration of this 
theorem is afforded by the suppositions 


g(z)=2, Wy)=y, x@)=2, &e. 


In this case, in fact, the operative symbol 

+0 Y) + (2) + &c. 

| becomes the index symbol of homogeneous functions | 

de yy 

and therefore 
eV. (2, y, =f {logX1 + log(1+logy), &.}, | 


or eV. f(z, y, 2, &.) = flex, ey, ez, &C.). 
If we break up f into sets of homogeneous terms, it is 
evident that this result is identical with that given in a 
previous paper, namely 
=u, + eu, + eu, + + 
Ex. II. More generally, let 
= 2", by)=y", &e., 


and the result of the evaluation of 


d d 


168 ‘Theorems in the Caleulus of Operations. 


It is not difficult to verify this formula for the particular cases 
&c. = 0, | 
m=n= &. = 1. 


In that in which 
mene= &. = 2,. 
a we get the result 

+y & 

Ex. II]. Let 

&e. 
and the result of the evaluation of 


+ — + &e. 

e dx dy (2, Y, &c.) 
fisin(1 + sin"z), sin(1 + sin“y), &c.}. 


Ex. IV. Selecting now a particular form for the function 
*. operated on, we shall suppose, the simplest case, that it is 
linear in z, y, &. Then | 


is 


A +¥(y) + &e. 


(ax + by + &c.) | 
= +1) + (hy +1) + &e., 


and we may introduce the values of $(x), ¥(y), &c., em- 
ployed in the previous examples. 


There are certain cases in which the evaluation of the 


quantity | 

+W(y) dy + &e, 

> may be considerably facilitated. Thus, if it consist of the 
q product of certain minor functions wu, v, w, &c., we may 


avail ourselves of the theorem given in the last number 
of this Journal, namely that | 


eY.uvw... = 


if ~ be such a symbol that 
= + opus 
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since it 1s obvious that 


satisfies the required 


If we operate on both sides of the fundaments! theorem 
with | 


we easily find that 


d d 
+ Wy — + &e. 
e ( {b(bz+2), +2), &e.}; 
and hence, in general, that 


Thus, the form of f being supposed unknown, and those of & 
and ¥ given, the solution of the equation of finite differences, 
with constant coefficients, 3 


Af +a), + a)}) 


Bf +b), + | 
&e. 


is reduced to the solution of the symbolic oastial differential 
equation 


ll 


Ae 
which may be written, for brevity, 
pu — — 
Fie 
or, by the previous transformation, 


Now, if the rootsof F(p)=0 


be all real and unequal, the symbolic solution of fats equa- 
tion is d da dd 


myo n)'.0+ &e., 


where m, n, &c. are the values of the roots. 


z=(e 


4 
al 
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But by a previous theorem (Journal, 1851) 


Ja being a homogeneous function of the m™ degree. 
Hence the solution of the symbolic equation, and therefore 
the solution of the equation of finite differences is ! 


e") + n( C's e") + &e., 


where the forms of SC. are arbitrary, but 
degrees given by the suffixes. | 


Finally, introducing the arbitrary constants c, d, &c., as 
is evidently legitimate, and then substituting their values | 
for +c, n +d, &c., we get the solution in the form 


m\? 9 ) + ) + &e. 


If F(p) = 0 


contain pairs of imaginary roots, the solution assumes the 
form 


vy 
c= Ulog 9 + ) + &c. + Uiog p &c. 


Finally, if the same equation contain a equal roots, whose 
common value is m, the form of the solution is 


x WV 
4 Ulogn (e + &c., 
where Ulogms Viogm are different arbitrary homogeneous func- 
tions of the same degree. 


3. It is now at once obvious that we are prepared to 
solve such an equation in finite differences as 


Ad(x+a,yt+a, + +b, y+, &c.) + &e. = 0, 


either as an illustration of the previous article, or indepen- 
dently. Adopting the latter course, it is easy to see that 
we can solve the still higher equation 


y+ a, &.) = f(e*, sing, e’, siny, &c.), 
where we can reduce the right-hand member to the form 


&c. 
ZA, 7, &e. 
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p, q, &c. being positive or negative, integral or fractional, 
real or imaginary. 
For, throwing the equation into the form 
d d 
dy, 
F(e ) (2, y, &e.) = ZAy a, 


we have, by (2), the solution in the form 


err + ay + &e. 
F (e? +q+ 


the roots of Fp) = 0 being supposed all real and unequal. 

It is evident that the solution of the equation in finite 
differences, in which there is but a single variable, is but 
a particular case of the form now stated. — | 


‘Trinity College, Dublin, 
March 1858. 


+ Utogm(e*, &c.) + &e., 


ON THE RELATION BETWEEN THE VOLUME OF A TETRAHE- 
DRON AND THE PRODUCT OF THE Sixteen ALGEBRAICAL . 
VALUES OF 1TS SUPERFICIES. | 


By J. J. Sytvester, E.R.S. 


Tue area of a triangle is related (as is well known) in 

a very simple manner to the 8 algebraical values of its 

perimeter: If we call the values of the squared sides of i 

the triangle a, 6, c, there will be nothing to distinguish the ‘ 

algebraical affections of sign of the simple lengths so as to 
entitle one to a preference over the other. ‘The area of the 


triangle can only vanish by reason of the three vertices 
coming into a straight line; hence, according to the general  —s_—™ 
doctrine of characteristics, we must have the Norm of F 


Va+vb+Ve, 


containing as a factor some root or power of the expressions 
for the area of the triangle. The Norm in question bein 

representable as N* where WN is the Norm of a? +b? + c?, 
which is of 4 dimensions in the elements a, 0, ce, and 
undecomposable into rational factors, we infer that to a 
numerical factor prés the square of the area must be iden- : 
tical with the Norm J, and thus, by a logical cowp-de-main, 


| 
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completely supersede all occasion for the ordinary geome- 
trical demonstration given of this proposition, which in its 
turn, with certain superadded definitions, would admit of 
being adopted as the basis of an absolutely pure system. of 
Analytical Trigonometry that should borrow nothing from 
the methods and results of sensuous or practical geometry. 
But into this speculation it is not my present purpose to 


enter: what I propose to do is to extend a similar mode 


of reasoning to space of three dimensions, and to point out 
a general theorem in determinants which is involved as 
a consequence in the generalization of the result of the 


inquiry when pushed forward into the regions of what may 


be termed Absolute or Universal Rational Space. | ee 

Let F, G, H, K be the four squared areas of the faces 
of a tetrahedron, and V the volume; then, since V only 
becomes zero in the case of the 4 vertices coming into the 
same plane, which is characterised by the equation — oe 


subsisting, we infer that NV the Norm of 
VF 


must contain a power of Vas a rational factor. V7” is rational 
and of 3 dimensions in the squared edges; the Norm above 
spoken of is of 8 dimensions in the same. Consequently 


there is a rational factor, say Q, remaining, which is of | 


5 dimensions in the squared edges, and this factor I now 
proceed to determine, the other factor V’ being, as is well 
known, a numerical product of the determinant 
ca ch ed’ 
da di’ 0 1 
1 1 1 ae 


a, b, c, d being the 4 angular points of the tetrahedron. 
See London and Edinburgh Phil. Mag. 1852. 


The quantity Q possesses an interest of a geometrical 


character; for if we call the radii of the 8 spheres which 


can be inscribed in a tetrahedron 7,, 7,, 7,5 we 


evidently have N=(3V). Hence (R), the 


8 8 8 6 
product of the eight radii in question, = 


NN QQ 
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Consequently Q is the quantity which characterises the 
fact of one or more of the radi of the inscribed spheres 
becoming infinite. For the triangle there exists no cor- 
responding property ; this we know d@ priorz, and can explain 


also analytically from the fact that if we call P the product — 


of the radii of the 4 inscribable circles, v the Norm of the 
perimeter, and A the area, we have 


Py = 2°A*, 
At 
d A’, 
an : V P 


which contains no denominator capable of becoming zero, 
so that as long as the sides remain finite the curvature of 
the inscribed circles is incapable of vanishing. 

To determine JV as a function of the edges, and then to 


discover by actual division the value of em would be the 


direct but an excessively tedious. and almost impr acticably 
difficult process. I have ever felt a preference for the 


a priort method of discovering forms whose properties are 


known, and never yet have met with an instance where 


analysis has denied to gentle solicitation conclusions which. 


she would be loth to grant to the application of force. 
The case before us offers no exception to the truth of this 
remark. Q is a function of 5 dimensions in terms of the 


squared edges: let us begin by finding the value of that 


part of Q in which at most a certain set of 4 of these 


edges make their appearance, and to find which conse- 


quently the other 2 edges may be supposed zero without 
affecting the result. We may make two distinct hypotheses 


_ concerning these 2 edges; we may suppose that they are 


opposite, 1.€. non-intersecting edges, or that they are con- 
tiguous, intersecting edges. 

To meet the first hypothesis suppose ab = 0, ce = 0. 

For convenience sake, use F, G, H, K to denote 16 times 


the square of each area, instead of the simple square of the 


areas. Call 


16(abcy = K, 16(abdy’ = H, 16(acd) =G, 16 (bed) : = F 


Then - K=(aby'+ (ac) - 2(aey(be} 


| = ac’ + be’ — 
Similarly, ~ H=ad* + bd* - 2(ady (bd)’, 
G =ca‘ + da‘ 2ca’ da’, 
F + db* — 2cb’ db’. 
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Hence one value of VF'+ VG+VH+VK will be 
{(ac? - be*) + (bd? - ad*) + (da? - ac*) + (be*- bd’)} = 0. 


- Hence, on this first supposition, the Norm vanishes. But V* 
does not vanish when ab=0, cd=0, for it — saving 
a numerical factor, 


0 0. b& 1 
1 
1 


| 1 1 | 
i.e. (ac’.bd’ ad’.bc*) .(cb’ + ad’ ca’ - bd’) 
+ (bc’ — ac’) (ca’.db’ — cb’.da’) 
(ad? - bd*) (ca’.db’ - cb’.da’) 
= 2 (ac’.bd? (ad? + be? act bd?) ; 


and consequently, since NV vanishes but V* does not vanish, 
(Q) vanishes, shewing that there is no term in (Q) but what 
contains one. at least of any two opposite edges as a factor ; 
or, in other words, there is no term in Q of which the. 
product of the square of the product of all three sides of 


some one or other of the 4 faces does not form a constituent 
part. 


Next, let us suppose ad = 0, ac=0, then 
K’ = 16abe’ = bec’, 
H’ = 16abd’ = (ad’ bd’)’, 
G’? = 16acd’ = - (ad’ - cd’y, 
F* = 16bed? = bet bd* ed* + 2b¢°.bd? + + 
Four of the four factors of N will be therefore 
{u(be’ + ed® bd’) + F}, {u(be’ cd’ + bd’) + F}, 
t denoting v(-1), and the product of As four factors will be 
+ cd? 4 x {(bc? - cd? + bd’? + F’}, 
which is equal to 
16bc*.bd’.cd’ 
and similarly, the remaining part of the Norm will be 
{(2ad? bd? - cd’ + + F*} . {(2ad? - cd? be?) + F’}, 
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that is 
{4ad‘ (bd? + cd? + bc*) + + 4bd?. + 
x {4ad* - 4ad*(bd’ + cd’ bc’) + 4bd*.cd"}. 
Again, since ac’ = 0 and bc’=0, V’ becomes 
1 
This is evidently equal to 


+ 
0 
1 1 1 


(the arrows being used to denote the directions of the posi- 
tive diagonal sets of terms) 


= 2be"{ 2be’ad’ + ad‘ ad*bd” + 
2bc‘ad’ | 
= 2be*\ad* - ad* (bd’ + be’) + bd*.cd*}. 


Hence, paying no attention to any mere numerical factor, 


we have found that when ac=0 and bc=0, Q or — becomes — 


bc’.bd?.cd*{ ad‘— ad*(bd’+ cd? + be? )+ be’. bd* + bd*.cd* + cd’.be’}. 


Hence, with the exception of the terms in which 5 out of the 
six edges enter, the complete value of Q will be 


or more fully expressed, and still abstracting from terms con- 
taining 5 edges, 


= ac* + ad*) — (ab’+ ac’+ be’) (bd’ + bc’+ ed’) 
+ be’.bd? + bd*.cd? + ed?.be*}. 


It remains only to determine the value of the numerical 
coefficient affecting each of the 6 terms of the form 


To find this, let 


abv’ = ac’ =ad" = be = bd’ =cd’=1; 


1 

2b 1 
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then evidently, since all the squared areas are equal, several 


of the factors of V will become zero, but V’ evidently does not 


become zero for a regular tetrahedron ; hence Q becomes 


- zero: and if we call the numerical factor sought for », we > 


must have (observing that the = includes 4 parts corre- 
sponding to each of the 4 faces) 


4{8-943}4+6X=0, 
therefore 124 6r=0, or X= 2. 
Hence the complete value of Q is | 
Sab’.be’.ca’ {(da* + db* + dc*) - + + dc’) (ab? 4 bet + ca’) 
+ ab’.be’ + be’.ca’ + ca’.ab’}, 
+ 23 (ad’. be?.cd?.da®.ac 3 


or, which is the same quantity somewhat differently and 
more simply arranged, 


Q = ca®) {(da* + db‘ + de + da’. db? + db’. det + de*.da) 
+ (ab*.be?+ ca*.ab*) - (da? + db? + de® + bc’ +ca’)}, 


and this quantity equated to zero expresses the conditions 
of a radius of an inscribed sphere becoming infinite. ‘The 
direct method would have involved, as the first step, the 
formation of the Norm of a numerator consisting of 


| VF Vi + VK, 
the value of which is 


SF! - 43F°G + 63 + 4 F’GH 40FGHK, 


and contains 4+6+4+412, te. 22 positive terms, and 12, 
2.e. 13 negative terms, together 35 terms, each of which 
might be an aggregate of 6* or 1296 quantities, and thus 
involve in all the consideration of 45360 separate parts, — 
for each of the quantities F, G, H, HK being a quadratic 
function of three of the squared edges, will contain 6 terms. 
It is not uninteresting to notice that in addition to the case 
already mentioned of two opposite edges being each zero, 
as ab = 0, cd=0, Q will also vanish for the case of ab = cd, 
be = ad; t.¢. for ‘the case of 2 intersecting edges being each 
equal in length to the edges respectively opposite to them. 
This is evident from the fact that on the hypothesis supposed 


_ the face acb = acd and the face bdce = bda; hence N=0, and 


therefore, V not vanishing, ra ; te. Q will vanish. 
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We may moreover remark that since ab=0 and cd=0 
does not make V vanish, the perpendicular distance of ad 
from cd, which, multiplied by ab x cd, gives 6 times the 
volumes, must on this supposition become infinite. When 


three edges lying in the same plane all vanish simultaneously, 


Q vanishes, since one edge at least in every face of the 
pyramid vanishes, and V also vanishes, as is evident from 
expression for when ab=0, ac=0, bc = 0, becoming 
multiple of 

| 
ad’ bd’? cd’ 0 
8 


which is evidently zero. 
It appeared to me not unlikely, from the situation and 
look of Q (the characteristic of one of the inscribed spheres 
becoming infinite), that it might admit of being represented 


as a determinant, but I have not succeeded in throwing it — 


under that form. I have a strong suspicion that if we take 
Q' a function corresponding to a tetrahedron a’d'c'd', in the 
same way as Q corresponds to abcd, QQ’, and not impro- 
bably v(QQ’), will be found to be (like as we know from 
Staud’s Theorem of (V*.V'")) a rational integral function 
of the squares of the distances of the points a, 6, c, d, from 
the points a’, c’, d’. | 


That NV should ‘divide out by V’’ is in itself an ana lytical 
theorem relating to 6 arbitrary quantities ab’, ac’, ad*, bc’, 
bd’, cd’, which evidently admits of extension to any tri- 
angular “number 10, 15, &c. of arbitrary quantities. Thus 
_ we may affirm, d priorz, ‘that the norm of 


VL+VMiVNiVP + VQ, 


_ where (for the sake of symmetry, retaining double letters, as 
AB, AC, &c., to denote sumple 


0 AB AC AD 1 | AD ACG AX 

AB 0 BC BD 1 AB 0 BC BE 1 
Q=|.4G-BO CGD BC CE 
AD BD CD 0 1 AK BE CE 0311 


N = &e., M= &e., L= 
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will contain as a factor the determinant _ 
| 0 AB AU AD AZ 1 
4B 0 «BC BD BE i 
aC BC 60° 1 
AD BD CD 0 DE 11 
AE BE CE DE 0 1 
and a similar theorem may evidently be extended to the case | 


+ 1) 
2 


of any arbitrary quantities whatever. 


7, New Square, Lincoln’ s Inn, 
March 29, 1853. 


SOLUTIONS OF PROBLEMS. 


1. Let S be the common focus of the two ee H the 
second focus of the fixed, Hl’ | 
of the variable one, P their point —}—= 
of contact. Then, P, 
will be in the same straight line. 
Let a, 6 be the semi-axes of the 
fixed ellipse, a’, b’ of the variable 
one. Then, in the first case, a’ 


is constant,and Py PH = 2a, 
SP + PH' = 2a’; 
therefore = 2(a~ a), 
a constant quantity. Hence, the locus of H’ is a circle of 
which # is the centre. . | 
In the second case, 6’ is constant. Let YZ * the common 


tangent to the two ellipses at P, and draw SY, HZ, H'Z' 
perpendicular to YZ. ‘Then 


SY. HZ = b’, 
| SY. H'Z' = 
therefore H'Z': HZ::b":0':: H’P: HP; 
therefore HH': HP:: 0? ~ 06° 


‘a constant ratio. Hence, the locus of H' is an ellipse slaelion 
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and similarly situated to the given one, and having H for 
a focus. 


2. Let a be the radius of the generating circle ; the equa- 


tion to the cycloid, cs the arc from the vertex, will be - 


= 8az. 


Hence, it may easily ee seen” that the equation to the 


— at any point 1s 


2a 
m 


m denoting the secant of its inclination to the axes of z. | 
This may be written _ 
z.m—s.m+2a=0: 


this being a quadratic in m, shews that two tangents may be 
drawn to the cycloid through any point. If m,, m, be the 


roots of the above equation, the condition of perpendicularity 
will be 4 1 


whence, by the theory of equations, 


2 
2a 2a 


= 4a(a@ +a), 
the equation to the required locus, which is evidently a 


cycloid of half the dimensions of, and similarly placed to 


e original one. 


3. We know that 


and that 
-av 
cosrvdv = yp (2), 


2 


rh, we — by Sir John Herschel’s theorem, 
— = (1+ AY + 2(1 +A) cosa+ 1 


Hence, expanding cos7v in (2) and equating coefficients of — 


* This will follow in precisely the same way as it is shown: that the 


equation to the tangent to the parabola y*= kar is y = mz yas 7? where im 
denotes the tangent of its inclination to the axis of z. 


: 
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Hence, writing 2z for ain (1), and differentiating 2m times 
with respect to z, we have by (3) | 
(- 1)" (14 A) tanz 


fanz = - 
b(1+ A)+ A’ (1 +tan’z) 


And in like manner, since 


sinrvdv = 4 — 
Jo gm &+2cosat+eé 


we have, equating coefficients of r as before, 


Hence, we have | 
_(- 2%" A(A + 2)(1 + tan’a) 
b(1+ A) + A’(1 + tan’z) 


4. Let ce be the inclination of the plane to the horizon, 
then the resolved part of the accelerating force of gravity 
parallel to the plane will be g sine =f suppose. Let a be 
the radius of the sphere, M its mass, w the angular velocity 
of the plane. Take the point where the axis of revolution 
meets the plane as origin of coordinates, let the plane itself 


be that of zy, and the axis of z be parallel to the horizon, — 


xz, y the coordinates of the point of the sphere in contact 
with the plane, F,, F', the resolved part of the friction 
parallel respectively to the axes of z and y. We have then 


ax | | 
(1), 
d’y 
M—, = F,- Uf (9); 


and if w,, o be the angular velocities of the sphere about 
axes through its centre parallel respectively to the axes of 


y, dw 
Mk “dt = (3), 
dw 


As a further condition, the velocity of the point of the 
sphere in contact with the plane must be the same as that 
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of the point of the plane in contact with it. This gives us _ 
dx 
dy 
= OE (6). 


Differentiating (5), (6), and eliminating w,, wo, F,, F, by (1), 
(2), (8), (4), We get dy 


d’y dz a’ 
whence we oy +C (9); 


To determine C, let z,, y, be the initial values of z, y; 


and let’ Z,, J, be the impulses of the friction when the sphere 


is just placed in the plane; (@,).» (@,), the cor- 
responding values of 4 &c., then 
,( ax 
M ()- Coe (1 3 
dy\ _ 
and, as in (5), (6), 
-(w).a 5' 
dy 


therefore, by (1’), (4’), (5’), 


‘ 
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Similarly, by (2°), (3°), (6'),. 


Hence (9) gives C= 0, 


by (10), =- (2 + a’) oy - - 


2 2\ | 
whence A , ot + B), | 


To determine the constants, we have 
d ke 
when Y = Yos ae Pad W2,, 
Pa gi =~ ms; 4 


COS. wt + 2z_sin = of ...tit}: 


therefore, integrating, 


a’ f 2 | 


f 


The equations (11), (12) give the path of the centre of the 
sphere in space. It will be a trochoid whose axis is parallel 
to that of z. 


6. Let the density of the matter at C, se centre of the 
sphere, be denoted by 4, and let f be the distance of this 
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- point from the given external point S. The expression for 
the density at any point II, of which the distance from f 


1s D, will be hf® 
(1). 


If we take polar coordinates, p, 3, ¢ for the point II, the 
corresponding expression for the volume of an element of 
the solid will be p* sin} dd d9 dp, and the quantity of matter 
which it contains will be 


5 
| A SIND AP AI Ap -(2). 
_ The potential due to this at any point P, at a distance A 
from it, willbe 
kf° p* sind dp dd dp (3) 


and if r, 0, p be the coordinates of P, we shall have ~ 

A = [p’ - 2pr cos + sind cos(¢ p)} + 7°]... (4). 
A similar expression might be used for D, but if we take 
S for the origin of polar coordinates, we have simply 


If, farther, we take SC as the polar axis, we shall have 
for the equation of the surface of the sphere, 


p -2fpcost+f =a’ 
where a denotes the radius. 


If now we denote by V the potential at P due to the 
entire sphere, we deduce from the preceding expressions 


dd dp | 
Vekf {cos} cos @+sinJsin (1), 


where the integration is to be made so as to include all 
values of p, 3, and ¢ subject to the condition 


The evaluation of this integral may be effected by means 
of the following simple transformation : 


Let | 


then, (10), 


| 
F 4 

9); 
i 4 > 


if, besides, we assume 7 =*———..... 


we shall have | 


The expression for V then becomes 


All sin 9 db d9 dp’ a 

_ with the limiting condition 
| - of cos.J tf (14), 


which is equivalent to 

(f? - a’)' - 2fp' (f? - a*) + a*) <0; 
or to - - cosd + <0; 
or, lastly, — 2fp' cosd +f? <a? (15). 


Now the triple integral in the second members of (13) is, 
as we see immediately, the expression for the potential at 
a point (7’, 6, ), of a mass of the uniform density unity, 
occupying all the space over which the integration with 
reference to p, J, ¢, considered as polar coordinates, is 
extended. The equation of the surface bounding this space 
is, according to (14), 


p 2fp cosd +f" =a’, 


which agrees with (6), that of the given sphere. Hence, 
assuming the known results with reference to the attraction — 
of a uniform sphere, we may immediately obtain the value 
of the triple integral in (13). ‘Thus, according as the point 
(r', 8, p) is without or within the surface of the sphere, we 
shall have for the expression, | 


kf °r' 


when 2fr’ +f’ > a’; 
or V = — 2fr' 


when — + f? < a’. 
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now we recur to the notation, substituting 


ockaitinatile conditions as we have done above, in the case 
of (14), we obtain 


“. for r in these expressions, and modify the dis- 


5; 
akf* 7 | 
when — 2fr cos8 + f* >a’, 
when ofr + < a’. 


These expressions, for the potential without and within 
the sphere, contain the complete solution of the problem, 
since the two components, (£’) along PS, and (G‘) perpen- 
dicular to PS in the plane PST, of the force at any point 
WP, may ne found from them by means of the equations 


| 1 dv 


If we put, for brevity, 
4m 


and 


the expressions for the potential become simply, 


_ mf” 29r + 7° 


The denominator of the former expression being obviously 


the distance from P to a certain point J, taken in SC at a 
2 2 | 


distance g ht from S, we conclude that the resultant 


(external point), 


(internal point), 


force is towards this point J, and inversely as the square 
of the distance of P from it. 


| 

4 
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7. When a gas expands without being allowed to take 
in any heat from without, its pressure varies as the m'™ power 
of its density, provided only m is constant. Hence, if » be 
the volume, and p the pressure of the expanding air at an 
instant during the motion of the ball through the baevel, 


we have 


Now the expanding air increases in volume during the 
motion of the ball from one end of the barrel to the other, 
by U, the volume of the barrel, and therefore the work done 


7 U+V 
by it is | . ndv, or, as we find by integration from the 


preceding equation, 


According to the hypotheses, the whole of this work is 
spent in pushing out the ball, and produces only the two 
effects of overcoming the atmospheric pressure in front of 
the ball, and communicating motion to the ball. The me-. 
chanical value “2 the first of these effects is ITU, and that — 


of the second 4 — Da if g be the velocity negeeres by the 
ball, Hence, by the principle of vis viva, 


from which we derive 


the required expression, (as corrected in “ Errata” published 
in the present Number). 


Let U+u be the volume the barrel would require to 
have that the pressure of the air in it may be just equal 
to II, the atmospheric pressure at the instant when the ball 
leaves 


1 


V + U+V)- 


or, if Q be the pressure in the actual barrel, (of which the 
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volume is U) at the instant when the ball leaves it, 


a quantity which will in general be positive since in all good 

practical arrangements Q must exceed II. Now, if the 

4 volume of the barrel were U + u, there would be no ap- 
| preciable proportion of the whole work spent in noise &c., 
| since the mechanical value of the motion of the air in the 
, barrel till the ball leaves it, is, according to the hypotheses, 
* to be neglected in every case, and the only energy that 
remains to produce noise &c., would in this case be the 
motion of the air within the barrel. But in this case the 
whole work spent in communicating motion to the ball. 


would 


| 

which exceeds the work spent in communicating motion to 
the ball in the actual case by 


m—1 4 
wel L | 


| PV Q" -1" . (PY 


Now the final effect, in lifting the atmosphere in the two 
cases is the same, (with the exception of small differences that 
may result from differences of temperature of the air near j 
the mouth of the gun, which are neglected), and hence, the p 
excess of work spent in communicating motion to the ball, : 
in one case is equal to that wasted in noise and fluid friction 4 
after the ball leaves the gun in the other; and therefore the 
ratio required in the second part of the question is | 

mel m-1 1 


PV Q* -ll" (P\ 


m-1 


Note—Solutions of problems (5), (8), (9), 
next number, 


(10) will appear in the 
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PROBLEMS. 


1. Given two conics in the same plane such that the 
- normal distance of the point of intersection of their trans- 

verse or major axes from each of the conics is one and the 
same pure imaginary quantity; shew that the conics may 
be projected into small circles of the same sphere. — 


2. If from a point in the circumference of a vertical 
circle two heavy particles be successively projected along 
the curve, then initial velocities being equal and either in 
the same or in opposite directions, the subsequent motion 

will be such that a straight line joining the particles at 
any instant will touch a given ak 


Note. The particles are supposed not to interfere with 
“each other’s motion. 


3. A transparent medium is such that the path of a ray 
of light within it is a given circle, the index of refraction 
being a function of the distance from a given point in the 
_ plane of the circle. 


Wind this of this end shew that for light 
of the same refrangibility— — 


(1) The path of every ray within the wales is a circle. 


(2) All the rays proceeding from any point in the medium 
will meet accurately in another point. 


(3) If rays diverge from a point without the medium 
and enter it through a spherical surface having that point 
for its centre, they will be made to converge accurately 
to a point within the medium. 


4. A series of waves, which at sea are twenty feet long 
from crest to crest, and three feet high from hollow to crest, 
break on a shore which is parallel to their breadth. How 
much heat is developed per hour on each foot of the shore, 
and how much would the temperature of 180 cubic feet of 
fresh water be raised by receiving an equal quantity? [The — 
form of a wave at sea, of which the height is a small frac- 
tion of /, its length, is approximately the curve of sines; its 


velocity of propagation is 5 and its mechanical energy 


is half that of a double elevation and depression of the same — 
form without velocity. | 
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5. (a) What horse-power would be required to supply 
a building with 1 1b. of air per second, heated mechanically 
from 50° to 80° Fahrenheit? Compare the fuel that an 
engine producing this effect as ;4, of the equivalent of the 
heat of combustion would consume, with that which would 
be required to heat directly the same quantity of air. 


(6) Explain how this effect may be produced with 
_ perfect economy by operating on the air itself to change 
its temperature, and give dimensions &c. of an apparatus 
that may be convenient for the purpose.. 


(c) Shew how the same apparatus may be adapted to 
give a supply of cooled air. | 


Ex. Let it be required to supply a building with 1 lb. 
of air per second, cooled from 80° to 50° Fahr. Determine 
the horse-power wanted to work the apparatus in this case. 


6. Find the amount of “ potential energy” (mechanical 
effect of such a kind as that of weights raised) that can be 
obtained by equalizing the temperature of two bodies given 
at different uniform temperatures, and determine the com- 
mon temperature to which they are reduced. 


Ex. 1. Let the bodies be of equal constant thermal capa- 
cities, and let their temperatures be 0° and 100° respectively. 


Ex. 2. Let the bodies be masses W and W”" of water, 
and let the temperatures at which they are given be 15° and 
20° respectively. 


7. If a, B, y, be the trilinear coordinates of a point, 
a, b, c, the lengths of the sides of the triangle of reference, 
the equations to the greatest inscribed and least circum- 

scribed ellipse will be respectively _ 


(aa)t + (08) + (cy? = 0, 
(aay? + + = 0. 
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ON THE THIRD ELLIPTIC INTEGRAL. 
By F. W. Newman, formerly Fellow of Balliol College, Oxford. 


I. FotLtowine up the splendid discoveries of Jacobi, 
Legendre first, and since his labours were closed, Dr. Guder- 
mann, have investigated series of an elevated kind for ap- 
proximating to this integral. But the higher theory seems 
to have drawn off investigations unduly from what is more 
elementary ; and the principal object of the present paper 
is to shew that the earlier and simpler methods have by 
no means been adequately appreciated and developed. — 

Legendre’s notation, with trifling alterations, will be here 
retained. The moduli cc.c,c,... are those of the common 
scale descending, which he denotes by ec’c*c™... I propose 


to employ the notation 77°», to imply the relations 
F(cn) + F(cn’)= F(e, 4m), 
F'(bn) + F(bn,) = FO, 7), 
in which case 7° may be called the conjugate amplitude to y, 


and 7, the lower conjugate. We then have the well-known 
relations cot7.coty’ = 0b, | 


A(en)” A(cn) (on!) A(cn) (1) 


in which we may change 7°, c into ,, b. 


Also if from c, 7 be formed c,, 7, in Lagrange’s scale, we get 


A(en)- A(en’)=(1-8) cosy, 

For the complete integrals F'(c, 4m), E(c, 47), &c.... we may 

generally conform to a prevalent method of writing them 
F., E,, &c. But in the case of F, it is sometimes necessary 
to break the analogy (as in the higher theory) by writing C: 
for when ¢ changes to to write F.,, F,, &e. 
is very incommodious. 


ve, ; A(en)+ A(en?)=(14 deo, | 


II. Legendre’s results concerning the integral IT, may be 
summed up nearly as follows : 


(1) That every II which has a parameter of the form 
a+ v-1 is reducible to ¢wo II’s with real parameters, and 
with coefficients of the form a+Pv-1. 


tanw cosw 


(2) IfQ= A(cw) cosa” and + 
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To = Cp) + n(=)-F... (3), 


where 7, cp” are parameters, and c, w the other elements. 
Let pg=c’, then p and q.are called reciprocal in this 

(8) If therefore 


d(sinw sin’) l+p 4 

| ol+pr(sinwsinw’? p (P) (4) 

| | The parameters p and -r are called conjugate. 


(4) Various integrals P( p, w) = [¢(p, dw are known, 
which may be found in some simpler form for a special value 
| of w, (@ = a) by means of | 


dp (p, @) 
| | dp dp dw = p, 


If the function y is known, we get 


dP | 

and P(p,a)= p, 4) dp. 
Legendre applied this method to II, and deduced not only — 
the value of II, in terms of F and E, but certain commutative 
equations, in which the amplitude exchanges places wit 

a certain function of the parameter. he 


(5) He applied Lagrange’s scale to II, and by it deduced | 
two series, one for descending, the other for ascending, 
moduli. But both are too complicated for use, especially 
the latter. | | 

One more property established by Legendre remains to be ‘ 
named; viz. if £,,7 are amplitudes which make FG=Fw+ Fn, 
and p the parameter common to the three II’s which cor- 
respond to the F’s, then | 


V T.{Tl + Ty - = tan”. 


V/T.p sino sinn 
1 + p(1 cosw cos 7 | 


Consequently if = 47, or n= w°, we get 


VT {ilo + - = VT. 6), 
in which, whenever 7’ is negative, it will be easy to give to 
the last term the form of a logarithm. 

My first business is, to shew that all these integrations 
of Legendre, when duly simplified, lead to available results. 
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III. The function 7'=(1+p) (1+) may be called the 


test product, since, according as it is negative or positive, 
II is of the logarithmic or of the circular class. We may 


occasionally denote it by Z7'(p), and the definition shews 
that 7'(p) = T(q): also : 


It is easy to e that the reciprocals of conjugete pare 
meters are bat tind and the conjugates of reciprecele are 
reciprocal, ‘Thus the reciprocal of the conjagete » the cow 
jugate of the reciprocal, 

Also two reciprocals, or two conjugates, are 
circular or both logarithmic. 

Legendre assigns two forme for 
viz. —c’sin’n and ~cosec'n, both negutive the 
from 0 to the latter from -i te @ 

ut logarithmic conjugates arc othe Ge 
or both of the form ~ cosec’y, fet, & 
jugates, So also, since «6, 
cosec’y’ ave logarithmic Conjugates. 

A circular parameter, when wee ty 
p=cot'd; then te ree ot 
gate is-r=~i+V ein, But wo chee ee, 
g=cot'l,, r= Owe & 
necessarily negative, the other postive Ales, 

the two ciyculay parameters ~ 3°64, @ end we 

n (6), (6) Cages. ane 
in the nae development of the theory the sem 
constantly recurs; insomuch that Chew 
to be the function which we are concermed with, be Gu 
connection it is highly interesting to Ged, thet the curves 
drawn on surfaces of the second onder, which are to be 
measured by this integral, are really measured by the com 
pound function /7.11, (See Dr. James Booth, Trane. 
1852, p. 320, equations (17), (18), &c.) Of course, when T 
is negative, we must deal with ¥- 7.1. | 

en T' is separated from II, it | be requisite, as above, 
to write the parameter after 7’; as 7( p)for(1+p)(leep*)— 
&c. But whenever T7' is immediately followed by 1, (or by 
P, of which I proceed to speak,) it will be understood that 
T involves the same parameter and modulus as the II, or 
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asthe Thus + will mean 


4 
When p is infinitesimal, also whence 


Alo when p is influite, and has no increments 
while is finite; for then 0, But while is 


ian ), soon @ views to value; hence 
(Tile ie, when pow, whatever the foite value of a, 
Ths resenting but the conclusion 
be equally wldained from the reciprocal equation, 


1\. The three 7, A, hove in common the 
property, that whenever they amplitude w bn, the in 

fie) # We) # 


of the hime new mul olen 


Ruch we the appre 
tov £ and when ie known, 

med on equivalent to 


by far the moet elegant of the approsimations to 
if now toi he found 

U0, + Ue, (Lagrange's seule 
whence OG «Ce, + Ce, Ce, &e,,,, | 
Hut the propertios and uses of G have by no means been 
fully exhibited, and a digression on that subject, either here 


ov afterwards, is inevitable, If we assume // as a second 
auxiliary, such that 


4 

we (since by Legendre’s equation of complemen- 

tary moduli, + LL, - 

NEW SERIES, VOL, VILL, —Nov, 1853. 0 


Ab), 


» i 
= 


therefore He-G 
or, in the other notation, 
H=G+ tn. (10) 
Moreover UH = C,H, + Cec, sino, ; 
or BH = 4 BH, + Be, sino, ........... (11), 
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whence 
Being - 2B (sine - sing’) - 2B (sing - wee 

- 2 B'(sinw” - sinw” &e.{ 
which is by far the most clegant series for calculating £ by 
ascending moduli, (i.¢, when ¢ is near to 1,) and converges 


with the usual precipitancy of Lagrange’s scale. 


Farther, if sing « /-1 tan@, we easily obtain 
+ 4-1, tand, Ab, 6), 
G(b,0)4 tand, ACL, 0), 

Beg) , Gb,0)= Mog) - /-1. \..118) 
| Be 

Finally, it is worth observing, that while vanishes, 

not only when @ ie « multiple of jw, but aloo when c is 
evancecont; we heave, on the other BU, 4a, for all 
valuce of c; for all valuce of o, we 
when 0; but «sine, when 1, We may add that 
Gle,@), bat Bc, + @) BW 6, @) na, 
Hie, nn @)+ wll, 3 


V, Returning to the integral 1, we follow out the analogy 


of thie proceeding, by seeuming an eusiliary proportional 


#) 
lat wtand fox AVM) 


then the problem of finding 1) divides iteclf into two | 
Virwt, to find the complete imtegral for when this is 
known, we regard the second term of I’ to le known, Next, 
it remains to find the fluctuating portion 1’, which alone 
involves three elements; and since it periodically vanishes, 
we may look on it as a small correction to be applied w the 
main term; the total value of i beimg given by the equation 
Ws 


/ | 
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It is evident that P vanishes with p. But we must first 
dispose of the case to which this method is essentially in- 
applicable, viz. that in which I], is infinite ; namely in which 
the parameter has the form p=-cosec’n. By the reciprocal 
equation (3) Legendre reduces this to the indefinite integral 


¢ sin’n): nevertheless, it is not amiss. to exhibit the 
equation in a slightly changed form. 


When p = - cosec’n, T'= - cot’n.A*(cn), which applies alike 


top and therefore 
v-T{M( p)+ ep") - F} 


V-T.dQ wile tannAe +tanwAy 
{tang A@ - tanwAn} 


if F€= Fo + Fy and Fe = Fo - Fn, the rela- 
tions, furnished by Euler’s well-known integration, between 


% and wy yield 
cosec’n) + & sin’n) - F'} (cw) = } log 


sin’e 


in which 11( ~ cosec’n) and the logarithm both become infinite 


at the crisis o@=7,¢=0. In future, we set aside the case 
of parameters negative and greater than unity, as sufficiently 


disposed of by this equation. | 


Passing to the circular 11, we may doubly modify the | 


reciprocal equation by supposing p positive or negative. 
But it will suffice to make p positive, and to treat a negative 
parameter (~ 7) as its conjugate. Generally, when 7’ is posi- 
tive, equation (3) may take the form 

| VT AN p) - FY = tan'(V TQ). 
hut when p = cot’, 
sinOcosd sinOsin@ (16), 
an expression which is very easy to remember: and the cor- 
responding value of -/7(-7r), the conjugate, is no additional 
burden to the memory, if we do but remember the relation 
‘Tl V, from equation (7). Hence 

Alew) sinO sind.’ b cosa 
Again, when we assume @ = 47, Qe aw, tan'(/7Q) = 


whence 


in’ (15),. 
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Multiply this by * and subtract the product from the 


general integral ; therefore 


VT 1 PC (ew) = cot” {sind sin 6. 


COs w° 


Feo) 


when p= cot’. 


VI. From the reciprocal we proceed to the conjugate 
equation (4). 


When II is logarithmic, p as well as -7 will be negative, 
and we may write —7" for p, so that we get 


Re=sino sinw® 1-7’ —-dR 

£yV(rr') 


it being observed that Rrr' are all numerically less than 1. 
If r=c’ sin’, r' =c’ sin’n’ ; and the logarithmic part: is 


1+c sinw sino’. c sinn siny” ov low 1 + ¢, sing, sin, 
1 —c sin@ sinw’.csinyn sin7n” 


sino, sin”, 
if we form c,, w,, 7, in Lagrange’s scale from c¢, w, 7. 


The same may take another form: viz. if F¢= Fw + 
and = Hw Fn,.it becomes 


AwAn + c’sinw cos@ sinn cos7 
AwAyn c’ sin@ sin7 AC 


Further, observe that 


so that the general integral ne 


Ti =. 
In this, let =47, =0, R=O, therefore 


r) + 7’) = 
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Multiply the last by - and subtract the product from (19) 


Vv-TP(- sin’n) + V-TP(- c’ sin’n’) 
As BO), 


therefore 


=~ }log + ¢, sin), 


But the more ince case is when II is circular. Let 


Observe that 


so that 
p) - T0(-r) —— 


r) 
We now see also that equation (6) admitted of being written 
Vv T{ To + - =tan”{V( pr) sin sinw’)...(22), 


where p is the common parameter: but the advantage of 
comparing the two last equations is best seen, when we have 
separated P out of Il. In (21), make = a, then 


F= tan” {V( pr)sinwsine® (21). 


VTi TT -—_— Ff = 
ve by a and subtract from (21); then 


VTP(p)-VTP(- tan”’{V( pr) sin sinw (23). 
Also subtract from (5) the equation 


and it changes every II in (5) into P. ee then, that . 


P, = 0, we have instead of (22) the simpler result 
T{P( po) + P(po’)} = tan“{v( pr) sinw sin w°}...(24). 


Comparing then (23) and (24), we conclude that © 


VT.P(- 7, @) =-VTP(p, (25). 


Hence the general enunciation: “In any circular ¥7'P we 
may at pleasure change a parameter into its conjugate, pro- 


vided that we change the amplitude also into the negative 
of its conjugate.” 


a 
§ - 
| 
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* 


put 7° for 7, or @° for w.” 
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It is not difficult to verify (25) directly, by mere difleren- 
tiation. Moreover, if we adapt the process to the case of a 
logarithmic I, then, instead of (24), we get. 


v-T{P(— 1, w)+ P(- 1, w°)} =— log 

which, compared with (20), gives 
v-TP(- sin’n’, w) = V-TP(- sin’n, w°)...(25a). 
Thus, “In a logarithmic V-7'P we may change the para- 


Ac 
ac: 


meter into its conjugate, provided that we simultaneously 


change the amplitude into its conjugate. Or, “To get the 
integral conjugate to V-7'P(—c’ sin*y, w), we may at pleasure 
Generally, even with a circular Il, it suffices to treat of 
three parameters, as p, its reciprocal g, and - 7 the conjugate 
to p. But we may reckon four in the following method: 
first, P(cot?@, c, w) its reciprocal P(c’ tan’@, c, wm); conju- 
gate of the first, — P(cot’@, c, w°); conjugate of the second, 
— P(e’ tan’6, c, w°). And these, though in appearance four, 
are evidently in form only two. But for the present we shall 
continue to deal with three. ere | : 


VII. Let us for conciseness write 


Q = VTP (peo), LP (qcew), Q = /TP (— 
where p=cot0, tan’? =cot’é,, r= 
and there will be no danger of mistaking Q, Q, for powers — 


of 2, since no powers of Q ever occur in any equation with 
which we deal. ae 


Equations (18) and (23) now give the two results 


cot(# +2 + Q) = sin@, 
COS 
3 
tan( 2) = sine’. (27) 


which immediately suggest that if in (27) we commute 
cw0 into b0w, we make the members of the two equations 
identical. 
Again, we may propose to ourselves to eliminate Q be- 
tween (26) and (27), or rather between (18) and (28), so as 


to get a relation between and Q. This has been done by 
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Legendre, under a different notation; and the result is most 
unexpectedly simple. 


For a moment, let 


A(b0) tanw ” A(ew) ’ 
Also = : Q - = ; 
whence #4040. tan“h tanh, 
2 
h-ke= cos’w cos’) ; 
h- _A(b0) A(cw) sinw 
1+ = hd cot@ cotw sinf, sinw° 


Thus we obtain between © and Q the relation 
sinf, 


The three equations (26), (27), (28) are a mere application 


of the Reciprocal and Conjugates of Legendre to the case of 
creular 


tan(z + 0 + 0) = 


VIII. We now turn to the Commutative equations. 


di -sin‘w.dF 
Maki 
aking p to vary in II, we get —— do” 


the general formula of reduction this receives the shape 


all sinw cosw Aw vi 
> + B.F [, sinodF + 


and it is found that a, (3, y, 5 have a common denominator, 
which is none other than 7'(p). Calling the numerators 


a, (3', y', we find 
| c 
Y=-3.-, = - (1=$), 


. 
| 
B 
| 
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which farther yield 
dp 


Observing then that c 7) , sin’w.dF = F- E, we get 


ail sin@w coswhw aT 
Bringing all the 7’s ind II’s to the left, we divide aa 
by vZ or by - v- 7 to make the left-hand an exact integral, 
and then integrate nearly as Legendre. 


It gives 
VT(- Ff) 
-1 
(29) 
T "dp dp dp 
in which the integrals may begin from p=0, since this 
_ supposition makes the left-hand member vanish, and also . | 
Involves no infinite quantities, such as would appear in | 
Legendre’s equation. 
In the last let w = 47; 


V-T (Hep - F.)= A. (14 (294). 


Now, if p=-c sin’, T'=cotnA(en), 


or sin’n) - F,} = (en) - 
\. ..(80). 


We may now apply equation (13) to save the trouble of 
a second integration for the case of the circular II. It is 
only requisite to put siny = V-1tan@, and there follows 
(multiplying or dividing by v- 1), 


VT {F.-11,(¢ tan’0)} = F.{H(b0) tan6}...(31). 


There is ambiguity as to the sign of /7, which is changed 
according as we multiply or divide by y-1 1. But we deter- | 
mine the sign by observing that when p is positive, /’> II 

also when @ approaches 477, evidently A(0@) tan@ > 
since = $7. 
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‘We may deduce II,(- 1 + 8’ sin’@) °Y combining the last 
with (21) and with (17a). 


From 21, 
Ap) - VTI,(- 1) = 
Also VT = 47 from 
therefore +VTM.(- 1) = - 


= 47 -A(b0) tanO.F,, if p = cot 0. 
Add the last to (31), and it gives i 
VT 42.6, 0) F.} = 40 - F,. (08)... (82). 


This completes the equation needed for the integral II, which 
is entirely reduced to F' and E. 


_ We vary the form only, by adding (17a) to (81); 
therefore. V7,(p) = 47 - F,{H (0) - tanO} ; 


subtract it from = 4 (68) 

sin @ | 
then = F, { H(b0) + A(56) cot 0} —377...(33). 
We may also develop the right-hand member of equation ae 
(30) by Lagrange’s scale ; then : 
sinn, + sin n,+ C,e, 


and if we then assume - ¢,” sin’n, = p,, 
v- + C,v- p, + C,v- | 

. VT.{C-I,} = C, Vp, + C, Vp, + C, Vp, + &c... 

if we suppose p positive in the last. But to this subject we 


shall recur. 


II, being now fully known, it remains to investigate P 
only, and I will be known. 


We must return to equation (29). If we multiply (29a) 


by Bon =e and combine it with (29), we get 
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We have already found the last integral = Fen), when 
p=-e sin’n. Also 


1+ p sin*w sin’ sin’n) cotn A (en) 1 sin*w sin’y 


2 1 | 
~ 1 sin*@ sin’ =} 
therefore TP (— c’ sin’y, c, w) 


_A (cw) { II (— c’ sin’ @,C, 1) (cn)} - G (cw). F'(en), 


tan @ 


where we may write simply /- T for the multiplier of the 
quantity in brackets. 


Again, i in (30) change 7 into w, and multiply by (cen) + F 
subtract this from the preceding; then 
TP (< sin’y, c, w) = V- TP (-¢’ sin’a, ¢, (34); 


1+psin’>o A(b0)(1+sin*w cot’™) + 
The denominator = sin’w + cos’w sin’? = sin*w (1+ cot’w sin’6) ; 
 cos’w sin’w 
Instead of correcting by making 0= 437, p= 0, we may 
make p= © , 9=0; in which case we know that // Tit m p)=4T 4 
for all values of w, and consequently | 3 


VTP (p, ¢, w)= {1- 


¢ 


const. 


this is the commutative equation for a logarithmic P. 
For a circular P the result is not quite so We 

| have first 

Let p = | 

Also 


VTP (cot’0, c, w)=sinw cosw A(cw) ~ 
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ie 
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Now put @ = 47, and the left-hand member vanishes ; 


lcos’w sin’w cos’w Gow) x) 
Multiply the last by ee = - , and subtract from the 
; 
penultimate; observing that 

COS@ 


or 0=sinwcoswA(cw) 


= (cot’w) ; 
hence | 


c, TP (cotta, b, 0) = (49-2) (1 (35), 


in which the right-hand member could not have been con- 


jectured from the analogy of (34). It has risen from the 


peculiarity that (p) = 47 when p = 


IX. We may now revert to the notation of (26), (27), 
(28), by writing © for that which Q becomes when @cw are 
changed to #69. ‘Then, in place of (35), we get 


Between the quantities Q, Q, 2, 9, Q, © we have obtained 
three independent equations (26), (27), (86). If we com- 
mute 8, c, w with o, b, 0, (86) is not changed, but (26) and 
(27) yield two new equations, so that we have, in all, five 


equations connecting the s¢z quantities in pairs. We have, 


therefore, exhausted all the relations between them; and 


by mere elimination we can obtain the equation between 


any pair of them at pleasure. 
In a single view the equations are as follows: 


cot(z+ 2+ 0) = tan(© - 
= sin6 sin8,. 


in which we may exchange 0, c, w, 2, with o, d, 0, O, ¢. 

Again, tan(2 + Q + Q) = tan(¢ +0 + 0) 

= tan + Q + = cot | - - ..(38), 

sin? sinw | 

sinf,  sinw® | 


1 
> 
1 
A 
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Lastly, $47(Q+0)= (47-2) (Ler — t) 
Ler (OQ @) = - x) 


In (87) there are, with the commutations, 8 equations ; in (38) 
there are 4; so that we have here 15 relations of pairs of — 


the six integrals. Also 15=""; so that all the possible 
pairs are here exhibited. - | 
Thus by a single transformation we can pass from one 
circular V7'P to another, so as to secure at once that p shall 
_ be less than g, (and therefore, p less than c), and that the 
modulus shall be less than its complement. We may also, 
if we wish it, secure a positive parameter. | 


x. Now rises the question, of approximating to /T7'P, 
when we have so transformed it as to obtain a favourable 
case. We proceed by Lagrange’s scale, supposing ¢,w, to 
be deduced as usual from cw. et p also be given, but pr 
be disposable constants. Then if IJ, stand for II (p,c,o,), and 
make the usual substitutions F(c,,) =(1 + b) (co), 


INC we get 
dF(eo,) _ 1+) A’ (cw) dF’ (cw) 
1+ p, sin’o, (ew) + p, (1 + 5) sin*@ cos*@ 


We determine the relations between Pv P: and r, if we assume | 
the denominator to be =(1 +p sin’w)(1-~7sin*w); which 
gives pr = p,(1 +6), and making w = $7, (l+p)(1-r)=6'; 
SO that - — r is none other than the parameter conjugate to p. 


pr 
(1+ bf’ pr 


of which the numerator 

21 +0) pr+pr= (pr-c’)+ 4pr =(p —r) + 4pr=(ptry; 

pr (14+6)pr° 


Thus 7) is positive, when pr is ponents or 7, T are both 
circular or both logarithmic. 


therefore 


3} 
3 
A 
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then TP, = vt TP(p) + V4 (40a), 
which for the circular integral is | | 


we have = tan” (Vp, sin @, ). 
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Farther, if we assume | 
1 - c’v M 
+ po)(l-rv) 1+po. 1-90’ 
which yields 4 
= {MU(p) + | 
we get M+ N=1, Mr-Np=c; whence 
2 
ptr p ptr]. ptr 
l+p l-r 
whence II, =(1 + 6) II ( p) + II (- nh. 
| 
therefore 0, (40). | 


Make w=47, o,=7; =VTO,(p)+ (- 1). 
Multiply this by 4. and subtract from (40), 


But from (27), observing that 


> sina, 
siIn@ sinw’. ——— = ——_!.. V( pr) = vp, sin@ 


Add this to (41), rei you get | 
= 40, + stan’ (vp, sin@,)....... 


but in the process there has been nothing up to. (40a) to 
limit p to be circular. When otherwise, it is very obvious 
how to change tan” into y- 1.log in the — (42) so as 
to adapt it as in equation (20). 


XI. Legendre has investigated the relations of p, and p; : 
but we need to add many reflections. : 
When p=-esiny, r=c 2 sin’, 
2 | 
— pr)=c siny sing = sin 7, ; 
V(- pr) 9 sing = ; 


‘ 
| 
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(1 + 6) 
Consequently the series p, p,, p,...answers the conditions 


supposed in equation (30a), and those developments apply 
to our newly-derived parameters. 


When we assume sinn = tan@, or p=c' tan’0, the 


therefore p, = sin”, = ¢, sin”,. 


equation of Lagrange’s scale, viz. tan”, = 
changes into the scale of Gauss, sin 0, = ind , which 


is that followed by 0,0,, 6,... Consequently, when 0= 47, 
every other @ in the scale also = 47. Also 0, 0,, 0,, 8, 
tend to $7 as their limit, since they give ~ | 


F(b0) _ F(2,0,) _ 


2 
and since B = when”= 0, and =1, therefore 


F(10,)= 0, or 0, = $n. 
if we form 0, 0’, 6"... in the opposite direction, then, since 


+ FGF). ("6") 
B" 


and B” has for limit, and is evanescent, 
6” =t, when n= or 6, 6", . tend to ¢ as their 
limit. 

It is farther important to iieres, that the change of 00 
to 6.6. or to 4”) leaves ¢ wholly unchanged ; inasmuch as 


t FO) _ 


Bo 


On the other hand, it is familiar, as a result of the equation 
in Lagrange’s scale, 


z (cew) F (¢,o,) _ 


that to change cw into c,w, changes x into 22, &c. 


The equation sin 0, = ane which gives P.= = ¢, tan’, 


admits of other forms ; cutie 


1 sin’@ 
4(0,0;) = 1 + 


4 
an 
® 
| 
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5 


fact, if we assume 


as before. Nevertheless, if X has the same value in both 
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which last gives 
| A(6,6,) 
sin’) = 


Legendre calculates p, p,, p,... by auxiliary arcs 2X, % 
Let = A (48), cosA, = A 0), &c.; therefore sin\=5 


2 
, or sind = Yb. tanga, ; which 
is a general relation for A, X,, 

The arcs A, X,, A,--. are thus ‘suggested by the parameter 
cot’), but they equally apply to logarithmic parameters. In 


Consequently 


sind sind, = 
A(en)’ * - 


and observe that A? (en) = b° + c’ cos’n, we get 


Cc, Cos”, 
cosA. = : 
A (en)’ * 


Now, by the known relations in — scale, 


COSA = 


1 (1+) sin’ - (1 3b) sin’ 
CO d 
1-b 1-(14+56)siny 1-6-¢' sin’ 
whe C = = 
1+6 1-(1-6)sin’y 1+4+06-¢' sin’n’ 
sind 
and or = —— 
1l+cosA, 1-¢ sin” a, Vb 


cases, the relation of @ to 7 is no longer sin’y = — tan’@, but 
is c’ sin’n = — cot’d. 
It thus appears that series P,, P,-.. Which are derived 


from p by the law p, = : £ FF , are calculable for both kinds 
of integral by the auxiliaries p = cot’? = — c’ sin’y, [ 
tan4A, = = , tan4r, = &c... 
provided only that 1 + p be positive. | f 
Put for a moment cosA, = cosA,,, = ¥3 
l+y 


and since b,, b,, b,... rapidly tend to 1, the last equation tends 
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2 3 | 
to give y= = ag) OF scarcely more than y = $2’. — 


 COSA,, COSA,, . soon tend rapidly to zero. 

These arcs enable us to embrace in one expression the 

two series (30a). 

| Gor INN for a moment stand for the complete integral 

| . (ew), so that - Tl,; and when 
0 1 +p sin'o | 

p=-e sin’, V- T= cotn A (cn), and | 


v-T{M, .cotn A (cn). N=—— N=(1-8)sinn, 


A (en) 


Consequently, from equation (3 » we deduce two forms, 


A 
but CG (cn) = c,sinn, Combine these, and 
— observe that (1 - 4) C Pict ; and you get 
N, | 
— C = 4 (438), 


which now applies alike to both sorts of integrals, and easily 
gives (when 1 + pis positive) — 


lt+psmo 


= C{}+ joosd, cosd, + cosdr, cosa, + &c...}...(43a), 
which is a series of Legendre’s slightly simplified. 
XII. Write instead of so that te» may be 


(relatively to C13 .) the lower conjugates to 0, 0, 0,,0,... 
Then if p, we have simultaneously p: =c = =cot'p. 
and =¢, =cot’?. Now, say, wv, .. are 
related to one another by the scale of Gauss, exactly as are 


0,9, 0,, 0... 


For we have, by definition, 

+ = B and + = B,: 
also, by the property of 00,, we have 


or FOV) 


l 


which proves yp, to be related by the scale of Gauss. 
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Consequently, whether we assume p=c' tan’), p, 


&c....; or, on the other hand, assume p = cot’, p, = cot’, 


&c.... the series 0, 0,,0,... which determine p, p,, p,... are 
deduced by the very same law. It amounts to the same 
thing to remark, that we have 


so that g, is formed from q, by the same law as p, from p. 

Thus, “ When two original parameters are reciprocals, in 
reference to the original modulus, so are every derived pair, 
in reference to the new modulus.” 


It also follows, that the more rapid the convergence of 


Ps P13 Pos Pas the slower is the convergence of 9,5 


if indeed they converge at all. This makes it important 

whether p or q be selected to approximate from. Legendre’s 

equation 1s | | 

| l+p (146) 

whence, if p = ec, and p, = ¢,c,, there follows 


ye 
 @4+¢ ltcj(lt+e 
e 1+ ec 


If then p< c’, e’< 1, and we deduce that | 1 + : is positive, 


or e, is numerically less than e. Hence if p*<c’, p,p,,p,)P,-+ 
decrease more rapidly than ¢, ¢,, 
The relation of p, to p may also be written | 


140° 


but our original equation, Vp, = Ae 2 , with equal clearness 


shews that p, is positive whenever p is circular. Nor only so. 
It also denotes that if the original integral be I(-7, ¢, o), 


the value of p, is not altered; for to change p to -7, does’ 


but change 7 to —p, and leaves (pr) unchanged. Never- 
theless, a consideration of the process which elicited equa- 
tion (42), shews that the conjugates p, -7 in the first step 
downwards generate + Vp, and - vp, differing in sign: but 
in the second step they coincide, and both produce the 
same 

When the problem is reversed, and we desire from p, to 
determine p, it is evident that there are two roots, p and —7, 

NEW SERIES, VOL. VIII.—Nov. 1853. | p 


ay 
we 

tg 
wr 


q 
| | 


210 On the Third Elliptic Integral. 


positive and negatwe, when II is circular. But we cannot 
carry the series backward from —7, without falling on imagi- 
nary parameters. In fact, as p, is positive, if it proceed from 
a real p and r, 80-1, being negative, cannot proceed from 


areal p andr. It may here deserve remark, that we thus — 


learn of certain imaginary parameters, whose integral can be 
reduced to one real II. 


XIII. It remains to develop the actual series. 
Let ¥=tan"(p so that 
= $0, + 
‘When p is evanescent, I, = F,, and P becomes identical with 
F. We have seen that T(t - Ff’) vanishes with p; so 
therefore does /7'P. If then p, p,, p,, p,... decrease beyond 


all limit, so do Q, Q, Q,, Q,...; and much more does 2°"Q, 
vanish when m=. N ow, by repetition of the formula, 


whence’ Q= + + + &e. &e.. 
which is the final development by lnsieitig ‘baal. 

In the other notation we have oe 
VTP( p,c,w)= } sin @,) + 4 tan“'(/p,sin@,) 
| tan“(Vp, sinw,) + &c. 
c,w)=—}tan(Vp, sinw,) +} tan” (/p,sinw,) 
&e... 
Taking the difference of * tl 
tan“(Vp, sin@,) ; 
which agrees with (27). 


(44). 


The worst convergence is when p=c: and since we may | 


i of c and } the smaller, by means of the commutative 
equation, the most unfavourable case which needs to be 


encountered, is, when p=c=06. then, the series (44) 


is computable with very moderate trouble. I conclude there- 

fore that it is really sufficient for practical purposes. 
Nevertheless, when ¢ is near to 1, we may seek for a 

rales by means of ascending moduli. We shall select 


= tan’w, b, 8) to calculate, because, when 3, o, 


to b”, wo”, O” vanishes with 6. In fact it 


will presently appear that 2”.0 3”) vanishes, when ”=00. 
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One of the equations marked (87) is 
COS 


Change o, ¢, 0, x, ¢ to 6, b, w, t,x; therefore 


2-0 = tan"{Vp, sinw,} = 


In the last, change c, to c’, w’, which changes 
to 4x, but leaves ¢ unchanged ; therefore 


_ 
40 
Eliminate xz and t; then | 
(20! - Q) - (20' - ©) = 2¥ - ¥,. 
But from (42) we have 20'-Q=¥. 


which is our new equation of reduction. 


it times, we obtain 
27.6 - ¥,)+.2(% - + - ¥) +... to terms. 


We now need a Lemma, to prove that 2”. @ vanishes when 


“First, observe that when is so small that c* and c‘ tan‘? 


are omissible, and c’ tan’@ is me parameter, we have the 
following values: | 


II tan’@, c, w) 


- (1 + $e’ sin’@) dw, 
wo — 4)(m — 4 sin2), 


= $c(tan’0 - $)}, 
F(co) =o + 
= + Jc’) 


and combining these, we get 
= jc’ tan’) sin2 = jp sin 2. 


A (20) 


Also JT « 


sin cos’ 
which converges , therefore 
2 2 
VTP =} ¢ in2o. 
in 
P2 


4 

x. 


A 


i 


| 
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Similarly then 6, when 3 is very small, converges to 


1, — .sin 26: 
sin 


and when we change b, 8, w into b”), a”, wo”, we know that 
~0™,o™” approach to fixed limits ¢ and @ (which are less 
than g Hi if 0, w are less), so that we have nearly 
tan’@ 


= sin = k.b"; 
sing. 


the quantity k being finite and independent of nm. Hence 
2", = 


But when m=, 2".b” is evanescent; and indeed the 
quantity is extremely small when = 8 or even n= 2, if ¢ 
1s mere to 1. Hence we get 


A series gil converging. | 


When © is known, we find Q or & i. one of the com- 
mutative equations. Thus 


© has necessarily a form of development similar to (46); 
for as the parameter of ) is cot'w, which = 8’ tan’w°, we 
need only proceed as if w’, not w, had been the original 
amplitude in Q, and the result of (46) will be © instead 


of ©. To change @ into w° does not alter sinw,, nor there- 


fore ¥,; but it alters ¥, ¥, say into ¥, ¥'”..., 


therefore 
=(¥°-b) + + - + &e....(46a). 
Whether this series or the preceding pomnvenges better, seems 


to depend on the of and ¢.e. on 


n’w 
the magnitude of , which evidently increases with o. 
sl 


n@ 

Hence, if @>w°, (46) seems not to converge so well as (46a); 
but it converges better, if w<w. Nevertheless, both con- 
verge well, when c is near to 1. 
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‘It may farther be observed, that since Q - 
we have also Also since ce, c’”... 


@,@,0 ...0,6,9"... all tend to fixed limits 1, ¢, so 


do 0’, Q'".... ¥, tend to fixed limits and 
since has limit zero, so has ; te, 


VTP(p, @) = tan™(\/p sin @) ; 
or, since p'@ are mutually independent, we have generally 
VTP(p, 1, w) = tan“(Vp sin@)......... (47), 


which may be easily confirmed by direct integration. 


Thus in equation (42), as also in the reciprocal, and in the 
conjugate equation, the function tan" may be replaced by an 


integral of the form VTP(cot’y, 1, In equation (8) we 


might similarly substitute 

CG (cw) - (c,,) = C.e,G (1, 
It is remarkable how the function -tan(Vp, sinw,) derived 
according to Lagrange’s and Gauss’s scale seems to intrude 
itself into more elementary equations, as (21), (24). 
_ Finally, it will here be remarked that equation (46) is only 
in appearance an. equation of ascending moduli; for though 


yet 6 is the modulus of ; and 
decrease by the same law as ¢,¢,,c,.... Nevertheless, the mode 
in which 6, 6’, 0"... 0, ',"... are derived, is that which 
we understand to belong to ascending moduli. 


XIV. A similar treatment would manifestly apply to the 
logarithmic P ; but Legendre’s adaptation of Jacobi’s great 
discovery here supersedes equation (42), by resolving P into 
a simpler integral. Indeed, Legendre’s reduction of II, or 
rather of /T(f — F’), to the integral = [, dF, will be well 
exchanged into a reduction of TP to the integral V= /,GdF. 
Of course, as G = E - = F,so V=T-43 F*: and as G 
is the fluctuant to E, and P to II, sois Vto E. The process 
will then be as follows : : 

By Euler’s integration, if Fw + Fn = Ff, 
Ko + ly - =c' sino sinn 
sin@w cosnAn.+ sinn coswAw 
| 1 — c’ sin’ sin*n 
When 7» becomes - 7, let £ become ¢. Observe that we 
equally have | 


Go +Gn- Gf=c’ sing sinn sinf, 
GO- Ge = 2Gy - c’ sinw sin (sin + sin n). 


‘ 
+ 
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Let 7 be constant; therefore 
dFE = dFo = dF:. 
Hence 


GtdFt GedFe = 24nd Fo dae. ed 
—e’ sin’n sin*w 


| tann J, sin'@ | 
~ But the last term | 

_=v-T sin’y, c, - F}, 
and, by equation (30), 

,) 
G = —T _ 


which indeed might be here at once inferred by making © 


w=47. Hence 
¥-TP(- sin’n, c, o) = 4V (ce) -4V (c£)... (48), 
which throws a new light on equation (384). 
simpler integral @) now claims a examination, 


XV. Since_ 
+o) = Go, and F(nr + @)= + Fu, 
therefore 
V + w)=f G (na + @).dF (nr + 0) = =V(nr) + Ve 


Also, since F, E, G are odd functions of w, T and Ve are even 
functions ; therefore 


+ @) = V (or )+ Vo. 
Let n= 1, therefore 
- w) = V (r+) = Ve + Ve. 
If then w= 7, we get 


And since generally V {(n + 1) 7} = sp + Var, we prove 
in succession that V(27)=0, V (37) =0, &c., and generally 
V (nm) = 0, when is integer. Hence 


This property suits V for tabulation, much better than YT. 

If w begins from 0, and increases to 7, V increases while G 
is positive; that is, up to @=47, where G becomes G, = 0. 
After this G becomes négative; indeed G (a - w) = - Go; 
so that V decreases after w =47. Consequently, the maxi- 
mum value of V is at w=4$7, or when V=V., 
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Again, since 
2 ‘ 
Go + Gw° = c’ sing sinw’ = 
and dFw = - d 
Aw’ 


multiply these together ; therefore 


2 
c’ sinw coswdw 
dVw dVo = 
1 sin’@ 


or Vo Vow = const. — log (1 
Let = 0, = 47; therefore const. = V,,, 
Vo - Vo = V. + log Aa | 
Cor. Let = w° = 0; therefore 
(51a). 


Thus, if & be infinitesimal, V, is infinite. Nevertheless, even 
for small values of b, V, is of very moderate amount, since 


it is only a logarithm. % 
When ¢ is infinitesimal, G(c w) vanishes for all values of oe 


hence so also does | 
2 sin@ Cos | 


So if, r sin 
and Gib = 2Gw c’ sin*w we get 


Vib = = [,{2Go - sin’ sini} od Fw, 
| 1—c¢ sin’@ Ao 


Equations (51), (51a), (52) are in close analogy with those 


established by Legendre concerning the function the 
Integrations being the very same. | 
ro XVI. We proceed to apply Lagrange’s scale to Se 
Since CG = CG, + Cie,sin@,, | 
@ COS @ 4 
or CG - CG, = 4Cec’ j 
multiply the two equations ; 
dV = he sine coswdw 
— c’ sin*’w 


ae 


which, for a oe IT, replaces (42) for the circular IT. 
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As we have C { G(co) - G(cw’)} = 2CG 
60 also V(ew) + = V(ew,) + V, 
If we repeat (53) times, we find : 
V-2"V_ =- 2" logA 2” logA, 2° logA, &c. to m terms. 
Also, since c, = 0, when sois V.=0; therefore 
V =-}logA - logA, - jlogA, - &c.. 


which i is sibs to the development (44). In “ere apply- 
ing the last to (48), and observing that to form 7,7,7,.. 
from 7, and o,,@,,@,... from w, by Lagrange’s scale, and 


then to form by coupling and w, and 7,, &c. 


amounts to forming by Lagrange’ scale ; and 
similarly of ¢, &..., We get 


V-TP(- c’sin’n, c, w) = 4 V (ce) $V (co) 


D, log ~ &c....(56), 
2 


3 


if Dscsinnsinw. This equation is the transformation of 
(44) to the case of a logarithmic P, and apparently must be 


actually used to approximate to /- TP, until tatiies of V are 
calculated. 


When ¢ is very near to 1, we may invert the method. 
Give to (53) the form | 


V =logd’ + 27’, 
or (V + log) = (logA — log A’) + + 
Repeating this ” times, we get | 


(n-) 


VrlogA= log + 2log ..+ log +2"( logA”). 


G” = gn E” E™. 
Again, when is very : 


E = sinw + tan’wd sing, 
whence =2". sinw™” + sinw”. 
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Now if w the series w, decrease towards 

a limit @ < 47, so that the last integral i is finite and indepen- 
dent of while 2”b”” is infinitesimal when is infinite. 


Hence, for. infinite values of n, = 2”. sina. 


It is still easier to see that A” =cos@, When 2= 0. 
Also E.™=1. Hence 
2"°.G = 2". sinw - —. 
| C 
Bat and BY conver es to F™ to 
5 COS @ 


on (n) 9”. (n) = 2". sin® 


BC 


V+ log cosw} =- 
| when n= ...(57). 


BC 
Finally, then, 
A" 


which converges excellently when ¢ is near to 1. 


V =— 


XVII. As we had a new integral H s0 related to G that 


H- G=4n.—, it is well to conceive of W similarly 


FF 
BC 


related to V. Namely, as V= so let W= 


This indicates that the last series is a development of W, 
analogous to (1 


A’ 


A 
W = log — —+2 log ant 2 log t 
Again, if sinn = tan 8, we obtain from F(en) = F(60), 
and from (13), 

V (en) = W008) + log cos (61) 

W (cn) = V(b0) + log cosOJ 


in which it is remarkable that /-1 has vanished entirely. 
In truth, the transformation sinn =¥v-1 tan@ is nothing but 


£ 
59 
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a device for enabling the sines and cosines of ‘Trigonometry 
to do duty for hyperbolic sines and cosines; and we might 
in all cases evade v-1 in this transformation by having 
recourse to hyperbolic functions. If capital letters denote | 
these, thus, oe 


Cosz = }(e* + e*), Sinz = 4(e-e*), &e., 
so that Cos’z-Sin’x=1, and 1 - Tan’z = Sec’z; 
it is manifest that, by assuming sinw = Tanz, we get 

cosw = Secz, secw = Cosz, tanw = Sinz, 

dw = Seczdz, dx = secwdw. 
secwdw dx 


— -| tan’o) 6? Sin’) #) 
Thus, by adopting the double form F and ¢, we might deal 


with real functions only ; and equations (61) seem to indi- 
cate that the integrals of the second order, V and W, recover 
common sines and cosines, which were displaced by hyper- 
bolic sines and cosines in the integrals of the first order. 

The equations (61) facilitate many transformations. 

We may moreover give another form to (58) by slightly 
modifying the equation of reduction. _ 

Since V= log A’ + 2V", V+ log cosa = log(A’ cosa) +2 
= log(A’ cosw sec’w’) + +logcosa’). But A’.cosw sec’w’ 
= 1-0'tan’w'; therefore 


V + log cos = log(1 - tan*w’) + 2(V'+ log cos@’)...(62).. 
Repeat this times; observe that + log cosw™) con- 


verges to — Ta} ; therefore 


W + log cos = log(1- b' tan’w’) + 2 log(1 oF 
+ 2’ log(1 6" tan’w"”’) + &c. 


Change sin into /- 1 tan0, sino’ into tan@’, &c. Ob- 
serve that, by (61), we get 


W (cw) =V(b0) + log cos @ =V(b0) - log cosa ; 
hence = log(1 + b'sin’@’) + 2 log(1 + 0" sin’6”) + 
where 0, 6’, 0"... follow the scale of Gauss, 


1+06' ’ or sin’G Je’ ’ 


sin 
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Let 0 = 47, therefore 6’ = 47 = 0" = 0” = ree .» therefore 


V, = log 2 log + 2? log &c.... = — log Ve, 


and V(b0)=V,,+log +2log +2?log +&c....(638). 


| This is adapted to the case of b very small, and 0 is here the — 


modulus: hence the new series has no real advantage ; for 


it is less convenient than (55). Yet we may step back 
to W(cw), and write 


/ 
c 
1-5 tan’ =—. 3 
c 


+ log cosw 


og — 
tan 
which is ae to the case a ce near to 1. 


For logcosw —-V, we may write log(vVc cos). 
A new development of G by the scale of Gauss, bearing 


=V,+ log + 2log &c....(64), 


analogy to (63), may deserve notice. Since 


V (60) = log(1 + sin’@’) + 


as the series itself indicates; we get, by differentiating, since 


F(b0) FO) 
B'A(b'0') + 2BGW0) 
= cos + (63a). 
It is easy to shew that 2” G(b™@™) vanishes when 2 = © ; 


BG (60) = 


therefore 


(60) = 2B0' sinG' 


+ cos0’ + 2°B'"h'" + &c....(630). 
But this is less simple than (8). 


XVIII. To approximate to V(cw) is now as easy as to 
find G(ew) or E(cw), except only that we have no tables 
of it ready calculated. But it is not without interest to con- 
sider the result of differentiating V with reference to c as the 
variable ; for which purpose we step back to F’, Z, and G. 
(cw) 


Then, in the scale whose 


AA 
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index is , to pass from cw to new elements ¢,o, changes az 
to na,* nz. Moreover, in the higher theory, if we adopt, 
with Dr. Gudermann, the notation of hyperbolic sines and 
cosines, the development of G' admits of the form 


CG (ow) = |= + + + 


Sinva Sin27a Sin87a 


which things suggest the advantage of making @ rather than c 
the base of variation. 


The same process which demonstrates $7=F.L,+ 
shews, i in passing, that 47. eae =-b'c.f,’. In the common 
treatises we have | 

dF _ F csinw coso 


when is constant ; 
Hence when = 


Multiply the last by , and subtract from (65), therefore 


dF F dF 
-~FUG-¢ sin sinw’f, 
whence or (ew), when is const.. (66). 


Let A stand temporarily for CG or i.e. A= E-EF; | 


and let us seek for ““ ee 


dk F-E 2 2 
EF ’c'sinw sinw’ 


by mere substitutions. 


1 
* For a=—, a, =— gives a =-— a, in that scale. 
C | 
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It is observable, that we also have 
| 4. da C; 
(67a). 


so that = 
da | | da 


In all these equations, (65)—(67a), we suppose @ to be con- 
But in general, when ¢ and w both vary, 


Stant. 
de do, de, UA)_ do dA 
da dwda da’ da’ 
d(x) 37 do 
that is, “Fa ); 
40 IA) =47 .()- EF sine’. 
Now let z variable instead of w; and whena 
varies, let z be constant, or —— = 0; and climinate from 
the two last ; a 
and A(w°)= Fc’sinwsinw - A(w); 
dw 
| Multiply by and since is constant in Ta’ we 
i may integrate for z under the d; or : 
4 dA d d 


when z is constant. 
If this have no other interest; it at _o shews that A’ 
can be expressed in series of the cosines of 227 and of its 


multiples: for the developments of V(cw) and sin’w 


are known. 
XIX. The same notation facilitates the management of 


Ei, G, and V in the higher scales. ‘To avoid confusion, in 
the: scale whose index is 2, let be the new elements of 


- 
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which are called ¢,w, in the common scale. Then, since z, a 


change to nz, na, ‘when cw change to hy, we have, | as total 
variations, 


ae dw 
da da 
dp 
nda nda 
The left-hand member is the same in both equations, and we 
may at pleasure assume any one of the variables as constant. 


If it be a, — 0, therefore 


F.G(cw°) = + 


+ F.G(cw) 


+ FG 


_ This is a generalization of CG = C,G, + C.c, sinw,, and super- 
sedes a much more complicated one connecting E(ew) with 


E(hf) in Legendre. 
dF(h’) 1 
nt, Ap)” 
d db 
which also is a generalization of (58). 


d 
Since Jacobi’s equations shew Bs to be a rational trigono- 


metrical function, the integral is of a lower order than F. 
In Legendre’s own scale, the index of which is 8, equa- 
tion (70) takes the form | 


 F.G(co) = + sin’a, coswA(ew) ke 


sin*a, sin’ 


(10). 


where F(ca,)=%F., and = : 


Multiply by — = oe , and in place of (71) we have 
h 


V(cw) = (hi) - log(1 sin’a, sin’w).. (71a). 
This easily gives a new development of V, converging far 
more rapidly than (53): but until we have tables for the 


trisection of /', the trouble of calculating the constants 
makes this scale practically useless. 
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It is proper also to notice here the relation borne by V 


and W to Jacobi’s new functions. Let g be a small fraction 


such that logqg™ = ma, and ©A functions such that 
O=1- 2x + 29° cos 4x — 29** cos 6a + &e... 
3-3 5:5 


A= sint — sin + 2q* sin 5z — &c.... 


then, among other — Jacobi has proved that 


ACE 417 +2) 


6 A(q,2+47) 
and cosw = 


—c’ sin = = Vb. 


Legendre has demonstrated (2nd Supplement, § x1.) that 


Ele ©(9z) 


If we multiply by Ley. _ Fe vd = dz, and integrate, we get 
V = log(B®), 
where £ is a function of c. 
When w=7, V=0; therefore GO = 1, or 
B* = O(g, 7) =1- 29 + — 29°" + &e...., 


a series which is known to be equal to 


O(9, x) 
© (9, 7) 


This elegant relation is obscurely <—eet by Legendre 
under the following form 


log O(gx) = 


Had he used the integral V,; he would not have pianos 
the following curious inference, which would certainly have 
had a charm for him. 

Since (by the form of © when resolved into factors) 


O(9", nz) = const. x O(q, 0).0(4 + @ =) 


act 
€ 2 


But it suffices to write Ae log 


J 


224 On the Third Elliptic Integral. 


differentiate logurithinically, observing that 
dlogO =dV = Gd, 


and putting h the same function of nx as cis of x. Therefore 
nF,.G(q", nt) 


in which we write after G the elements gz instead of cw, but 
- meaning the same quantity. 


A process which is laborious in Legendre becomes easy ie 
aid of (72), (59), (61). 


When sinw = V-1 tan, and F (00), 


z= v-1. = / 


Call 7'(q¢) the value assumed by O@, #3 that is, 
O(gz) = 1 2g Cos2aé + 29°" Cos 4at - &e.... = 
log BT (qt) = V (ca) = W (08) + log cos 0, by (61), 


F(60) | 
| 
V (60) + im. Ro * log cos @, by (59), 


= log yO (rt) + + log cos8, 


if g, B become 7, y when c changes to 6. Giving to Bs 
their values, we get 


log 7'(qt) = bog + rat? + cos +4 log - 


which is one of Leneniine’ s equations, and, he means of 


= J gives his beautiful result 


Va’.T (rz) = r Ag, 2+ 47) 

so that A is found from 7’, or 7’ from A, according as one or 


the other converges best. 


In this part of the subject it must be added, that the 
arc Q, elicited by Legendre from Jacobi’s theory, is no 
other quanaty than that which I have called VTP; so that, 
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according to the meaning of © in equation (26), 


1- cos2z.Cos 2at + 2q*"cos 42.Cos 4at - &c.... 


But it suffices to mention the fact. Dr. Gudermann has 


several other elegant approximations to 0 by this higher 
theory. | | 

I have thought that we might call the function V+ 7{1-L’} 
the Principal Compound of the Third Elliptic Species, and | 
V+TP its Fluctuant: also G the Fluctuant of EF, A its 
Companion; YT the First Integral of the Second Order, V its 
Fluctuant, and W the Companion of V. To avoid a per- 4 
petual appropriation of capital letters, some such notation a 


as flE for G‘, fill for P, &c. may sometimes be advisable. 


XX. Lastly, it may be worth while to touch on a neg- : 
lected side of the subject; but, as it involves no difficulty of 
and possibly is more curious than useful, I may be 

rief, 

In fixing the standard forms of /, E, II, two arbitrary 
limitations are introduced,—to use circular sines, and not 
hyperbolic; and, to make the multiplier a negative proper 
fraction (—c’). Imaginary Amplitudes overthrow the former | 
limitation, imaginary Moduli the other. But to change - ¢ : 
into +c¢°* involves nothing imaginary, nor indeed, within 
certain limits, to change 6” into 6°, which makes c’> 1. 


For a moment put z= tang, and let ~(6z), denote 
what F'(cw), E(cw) become; or 
dz | dz 

=| + 2°) V(1 + x (02) -{ 1 + 


Mere inspection of these shews that 
dip(b", = - b(bz) and dy(b", 2") = (bz). 
To change z into 2’ changes w into 47 -@; and if c=siny, 
to change 6 into b", or cosy into secy, is equivalent to 
changing siny into y-1tany. Hence, integrating the two 
last, we find, if w + 0 =4n, 
6° F(v-1 tany, 0)+ F(siny,@)= (76) 
bE(Vv-1 tany, 0) + E(siny, w) = 
It is easy then to transform the developments which express 
and in terms of into others in which - 
stands for +c*. For 
6° F(Vv-1 tany, $7) = F, and bE(v-1 tany, $7) = E&....(76a). 


NEW SERIES, VOL. VIII.—Nov. 1853. | Q 
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-bG(V-1 tany, 0) = b.E(V/-1 tany, 0) - 
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It farther follows that 


F (v-1 tany, 9) 


= {E.- E(siny, w)} F(sin 


Hence also, if A stands for F.E - E.F, we obtain 
A tany, = - A(siny, (78). 
Moreover, since V = GdF, | | 
V(V-1 tany, 0) = [-b7°G(cw) x - bdF (cw) = [dV(cw) 
| | = V (cw) (79). 
When w=0, V(v-1 tany, 47) = - 


which is evidently correct: for since V, = 4 logs", it does 
but change the sign, if we commute 8 with 6°. 
For (79) we may thus also write 


V(/-1 tany, 0) = V(siny, + cosy...(79*). 


It might at first seem possible to reduce the circular II to 


integrals V which have imaginary moduli; but these equa- 
tions shew that such integrals fall back into the common 
form. Moreover, if in II the modulus is imaginary, the 
integral is logarithmic exactly when by its parameter it 
might have been judged to be circular. To exhibit this may 


well close our subject. 


When e¢ changes to V-1tany, our ordinary logarithmic 


parameter - c’sin’n becomes tan’y.sin’7, which is positive 
and apparently circular. Observe that if ¢ = siny, 


+ tan*y sin’) cotn = V(1 cos’n) cotn, 
dF(V-1tany,0) B'.dF (ew) 


1 +tan’y sin’) sin’@ + c’ sin’» cos*w 


the denominator of which =(1-c’cos’n)-c’sin’ysin’w. Hence 
if we change 7 all through into $a — 9, we have 


A(cn) dF’(cw) 
v-TTI(tan*y cos’, tany, @) coty J 


c’sin’n’,c,@)+const. 
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Observe that ae = V-T(- ¢’ sin’n°); then we obtain 


TII(tan’y cos’n, V-1 tany, 0) + v-TTI(- sin*y sin’’, siny, @) 


= sin’y sin’n’, siny, 77) 


where the integrals are all logarithmic, and siny = c, connect- 


ing 7 and 7. 


To transform them nite circulars, let 
sin’n® 
A’? ( C n° ) 3 
c’ sin’n® tan?6° 
l-e’sin’n® 1+c'’tan’d, 1+ cot’d 


sin7° = tan cos’ = 


or tan*y cos’9 = 


Hence TII(- cos’6, /-1 tan y, 0) + V TT (cot®S, siny, w) 


Tn all of — from (76) to (81), we suppose w + 0 = 4n. 


ON TWO NEW METHODS OF DEFINING CURVES OF THE SECOND | 


ORDER, TOGETHER WITH NEW PROPERTIES OF THE SAME 
DEDUCIBLE THEREFROM. 
By PRoressor STEINER. * 


_ (Extract from a paper read before the Berlin Academy of Science, March 1852.) 


Section I. 


THE two following methods of generating the Conic 
Sections are in a measure analogous to, and indeed embrace, 
the two known methods of generation by means of the two 


foci, or one focus and the corresponding directrix. The 


first method consists in making the sum or difference of 
the lengths of two tangents from the generating point to 
two given fixed circles, equal to a given constant, instead 
of, as before, considering the sum or difference of the dis- 
tances from the said point to the two foci themselves as 
given and constant. In the second method here employed, 
the simple directrix is replaced by any number of given 


* Translated by Dr. T. A. Hirst. 
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right lines, perpendiculars are then let fall from the gene- 
rating point on each of these lines, and a certain constant 


relation established between these, the distance of the - 


generating point from the focus, and the perpendiculars 
from the latter upon the above-named right lines. ‘The 


_ two consequent theorems may be thus expressed : 


“Tfina plane. any two circles A’, B® be gwen, and to 
iat from a point X,, tangents a, B he drawn, and it be re- 
quired, that either the sum (a+) or the difference (a—B or 
B—«a), of these tangents shall equal a given length , the locus of 


the point X, will always be a certain conic section 'C* making 


a double contact (real or imaginary) with the two circles, and 


of whose axes, one always coincides with the central line AB 
of the circles. ” And conversely, “Tf in a given conic section C? 
any two circles A* and B* be described, making with it a 
double contact, aud having their centres A and B situated in 


the same axis, ‘then the tangents a,8 drawn from any point X_ 


of the conic section to these circles, will have a sum or difference 
equal to a constant length |; wn fact, both these cases generally 


present themselves, for the arc of the conic section is divided — 


by its points of contact with the two circles into four parts, 
for two of these the sum (a+ B= 4), for the other two the 
difference (a—B=l or B-—a=l) ws constant.” 


IL “Tf in a plane any n right lines G,, Gy G,......G, 
together with A be given, and the perpendiculars 
all from a pomt X on these be 


x 


a, 2 a, a, 


then the locus of point X will always be a certain conic 
section C” whose focus ts in point A, and of which the radius 
of curvature r in the vertex of the principal axes can be 
immediately determined from the n es share and the length a, 


a 


similarly, the reas G of the conic section C", corresponding 


* Throughout, the exponent n attached to a symbol (C”) expresses that 
the curve represented thereby, is of the n'® order. 


& 


| to same so-found quotients 

‘ respectively multiplied by given coefficients 
| and it be required that the sum of these products shall equal | 
: the line Ax = x, divided by a given line a, 1.¢. that 

oe 
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to the focus A, depends only on the n coefficients and the fixed 


elements, so that when, successively, to the length a all values — ; 
from 0 to © are given, a group of conic sections is generated, P 
whose constituents have in common the focus A and correspond- . 
ing directrix G, and in which the ratio of the above radius e 
to the corresponding length a is constant, 1.e. 


ma 
+4, +... +4. 


_ If in Theorem I. the given circles A’, B’ are reduced 
t to their central points A and B; and if in Theorem II. 
all right lines except one are disregarded, the two well- 
known theorems mentioned at the commencement will be 
obtained. 
Section IT. | 
With respect to Theorem II., I will at present merely 
glance briefly at one circumstance, and then subject 
Theorem I. to a more complete discussion. | 4 
The directrix G, inasmuch as in a certain sense it is i 
an axis of mean distance in reference to the given lines, 
their corresponding coefficients, and the point A, can be : 
thus determined: If a, and z, are the perpendiculars let | : 
fall from the points A and X upon the directrix, then, for : 
every point X in the plane, : 


x, x, XL, | X, 
The directrix G, however, is not thus absolutely determined. 
For as, in reference to each of the m given lines, the signs + 
p and — have to be attributed to opposite sides, and as these 
ie signs can be changed at will, many different directrices 
a and corresponding conic sections, in general 2””", ensue from 
_ these interchanges in the same given elements (¢.e. in the 
same lines G,, G,, G,......G@,, the same coefficients 
a a,,4,,0,...%, the same point A and the same length a). 
. For example, when only two lines, G, and G.,, are given, 
there are two different directrices, G' and H, possible; both 
these pass through the intersection point of the given lines 
and are conjugate harmonical to them, &c. All further 
development of this subject I here pass over. 


Section III, 


I. In examining the first theorem (§Z. 1.) more closely, 
we will commence with the special case, when the given 
circles A* and B’ lie without each other, as the circles 
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Ua,U,a,, and Vb,V,b, (see fig. 1, plate 1) described around 
the centres A and B, and on the segments UU, and VV, 
as diameters. 

It is necessary to fix the following elements more closely 
in view, as well as to direct our attention to certain collateral 
circumstances. 

Let a, d represent the length of the radii of the circles 
A’, B’; 2C the distance AB between their centres; let 
this distance AB be bisected in point M,i.e. MA= MB=C. 
We will call the unlimited right line UABN, the axis X; 
U and U,, V and V, are the extremities of the diameters 
of the given circles in this axis. Further, let » and v, be 
respectively the lengths of the tangents from points a 
and V, to the circle A’, and similarly w and u,, the two © 
tangents from points U and U, to circle B*’. Let us suppose 
a>b, then, of the four tangents, wu is the greatest and w, 
the least, their order being w>v,>v>u,.. Let the line L 
be the so-called Line of equal Powers for the two given 
circles; ¢.e. the locus of the point from which two equal 
tangents a, 8 can be drawn to the two circles, so that 
a=8 or a-8=0. Further, let R and R, be the outer 
common tangents of the two circles, and a, and 6, a, and 3, 
their points of contact; their intersection point z, 18 the 
outer point of similitude of the two circles. 

Similarly, let S and S, be the inner common tangents 
of the two circles, a, and (3,, 4, and (3, being their points 
of contact; their intersection pees z, is the inner point of 
similitude of the two circles. ‘These two pairs of common © 
tangents are so divided by their 8 points. of contact, by — 
their 4 points y,,z,, y,, 2, of mutual intersection, and by 
their 4 points m, u, m,, #@, of intersection with the line JZ, 
that the or fulfil the following equations: | 


1). a,b, = 4,8, = = and 4,8, = 4,8, = = 
(2). = by = By = BY, = 
ma,=mb,= pz, = hy, =&ce., and mz, = my, = wa, = “3, = 


Therefore the diagonals y,y, and z,2,, of the complete quad- 
rilateral RASS, formed by the four common tangents, are 
equidistant from the line LZ, and together with it are per- 
pendicular to the axis X (the third diagonal z,z, of the 
quadrilateral) y, z, and m, are the intersection points of 
these three lines with the axis X, and my=m,z. The four 
points of contact a,, 6, a,, 4, of the outer tangents k, &, 
he in a circle M’, whose centre is the above-named point M. 
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Similarly, the four points of contact a,, 3,, 4,, 3, of the inner 
tangents S, S lie in another circle 1’, concentric with last ; 
and in like manner, the four points y,, y,, 2,, 2, of alternate 
intersection, ¢.e. of an outer with an inner tangent, together 

with the centres A, B of the given circles, lie all in a third © 
circle having the same centre and, as is evident, 
a radius MA=C. The perpendiculars let fall from the | 
point JZ upon the tangents &, &R,, S, S, meet the same 
in mM, M,, respectively ; these points therefore are in 
| 

Lastly, let the distance z,z, between the points of simili- 

tude x, and z,, be bisected in N. ‘The circle N’, described 
around NV as centre with radius Nz, = Nz, = 7, 1s called the 
circle of similitude of the given circles A* and B’. — 


II. If, successively, to the defining length / all values 
from 0 to « be given, the complete throng of locus-curves C’, © 
or 7h(C’),* involved in the above theorem (§ /. 1.) will be 

- generated.. However these curves may cover the plane, it 
is evident that only two of the same can pass through any 
point X, in the plane, for if a, 3 be the tangents from X 


to A’, B’; then, for the one curve, we have /=a+ (3, an 4 
for the other 7=a—(3 or =(3-a. As will soon be shewn, 4 
it is easy to distinguish for any given length /, whether &§ 


the corresponding locus-curve C’ be an ellipse E*, a hyper- 
bola H’, or a parabola P’, as also to determine its more 
precise relation to the circles A* and B’. The curve C”’ is 
an H’, or an E’, according as /< AB, or /> AB; from the 
value /= AB=2C the only parabola P* is obtained. With 
respect to their relations towards the circles A’, B’, the 


F hyperbolas may be divided into three groups, and repre- é 
sented by Gr(H’), Gr Gr(H,); of these, as well as 
of the group of ellipses Gr(£’), the following properties é 


must be noticed. 
(1). The first group of hyperbolas Gr(H,*) corresponds 


to values of 7 between /= 0 and /=4,8, (1.); it commences 
(when 7=0) with the line Z,—which is to be considered as 
double, and as a hyperbola, both branches of which coincide 
with the second axis,—and concludes with the pair of inner 


* In translating I have here, as well as in §/X., had to modify the 
Symbols used by Professor Steiner. For a throng of curves Th (C%), 


Prof. 8S. uses the symbol S(C*), (Schaar Curven); in § IX. for a pencil 
a of curves Pn(C*), he uses the symbol B(C*) (Curven-Biuschel). The term : 
. Buschel as applied to the latter implies merely that the curves constituting i 


the schaar have, in this case, more properties in common with each other ‘a 
than before. = 
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tangents (SS), when / = a8. =4f8,. The principal axis of 
every HH,’ coincides with the axis Xx, and of its two branches, 
the one ‘encloses the circle A’, the other the circle Bb’; at 


commencement, however, the contact with both circles is | 


Imaginary, until u, (1.), when the greater circle A’ is 
touched in point U3 this is a contact in four successive 
points, so that A’ is the circle of curvature in the vertex U,; 
from here onwards the H,’ touch the circle A* in two real 


points, but the contact with circle B® remains still i imaginary ~ 


until /=v, when B’ becomes its circle of curvature in 
vertex V, from here on the. H,’ give real contacts with 


both circles, until they reach the limit (SS,). Consequently 


the points of real contact with all HH,’ are situated along 
the circular arcs and 3,V{3,. 


(2). The second group of hyperbolas Gir (H,") corresponds 
to values of J between /= a 3, and /=a,6,; it begins with 
the pair of inner tangents (SS, ), and ends with the outer 
pair (RA). The second axis of every H,’ coincides with the 
axis X, and each of the two branches touches both circles 
outwardly ; all four points of contact are real throughout, 
and are situated in the two pairs of circular arcs a,a, and 


a,a,, and 


(3). The third group of hyperbolas Gr (H, *) ocevenaueia: 
ing to values of / between J=a,b, and /= AB, commences 
with the outer tangents (LR, ), "and concludes with the 
parabola P”, which, as already stated, corresponds to the 
value 7= AB, and touches the circles in certain points @ 
and a’, (3 and Of each the one branch encloses 
both circles. and its contacts with both are real; all the 


principal axes are in X, and the points of contact are situated 
in the arcs a,a and a,a’, and 


(4). Lastly, the group of ellipses Gi(Z’*) sills to 
values between /= AB and /= 0; it commences with the 
parabola P’, and concludes with an ellipse E*, situated 
entirely in infinity. Each E? encloses both circles, and the 
principal axes of all are in X; at first they touch each circle 
in two real points, until the one corresponding to l=¢, 
which makes a contact in four successive points with circle 
B’, and has it as circle of curvature; from here on, the £” 
gives real contacts with the circle A’ alone, until, when /= u, 
the corresponding EH’ makes a contact in four points with 
circle A* and has it as circle of curvature; from here to 
the end, all contacts are imaginary. ‘he points of real 
contact of all E? are contained in the arcs a Ua and 
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As, by the continuous increase of the length 7, the 
several groups of locus-curves are successively traversed, 
the centre C of the curve C’ moves along the axis X in un- i 
changed direction, and in so doing, the centres of the several 
groups pass over the following segments of the axis X. 
In the Gr(H,’), the centre C moves from m, to z,; in the 
Gr(H,’), from z, to z,; in the Gr(H,’), C moves in the 
same direction as before on to infinity, up to the centre C, 
of the parabola P*; and lastly, in the Gr(’), C comes 
from infinity, from C,, to U, A... until at length it returns 
to M, exactly the centre of the last ellipse H,, situated 
entirely in infinity, and corresponding to the value /= 0. 
Accordingly, it would appear that the centre C’ traverses 
the whole axis X, with the exception of segment Mm,; the 
centres of imaginary locus-curves are situated in this seg- 
ment. 


Any length 7 being given, the points of contact of the — 
corresponding curve C* with the given circles A’ and BY 
are easily constructed. For example, to find the point of 
contact with the circle A’, set off the length 0,4,=¢/ on | 
any tangent F# of circle B’, from the point of contact 4, ; 
then the auxiliary circle B,*, described around B as centre, 
with radius Bd,’, will intersect circle A* in the required 
points of contact, and should it give no real points of inter-_ 
section with A’, the contact is imaginary; in this case 
however the line of equal powers of circles A’ and B’, 
t.e. their ideal common secant, is at the same time the 

_ ideal chord of contact of C? and A®. In the same manner 
_~ the points of contact of C* with B’ may be found. By 
_ this method, for instance, the points of contact a and a, 
| and f' of the parabola P’ may be easily constructed, 
| making 6),'= AB. ‘The points of contact of each of the 
two curves C” which pass through any given point X,, may 
with facility be obtained in an exactly similar manner, &c. 


III. The foci of the Th(C*) have a noteworthy situation, 
and are, in their totality, subject to an interesting law. 

Lhe circle of similitude N* is the locus of the foci of the é 
second group of hyperbolas Gr(H,’), so that the extremities 
of every chord of this circle, perpendicular to the diameter 
t,t,, are at the same time the foci of an H,. 

_ On the other hand, the foct of every other locus-curve are 
in the axis X, but so situated that the two foci of each C’ are 
conjugate harmonical to the points of similitude x, and z,. 
Accordingly, the centre N of the circle of similitude must 
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_be the focus of the parabola P’, because its conjugate har- 
monical point in reference to z, and z, is in infinity. ‘The 
centres A, B of the given circles are the foci of the above- 
mentioned special ellipse £2, for these points are conjugate 
harmonical to x, and z, and are equidistant from the centre 
M of E2.* Further, this theorem determines also the foci 
of the first special hyperbola H,”, consisting of the double 
line D(a. 1), for as m, is evidently its centre, y and z must 
be regarded as its foci, for they are two conjugate har- 
monical points to z, and z,, and are equidistant from m,, 
ym, = zm, (1.). | 

Accordingly the foci of all locus curves fulfil the follow- 
ing common condition. 

“ The rectangle under the distances of the two foci ( f and f,) 
of each locus-curve C* from the point N (the focus of the 
parabola P’ or centre of circle of similitude N*) is constant 
and =n’, i.e. equal to the square of the radius of the circle 
of sumilitude ; hence throughout we have fNf,N=n.” 

From this, if the centre C of any locus-curve C”’ be 
given, its foci f and f, are easily determined and constructed. 
For if C be in the diameter z,z,, then, as already stated, 
the extremities of the chord of circle NV’, erected in C per- 
pendicular to diameter z,zv,, are the required foci. On the 
other hand, if C be situated in the production of the diame- 
ter on either side, then the tangent, drawn from C to the 
circle NV’, is equal to the eccentricity of the curve C’, so 
that the circle described around C' as centre, with this 
tangent as radius, intersects the axis X in the required 
foci f and f. Hence also from this the axes of the curve C’, 


as well as the corresponding length /, may be determined. © 


For let the eccentricity already found Cf=Cf,=y, and 
let a, [3 be the semi-axes of the curve, @ and b being, as 


before, the radii of circles A’ and Bb’; then, in the Gr(H,), 
a:y=a:Af=6: Bf. 
In the other groups, however, 
=a: AL Af, = BF Bf. 
- By the former, a is immediately found; by the latter, at 


first only (3°; in both, the remaining axis may be found 
from the known relation between a, 8 and y. ‘Lhe length / 


* In every common ellipse the circle of double contact, if its centre is in 
a focus, is reduced to a point, ¢.e. its radius = 0 (see Crelle’s Journal, 
vol. xxxvil. p. 175). The above special ellipse E%,, whose periphery is in 
infinity, is therefore, in this respect, an exception, 
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is defined by the proportion 
1: AB=a:y. 


IV. Let the points in which any locus-curve C’ touches 
the circles A’ and B’ be respectively p and p, gq and q,. 


“ The chords of contact pp, and qq, are parallel to the 
line L, are always equidistant from, and like wt, perpen- 
dicular to the axis X, (this too holds true when the contact 
is imaginary and the chords are tdeal).”* And conversely, 
“Every two lines equidistant from, and parallel to L, are the 
chords of contact of some locus-curve C* with the circles A’ 
and B’.” Further, “ The tangents [3 drawn from points p 
and p, to circle B’ are each equal to the tangents a drawn 
from q and q, to circle A’, and both lines are equal to the 
length | corresponding to the curve C*.” eset 

“The four points of contact p, p,, 7,97, are always in the 
circumference of a circle M’*, whose centre is the point M.” 
And conversely, “ Every circle M*, described around M as 
centre, intersects the given circles A* and B’ in four points, 
which will be the points of contact of some locus-curve C’ 
with them.” | | 

“ The eight points, in which the given circles are touched by 
any two locus-curves, lie in a certain third conic section D*.” 
For example, the eight points of contact a,,a,, 5,,6,, and a,, @,, 
B,, of the two pairs of common tangents and S, S,, 


lie in a certain conic section D*. And conversely, ‘“ If 


through the four points of contact p, p,, 7, 7, of any curve C’, 
any conic section D* be drawn, it will intersect the circles A’ 
and B’ in four new points p° and p,°, g° and q,°, which will 
hkewise be the points of contact of some other locus-curve C,’ 
with the circles.” | | 

“The four points in which any two locus-curves C* and 
C,* intersect one another, he always in a certain circle M* 
around M as centre.’ And conversely, “ Every circle M* 
around M as centre, cuts any locus-curve C* in four points, 
which are at the same time the points wherein some other 
curve also intersects the same curve 


Hence, as a special case, every curve C” intersects the 
tangents FR and #, in four points, which lie in a certain 
circle M’; and further, these tangents determine equal 
chords in the curve C’: the same applies also to the inner 
tangents S and S_, indeed further : | 


* This theorem is also to be found in the memoir above referred to 


(Crelle’ s Journal, vol. xxxvil. p. 176). 
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“ The four tangents R, R,, S, S, determine in every locus- 
- curve C” four equal chords, and in ‘fact, these chords are each 
equal to the corresponding length l, and are all bisected by 
the line L in the points m, m,, pw, f,.”’ Consequently, any 
length 7 being given, the eight points in which the cor- 
responding locus-curve C’ intersects the four hk, h,, 
S, S,, may be easily found. 

If the two pairs of points of contact, p and p,, g and 4, 
of any locus-curve C* be joined cross-wise by the right 
lines pq, Which may be called Alternate Chords, 
then all alternate chords have the following common pro- 
perty. 

Every alternate chord determines, in the given circles, equal 
chords ; i.e. of, for example, the line Pq. intersects the circles 
A* and B’ a second time in the points p° and q°, then chord 
pp =499 for all positions of p and 9. Further, | 

“ The line L is the locus of the middle m’ of every alternate 
chord, and the perpendicular let fall from M upon any chord 
meets it in this same bisection point m°. Hence, all alternate 
chords are tangential to a certain parabola P.*, of which M 
is the focus, and L the tangent in verter m, of tts azis, 
and which, in particular, has the four tangents hk, R,, S, 8, 


in common with the circles A’ and B* (for these are but 


special alternate chords).” 

Let P and P,, Q and Q, be the common tangents of 
circles A* and and curve C*; the tangents which, 
in the points p and p,, q and q,, touch both the curve C 
and the circles A’ and B’ respectively. These four tangents 
have analogous properties to the four points; I will here, 
however, mention but a few, leaving the rest for after con- 


sideration, when instead of the circles A* and B’ any conic 


sections are given. 


Let r be the intersection point of P and P,, and r, that @& 


of Q and Q,; further, let s and s,, ¢ and ¢é, be respectively 
the points of alternate intersection; ¢.e. of P with Q and P, 
with Q,, of P with Q, and P, with Q, so that, consequently, 
randr,,sands,, ¢ and t, are “opposite corners of a complete 
quadrilateral PP,QQ. 

© The points r ‘and r, are in the axis X, and always con- 
jugate harmonical to the points of similitude x, and z,. 


‘‘ The circle of similitude N’ ts the locus of all ‘alternate 


untersection points s, t, t,.”” 

It must be here noticed, that the tangents P and P. will, 
in one of their positions, ‘coincide with the outer common 
tangents of circles N* and A’, and will then touch N’® in 
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certain points ¢ and ¢,°; in another of their positions they &§ 
will coincide with the inner common tangents of the same : 
two circles, and will then touch NV’ in certain points s° and s, ’; : 
in each of these cases the chord of contact t°t,? or s°s,° touches’ 
the circle B’ in points V, or V, for both tangents Q and Q, 
will simultaneously coincide with the corresponding chord, 
and the curve C* will make a contact in four consecutive 
points with circle B* in the respective point V, or V. (11.). . 
Conversely, ‘‘ If to any two circles A’ and N’, situated with- 
out each other, the two pairs of common tangents be con- 
structed, and in either circle, e.g. N*, the two chords of 
contact, tt,” and s°s,, of the pair of tangents be drawn; 
afterwards, on the segment V,V which these chords of con- — 
tact determine on the axis X, a third circle B’ be described, 
then the circle N* will be the circle of similitude to the circles 
A’ and B’.” | 


Section IV. 


If the given circles A’ and B’ intersect each other, or the 
one be situated entirely within the other, the properties 
established in § JZJ. suffer some modification, or new circum- 
stances present themselves, to embrace which, the conditions : 
(§ J. 1.) for the generating point X, must be more generally . 
defined. ‘This more general definition results from a con- : 

sideration of the powers of the point X, in reference to the 
circles.* As the power of a point X, in reference to a circle 
A* can be an outer or an inner one, and as such, represented 
either by the square of the tangent « from it to the circle, 
or by the square of half the smallest chord a, through it, 
according as the point is situated wethowt or within the circle; © 
so also, when two circles A’? and B’ are given, the locus 
of point X, may be required, for which the sum a,+48,, 
or the difference, a, — 8, or B, -4,, of half the smallest chords 
which can be drawn through it in the given circles, shall — 
equal a given length 7. This condition can, however, be com- 
bined with the above, with respect to the tangents a and £, 
in the more embracing problemn— _ 
“To find the locus of the point X,, for which the (square) 
roots of the like powers in reference to the given circles, A* 
and B*, shall have either a sum or a difference equal to a 
given line 1.” 
If, further, the loci for inner and outer powers, considered 
separately, correspond to the same value /, it is true that ‘ 
y each method a different conic section will be produced, ' 


* See Crelle’s Journal, vol. 1. p. 163. 
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yet the two will have a certain connexion, and may be 


considered as naturally complementary to each other. In 
a similar manner the locus of point Y, may also be required, 
for which the sum or difference of the wnlike-named powers 
(2.e. the tangent to one circle, and half the smallest chord in 


the other,) shall be equal to a given length 7. In this case, J 


however, the required locus is in general a curve of the 
fourth degree. 

With reference to the above, the foregoing properties 
suffer the following modifications, when the mutual position 
of the given circles undergoes the above-described changes. 


Section V. 


I. If we stews the two circles A* and B’ (fig. 1, plate ae 
to approach each other until, meeting. in points U. and V, 
they there touch each other in one point (U,V); then the 
two inner tangents S and S, will coincide with the line L, 
which will then be the common tangent of the circles in the 
point (U,V), with which point, too, the inner point of 
similitude z,, together with many others, will now coincide. 
Consequently, th the first group of hyperbolas Gr( H,’) (§ IL. 11.) 


vanishes, inasmuch as its last constituent ( Ss .) combines 


with its first Z, or in other words, is reduced to the single 
wane with which at the same time the second group 
H,’)commences. This group, as before, ends with the 


: bi A outer tangents (RF,), and it, together with all other 


groups, remains the same as before. 


II. If the circles A’ and B’ cut each other, as in fig. 2, 
the line Z will pass through their points of intersection 
y and s, and through the same points the circle of similitude 
N’=2z,rz,s will pass. The Gr(H,’) begins here, too, with 
the line L, and ends with (RR), their foci, however, no 
longer occupy the whole circumference of the circle of 
similitude NV’, but only its arc rz,s. The groups Gr(H,) 
and Gr(E”*) their former properties (§ 11.). On the 


other hand, a new group of ellipses Gr(£,’) now appears, 


determined by the inner powers, (by the semi-chords 4, 
and 8,) and situated within both circles, in the curvilinear 
two-cornered figure rVsU,r; these ellipses are enclosed 
and touched twice by each circle, the second or minor 
axis of each FE, coincides with the axis X. This Gr(E, *) 
is, In a certain sense, to be considered as the continuation 
of Gr(H,7), that is to say, the transition takes place through 
the line Z, which belongs to both groups, inasmuch as the 
segment 7s must be considered as an £,*; and on ‘the other 
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hand, its two infinitely long segments beyond 7 and s, as 
the two branches of an H,’, for both correspond to the same 
value of J, viz. /=0, or respectively a, = 8, and a= 8; in 
both, therefore, the two points r and s are to be considered — 
as, at the same time, the foci and principal vertices. Con- — 
sequently, the loci of the foci of both groups are in intimate 
connexion with each other, just as the foci of the G7(4H,’) 
are all contained in the arc rz,s, so also are the foci of the 
Gr(£,’) in the are rz,s, of the circle of similitude VV’; hence 


the extremities of every chord of the arc rz,s, perpendicular 


Dee 


to the segment m,z,, are at the same time the foci of an £,’. 
According to this, the centres of the Gr(£,°) are all con- 
tained in the segment mz. If the length / be allowed to 
increase from / = 0, the centre E, of the corresponding locus- 
curve E.* moves from m, to z,; here /(=a,+8,) attains a 
certain maximum limit, and the curve is reduced to its 
centre z,. In this case, that is, when the locus of point X, 
is restricted to a single point z,, the said maximum is repre- 
sented by half the smallest chords passing through z,, both 
of which are contained in the line a,z,8,, perpendicular to 
the axis z, so that a,7,+ 8,v,=4,0, 1s the maximum limit 
of. Hence, “Among all the points within both circles A’ 
and B’, the inner point of similitude x, has the property 
of making the sum of the smallest chords through it a 
maximum.” 

When the length 7 is given, the points p and p,, g and q,, 
in which any inner locus-curve E,’ touches the circles A’ 
and B*, can be constructed in an analogous manner to the one 
before mentioned (§ JJ. 11.). If, for instance, in the circle 
B*, a chord of the length 27 be drawn, and bisected in m, 
then the circle described around B as centre, with radius 
Bm, will cut the circle A’ in the required points of contact p 
and p,.. Further, the limits, where real contacts cease, can 
be determined in an analogous manner. If v be half the» 
smallest chord in circle A’ through point V, and w, half the 
smallest chord in circle B’ through point U,, then the con- 
tacts of curve #,’ with circles A’ and B* are only real as 
long as 7 remains, respectively, smaller than w«, and v; if 
1=u, or J = », the contact with one of the circles in U, or V 
will be in four consecutive points; hence it will be the 
circle of curvature to the respective locus-curve. If radius 
a>6, then v>w,, and the imaginary contacts with circle A’ 
begin earlier than those with B’. Conceive. a curve E’’, 
which touches the circles A? and B’ in real points p and p,, 
q and q,, it will then be evident, that for all points X, in the 


ages 
ary 
4 
4 
Wes 
qj 
% 
Sey 
A 
ot 
AY 
x 
iy 
3 
LA 
Re 


t 
\ 
Rex 
- 
Fay 
ng 
4 


240 On Two new Methods of 


elliptic arcs situated between the points of contact of dif: 
ferent circles, ?.e. in the arcs pg and p,q,, the sum a, + 8, =1. 
On the contrary, for points in the elliptic arcs pp, ‘and 99,5 
between the points of contact of the same circle, the dif. 
ferences 8,- a, and a, - 8, will be respectively equal to the 
constant length l. When the points p and p, are imaginary, 
t.e. if l>u, but <v, then E’ will be divided by points g and q, 
into two arcs, of which the one situated nearest to point U, 
corresponds to the sum a,+(3,; on the contrary, the one 
nearest point V corresponds to the difference a,-f,. If 
all four contacts are imaginary, then for all points 8 in £’, 
the sum a,+ 8,=/. Similar remarks might have been made 
above (§ UII. II. ), with reference to the Gr(E’), and the unlike 
properties of the arcs of the several groups of hyperbolas in 
this respect may, with facility, be more particularly defined. 


III. If the centres of the circles A’ and B’ approach 
each other still more, so that points V, and U, coincide, and 
the circles touch each other, but only in one point (V,U,), 
the two outer common tangents will likewise coincide ‘with 
line Z, which will be a tangent to both circles in point 
(U,V.): it is also to be considered as the last remnant of 
the second group of hyperbolas Gir(H,’), now also vanished, [ 
and at the same time as the commencing constituent of the | 
third group Gr(H,’). The outer point of similitude z,, to- [ 
gether with points of intersection 7 and s, now coincide with 
point (U,V,), so that the circle of similitude NV’ touches the 
given circles in this point. The inner group of ellipses 
Gir(£,’) will here be more complete, their foci will occupy 
the whole circumference of the circle of similitude, and their 
centres its diameter z,2,. The first constituent of Gr(Z,) 
corresponding to the value 7 = 0, is identical with the point 
(U,V,); no other E,’, except it, forms a real contact with 
circle A’, just as no other locus-curve of remaining groups, 
the line L excepted, can make a real contact with circle 
Similarly, the last constituent of Gr(£,’) is reduced to the 
point z,, which corresponds, as above (11. ), to the maximum 
limit of l. | 


IV. Lastly, when B’ is entirely within 
the circle .A’ (fig. 3), the line Z will be situated at a 
certain distance without both circles, whereas the points of 
similitude z, and z,, and hence also the circle of similitude, 
are within the circle Here the Gr(H,?) still exists ; 
commences with the line Z and the value / = 0, and con- 
cludes with the value /= AB, corresponding to the para 
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bola P*; at the same time, the latter is the commencement 
of Gr(E’) which ends, as before, with #2(§ 3, 11.). On the 
other hand, with respect to the interior locus-curves, the 
Gr(E,’) begins with the outer point of similitude z,, and 
in fact with a value of 7 corresponding to the minimum of 
the difference a,-8,. ‘This follows from the following 
theorem: “ Among all points X, within the circle B’, the 
outer point of similitude x, has the property of making the 
difference of the smallest chords, 2a,, 28,, and through i, a 
minimum.” ‘The line a,8.7, perpendicular to the axis X 
in point z,, contains these two particular chords, so that 
t.a° —- z,B° = a°B° is exactly the value of /, for which the 
first EL,’ is reduced to the point of similitude z,. Similarly, 
the last constituent of Gr(E,’) is reduced to the inner point 
of similitude z,, and corresponds to that value of 7 which 
is the maximum of the sum a,+8,, and, as before, (11.) is. 
represented by z,4,°+2,8,°=4,8,°, in the line a, 2,8," per- 
pendicular to axis X in the point z,. In the Gr(£;’), there- 
~ the length 7 varies between the limits /=a@ 8 and 
In the present situation, the circle A’ forms real contacts 
with the exterior locus-curves Gr(H,’) and Gr(£”) alone; 
on the contrary, the circle B’ only with the interior Gr(£,’). 
The limits where, in both cases, the real contacts begin and 
end, may be determined in the above-mentioned manner ; 
and similarly, a length 7 being given, the points of contact 
can be easily constructed by the method already explained. | 

special circumstance with respect to the exterior locus-— 
curves, shall here be more particularly considered. _ | 

Whether any of the Gr(H,’) attain to real contact with 
the circle A’ or not, depends upon whether u,< AB or 
u,>AB; i.e. whether the tangent u,(§JZJ. 1.), from the point 
U_ (which, of all points in A’, is nearest the circle B*) to 
the circle B’, is less or greater than AB. If u,= AB, the 
last constituent alone of the Gir(H,7), ¢.e. the parabola P’, 
makes in U a real contact in four points with the circle A’. 
If, on the other hand, «>A B, then, after P’, follow a certain 
number of ellipses in the Gr(H’), which form no real contact ; 
these, for distinction, we will represent by Gr(£*). For 
all points X, in such an ellipse EH’, the difference only, 
8 -a=1, (the same remark applies also, in this case, to every 
Hf’). The Gr(E’.) corresponds to values between / = AB 
and /=u4,. When /=u, the corresponding ellipse makes a 
contact in four points with circle A’ in U,, and, for its whole © 
circumference, the difference B-a yet equals/; but at the 
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same time it is the commencement of the group of ellipecs 
with real points of contact. From here on, as / increases, 
the E” touch the circle A’ each in two real points p and p, 
by which their arcs are divided each in two parts ; of these, 
the one which overspans U, corresponds to the sum a+ B, 
and the other over U, to the difference B-a. ‘The 

value /= ~ (tangent from U to B’) corresponds to the last E’ 
whose contact with A’ is real; in w that contact is one in 
four consecutive points, and for all points in it, the sum 
alone a+ f=/. From here on, by the increase of J up to 
1= 00, a new section of ellipses are generated in the Gir(£’), 
which we may represent by Gr(H’,); they also form no real 
contact with circle A’, but for every point in their peri- 
pheries the sum a+ ‘alone is made equal to the constant 
length /. Consequently, under the supposition that wu, > AB, 
the contains two distinct sub-groups, Gr(E ) and 
Gr(E’,), both of which enclose, and give imaginary contacts 
with circle A’, but are nevertheless essentially different from 
each other, inasmuch as the points of first make only the 
difference 8-a constant, whilst those of the second make only 
the sum «4+ constant. These different properties will be 
explained by the following nearer relation of the two circles 
to the respective curves. Let, generally, f and f, be the foci 
of an ellipse, and & and &, the centres of curvature of the 
vertices in its major axis ; the two last points are situated 
between the two first, let & be nearest f, and &, nearest f. 
Then the segments fk and f,4, will contain the centres of 
all circles which make two imaginary contacts with the ellipse.* 
Hereby, the relations of Gr(E£*_) and Gr(E’,) towards the 
_ given circles can be thus more strictly defined : 


“ In every ellipse E * the centres, A and B, of the circles 
lic both in the same segment fk or TA 3 whereas tn every 


ellipse E*, these centres are situated in different segments, 
the one wm ” fle and the other in fk.” 


_ From the preceding we may, lastly, deduce the eta. 
theorem : 


“ The locus-curves to two circles and B’, the one 
ws situated within the other, can only contain the description 
E*_(for all points of which the difference only B a= 1) when 
u,> AB; and thereby, the length 1 varies between the limits 
l= AB and l=u sila “And conversely, “ Jf in a given ellipse 
two circles are described, so that their double contact with the 


* See Crelle’s Journal, vol, xxxvil. p. 175. 
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ellipse is imaginary, both their centres being situated in the 


same segment fk or fk, ; then, for all points X, of the ellipse, 


the difference B-a= / is constant, and u, ts always greater 
than AB ; the constant 1, however, greater than AB, but smaller 
than u,.”’ 


Section VI. | 
From the foregoing considerations it is easy to infer that 
if, in a plane, any three circles A’, B’, and D’ be given, 


whose centres A, B, and D are in the same right line X, 


in general a certain conic section C* exists, which with 
reference to each two circles, shall be one of their cor- 
responding locus-curves, and which, as a consequence, will 
form a double contact with each circle. The length 7 cor- 
responding to each pair of circles can, for example, be thus 
determined. | | 

Let a, 6, and d be the respective radii of the circles, and 
the distance of their respective centres be thus represented, 
AB=2, AD=2y,, and BD= 2y,; and further, let the 
length 7, corresponding to the pairs of circies A* and B’, 
A’ and B’ and D’, be respectively 2A, 2A,; then, 


if B lies between A and D, we have the following relations : 


M - + - 7”), 


142 


Section VII. 


If, further, the locus of the points Y, were required, for 
which, in reference to two given circles A’ and B’, the roots 


of the unlike-named powers shall have a sum (a+8, or B+«a,), 


or a difference (a-8,, 8,-%, or 4,8), equal to a given 
length J (§ JV.), (whereby therefore the point Y, must neces- 
sarily be always within one circle and without the other), 
It would be found that, in general, this locus is a curve 
of the fourth degree = C*, which touches each of the two 
circles in four points (real or imaginary); these are easily 
Constructed by means of the concentric auxiliary circles 


(B? and .A.*), as above explained (§ JJ. u1., and § V. 11.). 


When, however, as a special case, 7=0,—+?.e. if merely the | 


locus of a point Y, is required, which, in reference to the 
R2 
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circles, has but equal powers, a=8, or 


8 = a,,—then the curve C* reduces itself to a doubled circle, 
inasmuch as the two parts, of which it in general consists, 


now coincide and form a single circle C,’. This circle C? 


is also thus defined: its centre is the point M, the middle 


of AB; and it has, in common with the given circles, the 
line L as its line of equal powers. If, therefore, the given 
circles. A* and B* cut each other, as in fig. 2, passes 


through the points of intersection 7 and s; if "B "is com- 


pletely within A’, as in fig. 8, then C.’ is situated in the 
space between B and A’; and lastly, if A? and B’ be 
without each other, as in fig. 4, but so that M falls within 
A’, then the circle C’ can yet be real, and will be entirely 
within A? From these properties the following theorem 


may be deduced: 


“The locus of the point having equal but unlike-named 


powers with respect to two given circles A* and B”, is a certain 


third circle C,*, whose centre M is the middle of the line AB, 
joing the centres of the given circles ; and, in common with 
these circles, C. has the line L as its line of equal (and itke- 


named) powers.’ 


The same theorem may be somewhat differently expressed 


thus: 


“ The locus of centre Y, of the circle Y.*, which ts ‘nter- 
sected by one of the given circles A’ or BS (no matter which), 


papery, and by the other in a diameter, is a certain 


fourth circle whose centre M 7s in the niilile of AB, and 


which has a secant L (real or ideal) in common with the given | 


circles.” 


Further, if the given circles A and B’ are concentric, the 
curve C", for every given length /, reduces itself to two 
circles C* and C,’, also concentric with the given circles ; their 
radii ¢ and C, always fulfil the equation 


+ ¢,° =a’ +0’, 


i.e. the sum of the squares of these radii is constant, and equal 
to the sum of the squares of the radii of the given circles A’ 
and B’, with which latter, indeed, the circles C* and @ 


coincide, when When 0, the circles 


and C;’ coincide with each other and form the above-mes- 
tioned C.’, for whose radius c, we have the equation 


=a’ + 
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Section VIII. 


The above considerations revealed the existence of an 
infinite throng of curves of the second order, 7h(C’), 
which possess the property of forming two contacts with 
the given circles A’ and B’; nevertheless, all the conic 
sections possessing this same property are not contained 
therein; on the contrary, there are in general two more 
throngs possessing a like property. With respect to these 
latter, the following particulars are worthy of notice. 

The given circles (indeed every two conics in the same 
plane) have, in common with each other, a triplet of con- 


jugate poles z, y, and z, as well as a triplet of conjugate | 


polars X, Y, and Z; the former are the angles, the latter 


_ their respective opposite sides, of one and the same triangle. 


One of these poles z is in infinity, and in fact, in the direction 
of line Z, of which it is to be considered as the infinitely 


distant point; this pole is always real, whereas both the 


others, y and z, are simultaneously imaginary or real, ac- 


cording as the circles do or do not intersect each other; for © 


they are at the same time the intersection points of the 
axis (or polar) X with every circle which intersects both the 
given circles, A’ and SB’, perpendicularly; or, provided 
the circles are without each oiher, as in fig. 1, the poles 
y and z are also the respective intersection points of the 
diagonal z,z, = X with the two remaining diagonals z,z, = Z 
and y,y,=Y,of the quadrilateral RR,SS,, formed by the 
four common tangents. The three throngs of conic sec- 
tions already mentioned have the following essential relations 
towards these three poles. 

The first locus-curves Th(C”*) have reference to the pole z, 
and shall therefore be represented by 7h(C,’), for the chords 
of contact pp, and gq, of every curve C,’ are parallel to the 
line Z, and hence, with it, directed towards the pole z 
(§ZIZ. 1v.). A second throng of conic sections 7h(C,*) touch 
each of the given circles twice, and have reference, in a 
similar manner, to the pole y, inasmuch as the chords of 
contact, pp, and gq,, of every curve C,* pass through this 
pole. Similarly, a third throng of conic sections Zh (C,’) also 
touch each of the given circles twice; their chords of contact, 
however, always pass through the pole z. The following are 
some of the interesting properties possessed by these two 
last throngs of conic sections. 


(1) “ The chords of contact, pp, and qq,, of every curve C,*, 


as well as of every curve C, are always perpendicular to each 
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other ; and conversely, If through the = y or 2, any two 
secants pp, and qq, be drawn perpendicu r to each other, they 
will intersect the two circles A* and B’ respectively, in certain 


points p and Ge q and hy which will be the pots of contact of 


SOME or 


(2) “ OF the two axes of each curve C,* or C7, the one passes 
through centre A, the other through B. Ususcgnatle, the circle 
M,*, on AB as diameter (§ IZ. 1.), as the locus of the centres of 
the Th(C,"), as well as the Th(C;); so that every of this 
circle is at the same time the centre of a curve C,", as well as 


of a curve C”; and hence, the axes of both these curves Cott 
cide. 19 


(3) The individual curves of the Th(C: as of the 
Th(C), are, among themselves, similar ; and, in fact, the 
squares of the axes of each C,* have to each other the same ratio 
as the distances of the pole y from the centres A and B ; and 
similarly, the squares of the axes of each C} are to each other 
as “ segments 2A and 2B, viz. thus, tf a, B be the semi-axes 


f aC yr which « passes through A, ‘and B through B ; then 
a: =yB: yA; 


and, similarly, f a, B, be the semi-ases of a passing ree 
| spectively through fi B; then 


= De: Az, 


But as y and 2 are conjugate with respect to ide A’ 
and B’, so that 


Ay.Az=a', and Bz, By = 
ut follows from the above that 
at, BB, = b: 4; 


i.e. with respect to every two curves U,* and C?, whose axes 
coincide in direction, the rectangle under the axes passing 
through A, is to the rectangle under the axes passing through 


B, as the radius b of the circle B* is to the radius a y the 
circle 


(4) “ The locus of the foct of each of the two throngs, e.g. of 

Th(C,*), consists, in general, of two circles A,’ and B.* respecr 
tively “concentric with A and B, and intersecting each other 
either perpendicularly or in a diameter. If the principal aais 
of a curve C, a asses through A or B, tts foci f and f, are 
respectively in t circle B* or A). The rectangle u y the 


distances of each pair of foci, ft and fi; from: the. point A, as 
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well as from the point B, is constant, and equal to the square 
of the radius a, or b, of the corresponding circle A,’ or B. ; 


hence | 

AP Af, =a,*, and 
Similarly, the foci of the Th (0) are situated in two circles A,’ 
and which possess analogous properties.” 


(5) “If between the two pairs of points p and Das q and q,, 


in which each curve C,* touches the given circles A* and B", the 


four alternate chords pq, pq, Pd, and p,q, be drawn, all such 
chords will be tangential to a certain conic section Y*, which 


has the pole y as focus, and, in common with circles A* and B’, 
the four (real or imaginary) tangents and h,, S and 8. ; 
its foct y and (the yet unknown one) y, are conjugate harmonical 
points to A and B. Lach alternate chord determines in the 


—errcles A* and B* two chords s and s,; the ratio of these chords 


is for all alternate chords the same, 1.e. 8:8, =k constant. 
Similarly, the alternate chords of the Th(C*) are all tangential 
to a certain conic section Z*, of which pole z is a focus, and 
which also has, in common with circles A* and Bb", the same 


Jour tangents; its foci 2 and 2, are conjugate harmonical 


points to A and B. Here again the alternate chords deter- 
mine, in the given circles, certain chords s and s,, whose ratio 


ts constant, though different from the preceding, e.g. 8: 8,=k, 


constant.” 


(6) “Jf P and P, Q and Q 
circles A* and B’, and curve o* (§ LIL, Iv.) the intersection 
points PP =r and QQ, =1, are always situated in the polar Y, 
and, in their totality, the pairs r and r, form a System of Points 
({nvolution). On the other hand, the locus of the four alternate 
Mersections PQ and P.Q,, PQ, and P,Q, or s ands, t and t, 
(SII tv.), ts a certain circle N i which passes through the same 
pawr of opposite corners, y, and y,,as Y ; the line L is common 
secant to tt, and to the circles A* and B’, so that its centre ts 
also in the axis X. In this respect the Th(C”) also has 


exactly analogous properties.” 


To shew the influence of the several relative situations of 
the given circles on the above properties, we will examine 
more closely their most essential positions; that is, when 
they are entirely external to each other, and when B’ is 
completely within A’. The 7h(C*) and TA(C,’) for the 
intermediate position, where the circles intersect each other, 
are imaginary. 


be the tangents common to 


3 
> 
Fa 
Bo 
/ 
7 
7 
4 
« 


248 On Two new Methods of 


iI. “Uf the circles are without each slaw, as in fig. 1, both 
Th *) and Th(C?) consist of hyperbolas TH H, and Th(H 
the constituents of each throng are, among themselves, similar, 
The circles A* and B,”, described ‘around the Lai A and B 
as centres, and which contain the foct of Th(C,"), intersect each 
other perpendicularly in the opposite and y,, the 
quadrilaterals R, R., 8; and similarly, on the other hand, 

the circles A,* and B intersect each other perpendicularly in the 
corners 2, and Sf the centre of an 1s in the arc y,2,Azy 

of the circle M,, curve itself surrounds the circle 
hence its principal axis passes through B and intersects the 
circle A” in the foci fand f,. On the contrary, if the centre of 
an ET is in the arc y,by,, ut surrounds the circle A*, its prin- 
cipal ¢ axis passes through A, and tts foci are in the circle BY. 
The transition from the one section’ to the other takes place 
through the pair of tangents (RS) and (R,S), which are special 
IT*, and have respectively y, and y, as centres. The hyperbolas — 
HT? have exactly similar properties. The asymptotes of every Hy’ 
pass through the fixed corner points z, and z,; and visnilael, 

the asymptotes of every H,’ pass prea y, and y,.” 


II. “If circle B® is entirely within A’, as in fig. 3, both 
throngs Th (C,’) and Th(C") consist of ellipses Th (£, and 
Th( Every encloses the circle B’, and ts enclosed by 
the circle A®; hence ‘ts principal axis passes always through the 
point B, and its foci f and f, are always in a certain circle A,”, 
around A as centre ; 3 (here the circle B” around B will 
intersected by circle Ay’ in a diameter, but these same ch 
section points are the only real foct it contains). Similarly, 
every I” encloses circle B’ and is enclosed by A”, so that tts 
| principal axis passes only through B, and its foct are all con 
tained in a certain circle A,’ around A as centre.’ 


Section LX. 


Note.—In the foregoing, three examples incidentally pre- 
sented themselves, where the locus of a right line (there 
called alternate chord, § //J.1v. and § VIII. v.), determining 
in the given circles ‘A? and B* certain chords s and s,, of 
constant ratio to each other, was found to be a conic section 
This property is a general one, and furnishes the following 
theorem : 


“ The locus of a line G which intersects two given circles A’ 
and B*, so that the chords s and s, thereby formed have to each 
‘other a constant ratio k, 1.€. 838, =k; ts always a certain conic 
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section All conic sections thus generated, provided the 
value k assumes successively all magnitudes, form a pencil of - 
curves Pn(G") with four (real or imaginary) common tangents 
(R, R,, 8, S.), and, in fact, the given circles A* and B* them- . 
selves belong to this pencil, for they correspond respectively to 4 
the values k=0 andk=an. As above (§ IL IV.), ¢ a 


P*(=G), of which the point M is focus, and the Line tangent 
in vertex, corresponds to the value k=1 or s=s,. The two 
points of similitude x, and x, together form a special G cor- 
responding to the value k =a: b, &c....” And conversely, 
“ The tangents of every conic section G’, which has four real or 
imaginary tangents in common with two circles A* and B’, 
determine, in these circles, certain chords s and s,, whose ratio 
to each other is constant, i.e. for all tangents this ratio has 
a certain value k, &e....” 

Instead of a full discussion of this theorem, the following 
_ few remarks must here suffice. | 4] 

The centres of the locus-curves Pn(G") are all in the axis — 4 
X, with which, too, one axis of the curve always coincides. a 
Whether this same axis coinciding with X be the first or : 
the second, depends upon whether its centre is situated _ 4 
without or within the segment 4B. Hence the curves may ; 
be divided into two groups Gr(G,’) and Gr(G,’). The foci 
of these two groups fulfil the following conditions : 

“ The foct of the Gr(G,") are in the axis X, and each pair 
are conjugate harmonical points to A and B. On the other 
hand, the foct of the Gr(G,’) are in the circle M,’, whose 
diameter is the segment AB = 2c (§ ILI. 1.), so that each pair 
of foct forms, at the same time, the extremities of a chord of 
the circle M,*, perpendicular to this diameter AB.” 

From this it follows, as above, (§ Z7Z. 111. and § VIII. 1v.), 
that both groups fulfil the common condition ; viz. 


“ The rectangle under the distances, f and f,, of each curve G* 
from the point M, the focus of the parabola P,’, 1s constant and 


299 


equal to c’. 


* As early as 1827 I forwarded this, together with several other theorems, 
to the Editor of the Annales des Mathématiques, at Montpellier; afterwards, 
probably by mistake, he allowed them to be published in another name. 
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NOTE ON THE MECHANICAL ACTION OF HEAT, AND THE 
: SPECIFIC HEATS OF AIR. | | 


By Txomson.* 


I. Synthetical Investigation of the Duty of a Perfect Thermo-Dynamic 
Engine founded on the Expansions and Condensations of a Fluid, 
for which the gaseous laws hold and the ratio (k) of the specific 

_ heat under constant pressure to the specific heat in constant volume 


~s constant; and modification of the result by the assumption of 
MAYER’S hypothesis.t 


Let the source from which the heat is supplied be at the 
temperature S, and let 7’ denote the temperature of the - 
coldest body that can be obtained as a refrigerator. A cycle 
of the following four operations, being reversible in every 
respect, gives, according to Carnot’s principle, first demon- 
strated for the Dynamical ‘Theory by Clausius, the greatest 
possible statical mechanical effect that can be obtained in 
these circumstances from a quantity of heat supplied from 
the source. 

(1) Let a quantity of air contained in a cylinder and 
piston, at the temperature S, be allowed to expand to any 
extent, and let heat be supplied to it to keep its temperature | 
constantly S. | | | 

(2) Let the air expand farther, without being allowed to 
take heat from or to part with heat to surrounding matter, 
until its temperature sinks to 7. | 

(3) Let the air be allowed to part with heat so as to keep 
its temperature constantly 7’, while it is compressed to such 
an extent that at the end of the fourth operation the tem- 
perature may be S. | 

(4) Let the air be farther compressed, and prevented 
from either gaining or parting with heat, till the piston 
reaches its primitive position. | 

The amount of mechanical effect gained on the whole of 
this cycle of operations will be the excess of the mechanical 
. effect obtained by the first and second above the work spent 
in the third and fourth. Now if P and V denote the primi- 
tive pressure and volume of the air, and if P, and V,, P, 


* Extracted from the Philosophical Transactions (Part 11, 1852), being a 
Note added to a paper by Mr. Joule on the Air Engine, ee ) 

¢ That is, that the heat evolved when air is compressed and kept at 
constant temperature, is the thermal equivalent of the work spent in the 
compression—(Addition, April 1853.) Experiments recently made by 
Mr. Joule and myself have shown that this hypothesis is so nearly true for 
atmospheric air, that it may be used in all calculations in which the devia- 
tions from ‘‘ the gaseous laws’’ of compression and expansion are not taken 
into account. See Philosophical Magazine, Oct. 1852.. 
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and V,, P, and V,, P, and V. denote the pressure and 
volume respectively, at the ends of the four successive 
operations, we have by the gaseous laws, and by Poisson’s 
formula and a conclusion from it quoted above," the fol- 


lowing expressions :— 


Mechanical effect obtained by the first operation = P V log 7 


Mechanical effect obtained ¢ the second operation 


3} 


Work spent in the third operation 


= P,V, log | 

Work spent in the fourth operation 

( 7) 4 

Now, according to the gaseous laws, we have . 4 


14+ ET 
PY PY, PV = PY, 1+ ES’ 


and  P,V,=P,V,; and, (since V,=V,) P, = P. 


2? 


* From a Letter of the Author’s to Mr. Joule. 

‘“‘To find the work necessary to compress a given mass of air to a 
iven fraction of its volume, when no heat is permitted to leave the air; 
et P, V, T be the primitive pressure, volume, and temperature, respec- 

tively ; : let p, v, and ¢ be the pressure, volume, and temperature at any 
instant during the compression ; and let P’, V’, and 7" be what they become 
_ when the compression is concluded, Then if k denote the ratio of the 
specific heat of air at constant pressure to the specific heat of air kept in a 
space of constant volume, and if as appears to be nearly, if not rigorously 
true, & be constant for varying temperatures and pressur swe shall have 
by the investigation in Miller’s ‘ Hydrostatics’ (Edit, 1835, p. 22)— 

1+ He (— 

1427: \v 
po 1+ kt 


PV ET” 
V -l 
therefore po= PV (— ) 


Now the work done in compressing the mass from volume v to volume 


} v—dv will be pdv, or by what precedes, 

= oF 

. _ Hence by the integral calculus we readily find, for the work, W, necessary 
to compress from V to V’, 


W= PV. {ly 7) 
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effect (denoted by M), the expressions 
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Also, by Poisson’s formula, 


By means of these we perceive that the work spent in 


the fourth operation is equal to the mechanical effect gained _ 


in the second ; and we find, for the whole gain of mechanical 


All the preceding formule are founded on the assumption 
of the gaseous laws and the constancy of the ratio (4) of the 
specific heat under constant pressure to the specific heat in 
constant volume, for the air contained in the cylinder and 
piston, and involve no other hypothesis.* If now we add 
the assumption of Mayer’s hypothesis, which for the actual 


circumstances is P V log 7 JH, H denoting the heat ab- 


stracted by the air from the surrounding matter in the first 
operation, and J the mechanical equivalent of a thermal unit, 


we have E(S-T) 


The investigation of this formula given in my paper on 
the Dynamical Theory of Heat, shews that it would be true 
for every perfect thermo-dynamic engine, if Mayer’s hypo- 
thesis were true for a fluid subject to the gaseous laws of 
pressure and density, whether, for such a fluid (did it exist) 
were constant or not. 

It was first obtained by using, in the formula 


M=JHe 


* From the sole hypothesis that 4 is constant for one fluid fulfilling 
the gaseous laws and having E for its coefficient of expansion, I find it 
follows, as a necessary consequence, that Carnot’s function would have the 


form vi ; where C denotes an unknown absolute constant, and ¢ 
14+H#+C 


the temperature measured by a thermometer founded on the equable ex- 
pansions of that gas. From this it follows, that for such a gas subjected to 
the four operations described in the text, we must have 


1+ES 


which is Mr. Rankine’s general formula. 


E(S—T) 
1+ES+C 


, and consequently, M=JH 
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which involves no hypothesis, the expression 
J 


—+f 
- for Carnot’s function, which Mr. Joule had suggested to me, 
in a letter dated December 9, 1848, as the expression of 
Mayer’s hypothesis, in terms of the notation of my “ Account 
of Carnot’s Theory.”* Mr. Rankinet has arrived at a 


formula agreeing with it (with the exception of a constant 


term in the denominator, which, as its value is unknown, 


but probably small, he neglects in the actual use of the 
formula), as a consequence of the fundamental principles 
assumed in his Theory of Molecular Vortices, when applied 
to any fluid whatever, subjected to a cycle of four opera- 


tions satisfying Carnot’s criterion of reversibility (being in _ 


fact precisely analogous to those described above, and ori- 
ginally invented by Carnot); and he thus establishes Carnot’s 
law as a consequence of the equations of the mutual con- 
version of heat and expansive power, which had been given 
in the first section of his paper on the Mechanical Action of 
Heat.t | 


II. Note on the Specific Heats of Arr. 
Let N be the specific heat of unity of weight of any fluid 


- at the temperature ¢, kept within constant volume, v; and 
let AN be the specific heat of the same fluid mass, under 


constant pressure, p. Without any other assumption than 


than that of Carnot’s principle, the following equation is 
demonstrated in my paper|| on the “ Dynamical Theory of 
Heat,” § 48, | 


where yw denotes the value of Carnot’s function, for the 
temperature ¢, and the differentiations indicated are with 
reference to v and ¢ considered as independent variables, of 


* Royal Society of Edinburgh, Jan. 2, 1849, Transactions, vol. xvi. pt. 5. 
t On the Economy of Heat in Expansive Engines, Royal Society of 
Edinburgh, April 21, 1851, Transactions, vol. xx. part 2. 
t Royal Society of Edinburgh, Feb. 4, 1850, Zransactions, vol. xx. pt. 1. 
|| Royal Society of Edinburgh, Mar. 17, 1851, Transactions, vol. xx. pt. 2. 
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which p is a function. If the fluid be subject to Boyle’s and — 
Mariotte’ s law of compression, we have 


and if it be subject also to Gay-Lussac’s law of expansion, 


dt 1+ 
Hence, for such a fluid, : 


iN No 


In the case of dry air these laws are fulfilled to a very 
high degree of approximation, and, for it, according to 
—Regnault’s observations, 


pv 
= 26215, Ke= "00366, 
1+ Het 


(a British foot being the unit of length, and the weight of 
a British pound at Paris, the unit of force). 
We have consequently, for dry air, 


26215.” 


Now it is demonstrated, without any other assumption 


than that of Carnot’s principle, in my “ Account of Carnot’s 
Theory” (Appendix ITI that 


if W denote the quantity of work that must be spent in 

compressing a fluid subject to the gaseous laws, to produce 
_ HT units of heat when its temperature is kept at ¢4. Hence 
kN - N= 26215Ex 95947 

If we adopt the values of le shown in Table I. of the 

* Account of Carnot’s Theory,” depending on no uncertain 

data except the densities of saturated steam at different 

temperatures, which, for want of accurate experimental data, 

were derived from the value 1693°5 for the density of 


* This equation expresses a proposition first demonstrated by Carnot. 
See ‘‘ Account of Carnot’s Theory,” Appendix III. (Transactions, Royal 
Society of Edinburgh, vol. xvi. part 5.) 
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saturated vapour at 100°, by the assumption of the “ gaseous 
laws” of variation with temperature and pressure; we find 


1357 and 1369 for the values of 


at the temperature 
| (1 + Et) P 
0 and 10° respectively ; and hence, for these temperatures, — 


| 
(¢=0) AN-N= 07071 


99047. 
(t= 10°) = 07008 


Or, if we adopt Mayer’s hypothesis, according to which sf 


| 
is equal to the mechanical equivalent of the thermal unit,* 


W 
we have a 1390; and hence, for all temperatures, 
95.947 
1390 


The very accurate observations which have been made 
on the velocity of sound in air, taken in connection with 
the results of Regnault’s observations on its density, &c., 


= *06908 (a). 


lead to the value 1°410 for 4, which is probably true in three | 


if not in four of its figures. Now, 4 being known, the pre- 
ceding equations enable us to determine the absolute values 


of the two specific heats (AN, and NV) according to the 
hypotheses used in (a) and (a’) respectively ; and we thus 


find, 
Specific heat of air under Specific heat of air in 
constant pressure (KJV). constant volume (JV). 


according to the tabulated values of Carnot’s function. 

Or, for all temperatures, *2374..........000000001684, 
according to Mayer’s hypothesis. 


By the adoption of hypotheses involving that of Mayer, and 
taking 1389°6 and 174 as the values of Jand &, respectively, 
Mr. Rankine finds 2404 and ‘1717 as the values of the two 
specific heats. 


* The number 1390, derived from Mr. Joule’s experiments on the fric- 
tion of fluids, cannot differ by y}o, and probably does not differ by xdo, Of 
its own value, from the true value of the mechanical equivalent of the 
thermal unit. 
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Hence it is probable that the values of the specific heat 
of air under constant pressure, found by Suermann (‘3046), 
and by De la Roche and Berard (°2669), are both consider- 
ably too great; and the true value, to two significant figures, 
is probably °24. | | 

Glasgow College, Feb. 19, 1852. 
POSTSCRIPT. 


In a paper communicated to the Royal Society, along with the above, 
(March 1852), Mr. Joule described a new experimental determination of 
the specific heat of air under constant atmospheric pressure, which gave ‘23 
as a mean result, but he used ‘2389 as probably nearer the truth, correcting 
certain tables, calculated from De la Roche and Berard’s result, which he 
had given in his paper on the Air Engine. M. Regnault has just published 
(Comtes Rendus, Ap. 18, 1853) the results of experimental researches on 
the specific heat of air, by which he finds that for all temperatures from 
— 30° to + 225° centigrade, and for all pressures from one up to ten atmos- 
pheres, the specific heat of air is from *237 to ‘2379, and thus both pushes 
to a minuter degree of accuracy the direct confirmation which the theoreti- 

.cal results published by Mr. Rankine and myself first obtained from 
Mr. Joule’s experiments, and justifies Mr. Joule in the number he actually 
used in his calculations. 


Glasgow College, April 1853. 


ON THE CALCULUS OF FORMS, OTHERWISE THE THEORY OF 
INVARIANTS. 


By J.J. SYLVESTER. 


[Continued from Vol. v11., p. 214.] 
Section VII 
On Combinants. 


Reasons of convenience have induced me to depart from =| 
the plan to which I originally intended to adhere in the 
development of this theory, and I shall hereafter, from time - 
to time, continue to add sections on such parts of the subject 
as may chance to be most present to my mind or most urgent 
upon my attention, without waiting for the exact place which 
they ought to occupy in a more formal treatise, and without 
having regard to the separation of the subject into the two 
several divisions stated at the outset of the first section. The 
present section will be devoted to a brief and partial ex- 
position of the theory of Combinants,* with a view to the | 
application of this theory to the solution of the problem of 
throwing the resultant of three general homogeneous quad- 
ratic functions under its most simple form, being analogous 


* Discovered by the Author of this paper in the winter of 1852. 
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to that given by Aronhold in the particular case where the 
three functions are derived from the same cubic, and be- 
coming identical therewith when the coefficients are accom- 


modated to this particular supposition.* I shall confine 


myself for the present to combinants relating to systems of 
functions, all of the same degree. | me 

If $,, ¢,)-»»$,, be homogeneous functions of any number 
of variables, any invariant or other concomitant of the system 
which remains unchanged, not only for linear’ substitutions 
impressed upon the variables contained within the functions, 
but also for linear combinations impressed upon the functions 
themselves, is what I term a Combinant. A Combinant is 
thus an invariant or other concomitant of a system in its 
corporate capacity (qué system), being in fact common to the 
whole family of forms designated by X,.¢,+A,.6,+...+A,.h,, 
where X,, X,,.-. A,, are arbitrary constants. If the coefficients 
of d,, >,,...$,, be supposed to be written out in (7) lines 
(the coefficients of corresponding terms occupying the same 
place in each line), so as to form a rectangular matrix, any 


combinative invariant will be a function of the determinants | 


corresponding to the several squares of 7° terms each that 
can be formed out of such matrix, or, as they may be termed, 
the full determinants belonging to such rectangular matrix. 
If we call any such combinant X, then, over and above the 
ordinary partial differential equations which belong to it in 
its character of an invariant, it will be necessary and sufficient, 
in order to establish its combinantive character, that A shall 
be subject to satisfy (r-1) pairs of equations of the form 


d d 


where a, b,c...; a’, 0',c..., are respectively lines in the 
matrix above referred to. | 

So any combinantive concomitant will be a function of the 
full determinants of the matrix formed by the coefficients of 
the given system of forms and of the variables, and will be 


* A similar method will subsequently be applied to the representation of 
the resultant of two cubic equations as a function of Combinants bearing 
relations to the quadratic and cubic invariants of a quartic function of z and y, 
precisely analogous to those which the Combinants that enter into the 


Solution above alluded to bear to the Aronholdian invariants of a cubic 
function. 
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‘subject. to satisfy the additional differential just 
above written. 


It will readily be understood furthermore, that an in- 
variant or other concomitant may be combinantive in respect 
to a certain number of forms of a system, and not in respect 
of other forms therein; or more generally, may be combinan- 
tive in respect of each, separately considered, of a series of 
groups into which a given system may be considered to be 
subdivided, without being so in respect of the several groups 
taken collectively. 

In the fourth section of my memoir on a Theory of the 
Conjugate Properties of two rational integral Algebraical 
Functions, recently presented to the Royal Society of London, 


_ the case actually arises of an invariant of a system of three 


functions, which is combinantive in respect only to two of 
them. 

For greater simplicity, let the attention for the present 
be kept fixed upon combinants which are such in respect 
of a single group of functions, all of the same degree in 


- the variables. (It will of course have been perceived that 


when the system is made up of several groups, there would 
be nothing gained by limiting the groups to be all of the 
same degree iter se; it is sufficient that all of the same 
group be of the same degree per se.) 

All such combinants will admit of an obvious and imme- 
diate classification. Let us suppose that a combinant 1 


proposed which is in its lowest terms, that is to say, incapable} 


of being expressed as a rational integral algebraical function>” 
of combinants of an inferior order. Such a combinant may,| 


notwithstanding this, admit of being decomposed into non- 


combinantive invariants of inferior dimensions to its own, 


and in such event will be termed a complex combinant; 
or it may be indecomposable after this method, in which 
event it will be termed a simple combinant. It will pre 


sently be shewn, that the resultant of a system of three) 


— 


quadratic functions is made up of a complex combinant of 


twelve dimensions, and of the square of a simple combina! 


of six dimensions, expressible as a biquadratic function of 
ten non-combinantive invariants, each of three dimension) 


in the coefficients. ‘Lhere is an obvious mode of generating 
complex combinants ; according to which they admit of being 
viewed as invariants of invariants. Supposing ¢,, @,, «+ % 
to be the functions of the given system, d,.p, + X,.9, +.. + Vii} 

may conveniently be termed the conjunctive of the system} 
if now one or more invariants or other concomitants be taker 
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of this conjunctive, there results a derivative function or 
system of functions of the quantities r,,... in which 
every term affecting any power or combination of powers 


. of the (r) series 18 necessarily an invariant or concomitant 


co . 


of the given system. If now an invariant or other con- 


comitant be taken of the new system in respect to X,, A,,.--A,5 
(the original variables (supposing them to enter) being 
treated as constants), this secondarily derived invariant will 


be itself an Invariant, or at all events a Concomitant in 


respect of the original system, and being unaffected by 


linear substitutions impressed upon the A, system, is by 
definition a combinant of such system. A similar method 
will obviously apply if the original system be made up of 


various groups; each group will give rise to a conjunctive, 
and one or more concomitants being taken of this system 
of conjunctives and treated as in the case first supposed, 
(the only difference being, that there will on the present 
supposition be several warelated systems instead of a single 


system. of new variables, several systems instead of 


one only,) the result, when all the » systems have been 
invariantized out (2.é. ‘made to disappear by any process for 
forming invariants), will be a combinant in respect to each 
of the groups, severally considered, of the given Te of 
functions. 

Here let it be permitted to me to make a momentary 
digression, in order to be enabled to avoid for the future 
the 1 convenience of using the phrase “invariant or other 
concomitant,” and so to be enabled at one and the same 
time to simplify the language and to give a more complete 
unity to the matter of the theory, by shewing how every 
concomitant may in fact be viewed as a simple invariant, 
so that the calculus of forms may hereafter admit of being 
cited, as I propose to cite it, under the name of the Theory 


Invariants. 


Thus, to begin with the case of semple contragredience and 
congredience, if &, €... are contragredient to a, any 
orm containing &, , ¢..., which is concomitantive to a given 
form or system of forms S, which contains z, y, z..., may 
be regarded as concomitantive to the system S’, made up 
of § and the rena absolute form &zx + ny + G2 +..., 
say 9; where &, 7, ¢... are treated no longer as variables, 
ut as constants. In like manner every system of variables 
contragredient to 2, y, Z..., or to any other system of 


variables in S, will give rise to a superadded form analogous_ 
to 9, the totality of which may be termed S|; and thus the 
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various systems £, 7, ¢... will no longer exist as variables 
in the derived form, but purely as constants. Again, if 
S contain any system of variables o, ~, 9, &c., contragre- 
dient to z, y, z, &c., the system of variables u, v, w, &c., 
congredient with z, y, z, &c., may be considered as constants 
belonging to the superadded form gu + + 9w...; but if 
S do not contain any system contragredient to 2, y, z, &c., 
then u,v, w, &c. may be treated as constants belonging to 
the superadded system of forms zv~ yu, yw — zv, zu- xw, &e.; 
and so in general any concomitant containing any sets of 
variables in simple relation, whether of cogredience or con- 
tragredience, with any of the sets in the given system S, 
may in all cases be treated (record such sets) as an znvariant 
of the system S', made up of S and a certain superadded 
system S,, all the forms contained in which are absolute, 
by which I mean, that they contain no literal coefficient. The 
same conclusion may be extended to the case of concomitants_ 
containing sets of variables in compound relétion with the 
sets in = given system of forms S. ‘Thus, suppose 
U,, Up» +». U,, to be in compound relation of cogredience with 
as constants belonging to the superadded form 


say ©. And thus universally we are now enabled to affirm, 
that a concomitant of whatever nature to a given system of 
forms, may be reduced to the form of an invariant of a 
system made up of the given system and a certain other 
superadded system of absolute forms: without, therefore, 
_ abandoning the use of the terms concomitant, cogredience, 
-contragredience, &c., which for many purposes are highly 
convenient and save much circumlocution, we may regard 
every concomitant as a disguised invariant, and under the 
name of the Theory of Invariants comprise the totality of 
the theory of Concomitance. I have already had occasion 
to make use of the superadded form Q in discussing the 
theory of the Bezoutiant (a quadratic form concomitant to 
two functions of the same degree in z, y, which plays a 
most important part in the theory of the relations of their 
real roots), in the memoir for the Royal Society previously 
adverted to. 

I now return to the question of applying the theory of 
-combinants to the decomposition of the resultant of three 
general quadratic functions of z,y,z. It will of course : be 
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apparent that every resultant of any system of m functions 
of the same degree of a single set of (7) variables is a com- 
binantive invariant of the system. ‘This is an immediate and 
simple corollary to the theorem given. by me in this Journal, 
in May, 1851. Accordingly, in proceeding to analyse the 
composition of the resultant of three quadratic functions, I 
may, besides impressing linear combinations upon the vari- 
ables, impress linear combinations upon the functions them- 
selves, in any way most conducive to simplicity and facility 
of expression and calculation; and whatever relations shall 
be proved to exist between the resultant and other combinants 
for such specific representation, must be universal, and hold 
good for the functions in their most general form. 


(1) The system, by means of linear substitutions impressed 
upon the variables which enter into the functions, may be 
made to assume the form e 


e+ yy + 
ax’ + by’ + 
la’ + my’ + nz’ + 2pyz + + 2rry. 

(2) By means of linear combinations of the functions 
themselves the system may evidently be made to take the 
form (c-a) +(c-b)y’, 
(a-b)y’ + (a-c) 2’, 
ky’ + + + 


and finally, by taking suitable multipliers of z, y, z in lieu of 


Z,Y, 2, it may be made to become 
(y )s 
+ Ufyz + 2gzu + Bhey. 


We have thus reduced the number of constants in the 
- system from eighteen to five; and as it will readily be seen 
that in any combinant of the system in its reduced form 
p and o can only enter as factors of the simple quantity, 
(po)', for all purposes of comparison of the combinants of 
the system of like dimensions with one another, p and o 
might admit of being treated as being each unity, and 
accordingly, practically speaking, we have only to deal with 
threé in place of eighteen constants, a marvellous simpli- 
fication, and which makes it obvious, d priort, or at least 
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affords a presumption almost amounting to and capable of being 
reduced to certainty, that the number of fundamental com- 
binants of the system, of which all the rest must be explicit 
rational functions, will be exactly four in number; which, 
for the canonical form hereinbefore written, on making © 
p and o each unity, will correspond to 


and will be of the 3rd, 6th, 12th, and oth degrees respectively. 
The reason why the squares of f, g, h, instead of the simple - 
terms f,g,A, appear in the 2nd and 3rd of these forms is, — 
because, on changing z into —z,y into —y, or z into -z, 
two of the quantities f, g, 4 will change their sign, but the 
forms representing the invariants of even degrees ought to 
remain absolutely unaltered for such transformations. I shall 
in the course of the present section set forth the methods 
for obtaining these four combinants, which, although of the 
regularly ascending dimensions 3, 6, 9, 12, belong obviously 
to two different groups, the one of three dimensions forming 
a class in itself, and the natural order of the three others - 
‘being that denoted by the sequence 6, 12, and 9, and not 
that which would be denoted by the sequence 6, 9, 12, the 
combinant of the ninth degree being properly to be regarded 
as In some sort an accidentally rational square root of a com- 
binant of 18 dimensions. | 

Let now o(a’-y")= U, 

o(y'-2') = W, 
+ + + =V. 
The resultant will be found by making 


when (14 2f + 29 + 2h) 
W = (1 - 2f- 29 + 2h)y’, 


W- (1 - 2f+ 2g - 2h) y’. 
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Hence the R 

of- 29 +2h)( 14 2f-29 -2h)(1- 2h) 

=(po) {(1+2hy- 4(f+g)} 2hy - 4(f-9)"} 

= (poy {(1+ 4h? 4f? — 49°) — (4h - 8f9)} 

= (poy [1 8(f*+9°+ h’) + +9 +h')- 
+ 64fgh). 

Let now + 4 vW, 


: being what I term a linear conjunctive of U, V, W. The 
invariant of A, in respect to z, y, z, will be the determinant 


pr, A, GP; | 
hp, pr + OV, SI 
IPs — OV, 


ie. = - 9) + piv - p(f* - 9) wr - popry 
+ parry’; 
or, multiplying by 6, we may write 
I, = 6ddpy + + + 8a,r’v + + 


where d po, b, = 12fgh — 69’, 


the notation being accommodated to that employed by Mr. 
Salmon in The Higher Plane Curves, pp. 182, 184, A, pw, V 
in L.A being correspondent to 2, y, z in Mr. Qalmon’s form. 
If now we employ Mr. Salmon’s expression (p. 184) for the 
(the biquadratic Aronholdian of ), observing that 


a,=0, c,=0, a4,=0, 0, 
we have the complex combinant 
Sry, 


-8(f*+h'— 29°) + 4(12fgh 69’) | 
Hence, calling the resultant R, we have 

+ + + h?f”) 
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Let © be taken the polar reciprocal to the conjunctive 
| | 


and for greater simplicity, as we know, d priori, from the 
fundamental definition of a combinant which (save as to | 
a factor, must remain unaltered by any linear modification 
impressed upon the functions to which it appertains), that 
p and o can enter factorially only in any combinant, let 


p and o be each taken equal to unity in performing the 
intermediary operations. 


| E UE 
(y+ vet vr 
+ O(N Av + 
— fru 
286 {g(wr+ pv) + (9g —fh) 
— 2&n(hpv - fop’) 


Upon ©, which is a quadratic function in respect of each 
of the two unrelated systems E, n, p ; A, mM, v, and also in 


respect of the coefficients in (U, V, W), we may operate 
with the commutative symbol 
‘4 

dé’ dy a 

dn’ dt’ 

£28, 

dr” du’ dv’ 

4 


which, for facility of reference, I shall term 8E. 


Considering the first line as stationary, we shall obtain 
for the value of 8E(Q) 216 commutatives, which may be 
expressed under the following form: 


“4 
sd 
Then | 
| 
} 
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dn’ dt’ 
dé’ dn’ dé’ 
dE? dy’ 
dé’ dn’ dé 
du’ dv’ du‘ dv 
¢ 
dé’ dn’ de | 
lax 


“dv” dx’ dv 
dé’ dn’ de 
aad 
dé” dn’ dg 


<4 
dé’ dn’ dé 
dé dn de 
In this expression the first lines may be considered 
commutable, the second or dotted lines are subject to the 
~ usual process of commutation, which makes three of the 


six permutations positive and six negative; and the third 
or bracketed lines are subject to the simple process which 
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makes all the permutations of the same sign. In the three 
middle groups two of the terms in the final line are always 


identical; it will therefore be more convenient to introduce 


the multiplier 2, and then to consider each such line to 


represent the three distinct taken singly. 


2 


de’ dy’ 2=(Q), 
; 

dn’ dé’ dn” dé’ dt 

dn’ dn’ de’ dg 
@ 

And let 
an? du’ dv’ du dv_ 
Ex dv’ ‘de’ 
aa 

du’ dv’ dv’ dx 


Then, attending to the convention just previously explained, 
we shall have 


EQ) = (Z- 2L'-2L" - 2L" + 2Z,) 
x {(Q) 2(Q) 2(Q)" - 2(Q)" + 2),}, 
a symbolical product, any term in which such as L’.Q 


will mean 
did 
40, 


= 


du’ dv’ du’ dv 
dé’ dg’ dé’ dé 
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and a similar interpretation must be extended to each of the 


25 partial products; we have then | 
L(Q) = -2L(0)=0, - 2L'(2)=0, 
4L(QY=0, 4L(Q)" =0, 
4L'"(Q) = 8f?, 4L'Q") = 8h, 
4L(Q)'=0, 4L'(Q)'=0, 4L'(Q)" =0, 
-40(Q)"=0, 
~41,(Q)' = 49°; 


and, finally, the 5 terms comprised in 


4E (Q), each = 0. 


All the above equations can be easily verified by direct 
inspection, it being observed that 8(Q) represents 


fiw; -w+gw; M+ shy; 
that 8 (Q)’ | 


that 8(Q)" represents 


g(ur+ pv) +(g- fh) 


that 8(Q)” represents 


and that (Q), represents — 


Srp (wr+ py) + fh) hwy 
We have thus" 
E(Q) = 89’ 49° 2 + + Bh? + 4g? 
= 2{4/"+ 4h? 1}. 

Hence BR 4S) QP (A). 
If we restore to U, V, W their general values, and make 

= ax’ + by’ + cz’ + 2fyz + + 2hzy, 

by + 2f'yz + + 2hzy, 

W = + + + + + 2h'zy, 
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and construct the cubic function, 


=(ax+a'y+a'z) (be b'y + b"z) (cu + c'y + 
b"z)-(gx+g'y+ 
+ 

i.e. (abe af? bg’ ch? + 2fgh) zx’, | 
+ 2{a'be+ab'c+ abe'—(a'f*+ 2aff')-(b'9'+ 2bgq') -(c'h?+ 2chh’) 

+ 2f'gh + 2fq'h + 2fgh'} xy 
ab'c'- 2a 2af'f"'- 2a" ff" 
2b:99'— 2bg'g'— 2b" 2chh"— Ach'h'— 2c"hh'+ 2f'g"h 


h'+ "Ggh'+ 2f 2fg"h'| xyz. 
Sr,u,v.L,,. in the preceding equation becomes simply 
the Aronholdian S$ to 3, which may be calculated by 
Mr. Salmon’s formula previously quoted. 
Q may be taken equal to the determinant 
ax+ayr+a'z; ha+hy+h'z; ge+gyt+g'z; &, 
har hy berb'y+b'2; farfyr+f'z; 
And the cubic commutant of this, obtained by affecting it 
with the commutative operator, | | 
dx’ dy’ dz 
dz’ dy’ dz 
dé° dy 
dé’ dn’ dé. 
will give 48EQ if each of the 4 lines of the operator under- 
goes permutation, or 8E(Q), if one of the 4 lines is kept 
stationary. ‘Thus it falls within the limits of practical pos- 
sibility to calculate explicitly, by the formula (4), the value 


of the resultant. I give to the S of 9 the appellation of the 
Hebrew letter yy (shin), and to the commutant of 2 the 


4 
’ 
4 
ie 
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appellation of the Hebrew letter } * (teth). These letters are 
chosen with design ; for I shall presently shew that when 


the 3 given quadratic functions are the differential deriva- 


tives of the same cubic function y, the % becomes the 
Aronholdian 7’ to the cubic function, or, as we may write 
it, Zy~, and the ys becomes the Aronholdian S of the 
Hessian thereto, i.e. S.A. 

Thus for the first time the true inward constitution of 
the resultant of three quadratics is brought to light. The 
methods anteriorly given by me, and the one subsequently 
added by M. Hesse for finding this resultant adverted to in 
Section 2, leads, it is true, to the construction of the form, 


but throws no light upon the essential mode of its com- 
position. 


SOLUTIONS OF PROBLEMS. | 


(Prob. 2, p. 
The solution of Prob. 2, p- 179, is incorrect. The follow- 
ing is the true solution. 
Let a be the radius of the generating circle, 9 the inclination 
of a tangent to the given cycloid to the axis of z. ‘Then the 
equation to that tangent may be easily shewn to be 


y cos@ — x = a(m — 20) cosO......... ad A) 


The equation to the cycloid being transcendental, the num- 


_ ber of solutions of the problem will be infinite. 

Let » be any whole number, and write (27+ 1)4m7+ @ in 
place of @ in equation (A), and then eliminate 6, and we 
shall have an equation of one case of the required locus. 

To take the simplest case, consider only the intersections 
of any tangent of the given cycloid, with the pair of tangents 
at right angles to it on either side, whose points of contact 
are the nearest to the point of contact of the first tangent. 
Here n=0, and we have to eliminate 9 between the equations 


-y sin® = a(m 26) ord 


sin + z = — 2a0 sin 
Hence a=-—7asin6@ cos8, 
x 
therefore sin 26 = 
47 .a 


| 
‘ 
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y = 7a cos 0 240, 
(1 + cos26) 2a0, 


If we would have the equation from the vertex, we must 
write z- 47a in place of x in this equation, and we get, 


after reduction 


= - 2) + @ versin” 


the equation to a Trochoid. 


(Prob. 8, p. 96.) 


Ler m be the mass of one of the particles, v its velocity, 


a the angle at which its line of motion is inclined to the 
diameter ‘through a point at which it strikes the spherical 
surface. ‘The impulsive force which it exerts in the impact 
at this point will be 2mv cosa. After striking it will move, 
with an equal velocity, in another straight line equally inclined 
to the diameter through the point of impact, and it will there- 
fore impinge again at the same angle, with an equal impul- 


sive force; and the same will hold for all the successive 


impacts. ‘The interval between any two successive impacts, 


being the time of describing a chord subtending an angle 


2(47-a) at the centre of the sphere, will be equal to 
2a cosa - 


, where a denotes the radius. Hence the sum of the 


impulsive forces exerted per unit of time by the particle m is 


2mv cosa mv" 
O 
2a a 


To find the continuous pressure per unit of surface equi- 


valent to the effect of the impacts of all the particles, we 
must divide the sum of the impulsive forces exerted by all 


the particles in the unit of time by the whole area Of the 


bounding surface. We thus obtain 


which, if V denote the volume of the hollow space, becomes 

the required expression. 
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_ The second proposition in the enunciation may be demon- 

strated as a consequence, by simply observing that the pres- 
sure at any small part of the surface depends at each instant 3 
only on the masses and motions of the particles infinitely i 
near it, and must therefore have the same expression when 1 
the vis viva of the motions per unit of volume in its neigh- 
bourhood is given, whatever be the dimensions or form of 
the whole bounding surface. 


Second Solution. 


The following general demonstration establishes the truth — F 
of the proposition at once for a space bounded by a surface 
of any form. 

Let w denote an infinitely small area of the surface, and 
let m be the sum of the masses of the infinitely numerous 
particles in a unit of volume which move in directions 
towards the same parts contained within definite limits in- 

finitely near a certain straight line inclined at an angle 6 
to the normal through ow, with velocities between definite 
limits differing infinitely little from a certain amount, v. 
The sum of the masses of all these particles which strike 
the surface within the area w, in the unit of time, will be 


mea cos 8, 


since mv is the sum of the masses of all those of them which, 
in a unit of time, pass a unit plane area perpendicular to 
their directions of motion. Hence the portion due to the 

- motions of these particles, of the whole pressure experienced 
by the area o, is 


2mvw or mv’; 


and, if mv’ denote the vis viva of all the particles which, 
whatever be their velocities, move in directions within the 
prescribed limits, we have 


for the pressure which they produce on w. Now if we 
choose any line parallel to a normal through w, and any 
plane through this line, as axis and plane of refereiice, we 
may take (0, g) and (0+ d0, ¢+ dp) to express by the method | 
of polar coordinates the limits prescribed for the 
motions we have been considering: so that parallels drawn 
to all these lines of motion, through any point in the axis 
of reference, will cut the surface of a sphere of unit radius 
described from this point as centre in an infinitely small area 


do. 
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We must therefore have 


sind 


if g be the entire vis viva of the motions of particles in all 
~ directions, through a unit of volume. By using this in the 
preceding expression , we find — 


for the whole pressure experienced by ow, (the limits of 
integration for @ being 0 to 47, instead of 0 to 7, so that 
only the motions toward and not the motions from w, may 
be included); and, performing the indicated integrations, we 
obtain finally, for the pressure on o, 


309; 
from which we conclude that ! iq is the pressure per ‘unit of 
surface, as was to be proved, — 


Chamoniz, Aug. 18, 1853. 


(Prob. 9, p. 96.) 


Ler X, Y, Z, &c. be the points in which 5 ieee lines 
AX, BY, CZ, &e. meet their opposite spaces, and let the 
areas of these spaces be abe, &c.; and Pa, Pb, &c. the volumes 
subtended at any point P by the areas a, b, &e.s and aBy, &c. 
the product of the quantities a, b, c, &c. by the sines of the 


angles between these areas and the common direction of the 
lines AX, BY, CZ, &c. 


Now V = Pat Pb+ Pet Pat 

a 
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And from theory of volumes, as represented by determinants, 


Xa Xb Xe Xd 0B y 6...|. 
V'(ayzt)=| Ya Yb Ye Yd|=|a0 8... 
Za Zb Ze Zd a 806... : 
Ta Tb Te Td | ja By 0d... 


0111... 
| | 
110 1.. 
1110, 


In the same way, if the lines passed through the point 
_ whose coordinate volumes are Va, Vb, &c., we should find 


(V-Va)(V-Vb)(V-Ve)... 


Vi =(-1).rV. 


: (Prob. 10, p. 96.) : 

Ler z,, y, be the coordinates of a point P referred to the 
axes of the conic ; then, if ¢ is its polar, 0, the perpendicular 
on it from centre, | 

sinter y,  costz 
Hence, for any two points a and 4, 


zY,-xy,  sinlzcos2y —sin ly cos2z 


0,0, : 
sin(12) 
therefore 2(0ab) = ——— 
0,0, 
2(0ab + 0bc + Oca) = 2(abc) = sin 12.0, = ab? 
(ab + )= (abe) = 


Now if p be the perpendicular from the centre on the 
tangent, 7 the radius of curvature, 7p’=a'b*. Hence, as the 
triangle formed from two tangents and the chord of contact 
is its own polar triangle, in the limit the radii will be as 
1,2, 4; and the areas of the inscribed and circumscribed 
triangles as 1, 2. : 

In space of r dimensions, if V be the volume formed from 
the semiaxes of the quadratic surface, we shall have, using 
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the notation of the last question, 
0a.00.0c...(128...) = V (abe...y. 


From these expressions, any pure identities of areas, 
volumes, &c., considered as formed from points, are dualized. 
Thus, having the area of a Pascal triangle in terms of the 
areas derived from the original points, we can write down the 
corresponding expression for the Brianchon triangle. But © 
there is also another form of this function, which in a dif- 

ferent point of view is not of less importance ; I mean that 
in which one of the points is considered as variable. Here, 
if we have given the point equation to a surface in space 7, 
involving any number of ordinates, by certain operations . 
upon it, we can find its line, plane, &c. equations, the last 
of which (the (r-1) space equation) involves this function. 
Thus, in space of 2 dimensions, if the equation involves the 
ordinates p, and p, referred to lines 1 and 2, its reciprocal — 
- equation will involve (412). In cases like this, the most 
convenient form is sin12.(12,), (12,) denoting the perpen- 
dicular from the point 12 on the line ¢. Thus, the equation 


Ap; + Bp? + Cp, = 0 
i gives the reciprocal equation 
| {sin 12.(12,) ? {sin 23.(23,)}” {sin 31.(31,)}* _ 
A B 


‘But it is very remarkable that this is an invariant form of 
all space, so that the polar reciprocal of any point equation 
of a surface will involve functions such as 


where sin(12 ... 7) denotes that function of the angle formed 
from the r inferior spaces corresponding to the sine of an 


angle between 2 lines, and (12...r,) the perpendicular from 
their intersection on the space ¢. 


| (Prob. 1, p. 188.) 

SupposE that the two conics are projected into small 
circles of the same sphere; converting the theorem, we have 
then to shew that if two small circles of the same sphere 
are projected upon a plane (the centre of the sphere being 
the centre of projection*) the normal distance of the point 


_ * This was intended in the problem proposed. 
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of intersection of the transverse or major axes from each 
of the conics is one and the same. pure imaginary quantity. 
This property might be deduced from the known properties 


of focal conics, but it is easier to derive it directly by a 


method which indeed contains implicitly the demonstration 
of these properties of focal conics. 

Let the centre of the sphere be taken as the origin, the 
axes of z being perpendicular to the plane of the conics ; 
then, writing for the sphere, and the plane of one of the 
small circles, : | 

(le + my + nz = 1, 

the equation of the projecting cone is — 


(le + my + nzy = 0. 


And if in this equation we suppose z equal to the perpen- — 


dicular distance of the centre from the plane of the conics 
(z = suppose), we have : 


-(le+my+nyy=0, 


for the equation of one of the conics: this equation shews 


that the conic must have a double contact with the imagi- 
nary circle t+y=0; | 


2. e. the centre of this circle (viz. the foot of the perpendicular 
let fall from the centre of the sphere upon the plane of the 
conics) must lie on an axis of the conic. Moreover the 
radius of the circle, z.e. the normal distance of its centre 
from the conic, is #y, or the perpendicular in question 
multiplied by the imaginary symbol 7; and since the circle 
z’ + y' + = 0 is the same whatever the small circle on the 
sphere may be, the other conic must satisfy the same con- 
ditions, or the foot of the perpendicular must be the point 
of intersection of the axes of the two conics, and its normal 
distance from each of the conics must be one and the same 
pure imaginary quantity. It only remains to shew that the 
axes must be the transverse or major (or more correctly 
‘focal’) axes; in fact, the normal distance from a conic of 
any point upon the non-focal axis is in every case—even 
when the normal itself is imaginary—a real positive quantity, 
so that it is only in the case where the point is upon the 
focal axis that the normal distance can be a pure imaginary 
quantity. | 
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(Prob. 5, p. 188.) 

(a) Instead of heating the air directly, we can produce 
the required effect more economically by means of a per- 
fect thermodynamic engine; and it is easy to shew that 
this is the most economical way. We will consider the air 
heated pound by pound, and sent into the building at the end 
of the heating process. Generally, let 7’ be the temperature 
of the unheated air, S the temperature to which we wish 
it heated. 7’ being the temperature of air, water, &c. 
external to the building, will be the temperature of our | 
refrigerator ; the pound of air to be heated will be our source 
(nominally), and by working the engine backwards instead 
of taking away, we will give heat to the source. 


If a be the specific heat of air, ad¢ units will be required 
to raise the temperature of the pound of air from ¢ to ¢ + dt, 
and the work which must be spent to supply this will be 


Let the whole work spent upon the pound of air be 
denoted by W; then we have 


| W = Jal = dl 
| | 
whence W=Ja ($-1)-(T+ 7) 


Ex. S= 80°, 7'= 50°, Fahrenheit. 


As E is usually given with reference to units centigrade, 
we prefer reducing to that scale. | | 


S = 26° 66' and Z7’= 10° Cent., =:'00366. 


273°22404387, a@=°24, J= 1390. 


* For the formulas regarding the duty of a perfect engine, and the 
mechanical value of each of its cycle of operations, constantly to be em- 
ployed in these solutions, we refer to a paper by Professor W. Thomson 
in the PAtlosophical Transactions, and which appears in the present number 
of this Journal, 
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299°89071) 
283°22404 J 


W = 1890 x 16°66" 283°22404 log 


1390 x {16°66' 167194713} 
157°4438. 


As one pound of air is heated per second, the H. P. of - 


the engine will be got by dividing this by 550, so that 
H.P. of engine = °28626. 


If an engine (probably a steam-engine) be employed to 
drive the heating machine, and economise only jth of the 


fuel, the fuel must have evolved 10 adi units. To heat the 


| J 
pound directly a(S-7) units must be supplied, and 


10 — 


a(S- T) 
case we have been considering, we find that to heat the air 


x 100 gives the per-centage. In the particular 


by means of an engine economising 7 would require 


16°6' 
direct heating. 


(6) Conceive two double-stroke cylinders connected by 


_ tubes and valves in some convenient way, with a reservoir 
between them. Conceive the one to be made of perfectly 
conducting matter, so that there shall be no difference in 


temperature between internal and external air, (practically 


this may be approximated to by immersion in running 
water); the other cylinder must, on the contrary, be per- 
fectly non-conducting. ‘The pressure in the reservoir being 
kept at an amount depending on the required heating 
effect, air is admitted (doing work as it enters) by the former, 
which we shall call the ingress cylinder, and is not allowed 
to cool below atmospheric temperature. It is pumped out 


by the latter, called the egress cylinder, and so heated by 


compression to the required temperature. 


After these very general explanations, we proceed to 
mention more particularly the details of this process. 


Let p’, t’ be respectively the atmospheric pressure and 
temperature, v the volume of one pound of air under 


x 100, or 28°317 per cent. of the fuel required for 
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pressure p and at temperature ¢’, ¢ the temperature to 
which we wish the air to be raised, p the pressure such, 
that, if air under it be compressed to pressure p’, the tem- 
_ perature will rise from ¢’ to ¢, v the volume of one pound ~ 
of air under pressure p and at temperature ¢’, v, the volume 
of air under pressure p’ and at temperature ¢. Now, by 
-Poisson’s formula and by the gaseous laws we have 


—+t 


from which p may be determined. p must be, moreover, 
the pressure in the reservoir, as will afterwards appear. 


Volume of Cylinder. As the apparatus has to supply one 
pound of air per second, it will be convenient to suppose 
the cylinders of such a size, as to contain one pound of 
air at pressure p and temperature ¢. 


Operations in Ingress Cylinder. Suppose the piston at 
the top of its stroke, and the lower part of the cylinder 
connected with the reservoir, and consequently filled with 
air at pressure p and temperature ¢’. Then external air 
admitted above the piston will push it down (p’>p). In 
this the first part of the stroke, admit so much air that, 
when secondly it is allowed to expand at constant tem- 
perature ¢’, we will have reached the end of the stroke 
by the time that the pressure has fallen to p. The lower 
part of the cylinder having been connected with the reser- 
voir, has given to the latter the pound of air it contained ; 
and at the end of the down-stroke the upper part is filled 
with air ready to be sent in by the up-stroke. 


In this operation it is plain that we obtain mechanical. 
effect, and we will naturally spend it, in helping to pump 
the air out by the egress cylinder. 


Operations in Egress Cylinder. Suppose, as before, the 
piston at the top of its stroke, and the cylinder filled with 
alr at pressure p and temperature ¢’. During the whole 
stroke you allow air from the reservoir to enter above the 
piston. During the first part of the stroke you compress 
the air below the piston, until the pressure becomes p’ and 
the temperature consequently ¢. ‘Then expel this heated air 
into the building or whatever place you wish to heat. 
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Estimate of total work spent. 
(1) In egress cylinder : 
mechanical effect obtained during the first part of the stroke 


- mechanical effect obtained during the second part 
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=p’ log p(w-v). 
(B) Whole gain i in ingress 


= =p v log | 
| (2) In egress cylinder : 3 
mechanical effect spent during compression 


v 


work spent during expulsion 


= - pr 

4 

pv 1 

—+t 

E 


-(C) Whence whole work spent in egress cylinder 


1 1 
_ 
| +t 


l 
E 
K t— ty! 
(D) Amount of work spent in both 
= pv 1 P 24 | 
E 
* Modifying this by means of the formulas - 
leet 
a 
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Ratios of expansion : 


| t')K-1 

+t 

in the second cylinder, = 


A slight consideration will shew, that the rates of the 
cylinders must be the same if we consider them as of the 
same size, and as each contains one pound of air at pres- 


sure p and temperature 7¢’, the rate will evidently be 30 
double strokes per minute. 


Let h be the height of the cylinder, and r the radius of the. 
base ; then volume of cylinder = » = m7*h, and if V, be the 
volume of a pound of air under pressure p’ and at 0° Cent., 


(E) V(1+ Ef), 
V(1+ Et). 
The preceding formulas give us the means of calculating 


readily the most useful results. 


We will take as an example, to supply a building 
with one pound of air heated mechanically from 50° to 80° 
Fahr. (solved before, in question (a)). We have then ¢’ =10° 


1 
Cent., ¢= 26°6' Cent., H='00366, 273°22404, p’ = 2114 


we find the following as equivalent : 


1 
= 
K E 
(6-8) -(¢ +p) ; 
which becomes identical with the expression given in division (a) when we 


substitute for 


Rol Ep’ V, the value Ja, which it must have in consequence 


of the relation between the specific heats of air and the mechanical equiva- 


lent of the thermal unit established in another paper in this number of the 
Journal, 
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pounds per square foot. A-=1:41. Then, by (A), 


p= 2114 (289'22404\ 
299°89071 


= 1736°6189 = 2114 x 8214848, 


= 2114 x 


1°217308 

All these forms are useful. 

Volume of cylinder. vo’ = V{1+10£), | 
= 12°383 x 10366, 
= 12°836218. 


= 1:217308 x 12°836218. 
Volume of cylinder = v = 15°6256. | 


A practically useful height of cylinder might be 4 feet, the 
corresponding diameter to which is 2°2302 feet. 
Again, we have, amount of work spent in cooling in this © 


way one pound of air (D) 


41 | 283°22404 


— 2114 x 12°836 log 1217308 
= §491°54 5336°03 
= 15551 estimated in foot pounds. 


As one pound must be supplied per second, H. P. of engine 
required to drive the apparatus = ‘2827. This result ought, 
inasmuch as this apparatus possesses all the qualifications of 


a perfect engine, to be identical with the answer found in ; 
division (a) of this problem; we however find a difference oe 


of ‘0034 between the two, due to the circumstance that 
the number ‘24 which we employed as the value of the 
specific heat of air in the previous solution, also 1°41 for 
K in this, are only approximately true; but the true H. P. 


to two significant figures is ‘28. 
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Ratios of Expansion. In first cylinder ; 


= "8214848, 
v 
go that 3°2859 feet of the stroke passed while air was being 
admitted at pressure 2114, and °71406 feet in allowing this 
to expand to pressure of receiver. 

In second cylinder 

= +869825, 

or ‘5207 feet of the stroke was spent in compressing the air 


from pressure p to pressure p or 2114, the remaining 3°4793 
feet in expelling it. : 


(c) The first suggestion, we believe, of an apparatus for 
cooling buildings by compressing air, was to pump in air 


into a reservoir and allow it to cool to the temperature of the 


atmosphere, on the supposition that if then allowed to rush 
out by means of a stopcock, it would, in consequence of the 
expansion, fall in temperature. Unfortunately however for 
this scheme, it has been found that there is only an almost 


imperceptible depression of temperature (after motion ceases. 
in the air) due to a want of perfect rigour in Mayer’s 


hypothesis. ‘The friction of the air in the orifice &c. almost 
entirely compensates for the cold of expansion. 


The apparatus described in (4) can, however, be very 


simply applied. 

Instead of allowing the air to rush out, and thus heat 
itself by friction, let it out slowly, and make it work a piston 
in a double-stroke cylinder, and we shall not only obtain the 
- full benefit of the cold of expansion, but also gain so much 
work as to make the H. Pp. of the engine required to drive 
the apparatus a mere trifle. 

The working of the apparatus, however, will not be so 


simple as in the last case, for as we are to use the same — 


apparatus, we cannot make the cylinders hold one pound 
of air, and cannot even have the pistons moving at the 
same rate. 

Let p’ and @’ be the smisieaaie: pressure and temperature 
respectively, » the volume of either cylinder, ¢ the tempera- 
ture of the cooled air, p the pressure in the receiver, which 
will be such that if air at pressure p and temperature ¢’ be 
allowed to expand to pressure p’ the temperature will be- 
come ¢, v the volume under pressure p of a quantity of air, 
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which under pressure p’ would fill the cylinder, there being 
no change of temperature, v, volume under pressure p and 
temperature ¢’, of a quantity of air which would fill the 
cylinder under pressure p’ and at temperature ¢. 


| K-1 

E | 


Operations in Ingress Cylinder. Suppose the piston at the © 
top of its stroke, the cylinder full of air at ordinary pressure. | 
Admitting external air above the piston, push the piston 
down until the air below is compressed to pressure p, the ’ 
temperature being kept constant; and then send this com- ee 
pressed air into the reservoir. | oe 

Operations in Egress Cylinder. In the first part of the é 
stroke allow so much air to enter the cylinder from the : 
reservoir, that if allowed to expand in the remaining part 
of the stroke, the pressure and temperature at the end will 
be p’ and ¢ respectively. . 


In Ingress Cylinder. Work spent in compressing air : 
from p to p (temperature constant) ae | | 


= ©) 
Work spent in sending the air into the receiver 
| pv. 
(B') Total expenditure per stroke in first cylinder 


In Egress Cylinder. Mechanical effect gained in partially 
filling the cylinder from reservoir | 


Mechanical effect gained during the rest of the stroke 


1 (=) -1}-p'@ 0,). 
1 
(C’) Total gain per single stroke | e 


1 
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It oneld be a matter of no difficulty to give generally the 
number of pounds each cylinder would contain, and also the 
rate of each piston, but it would only tend to confusion of 
symbols, as we should have to take in the p’s, ¢’s, and v’s of 


| (0), as well as those of this case; we will give these details 
in the example, which is 


t'= 80° Fahrenheit = 26°6' Cent., ¢= 50° Fahrenheit = 10 ea. 


p of course 2114, height of cylinder, as before, 4 feet, and 
consequently, diameter 2°2302 feet. | 
From (A’) we have p= 2114 x 1° 217308 pounds per square 
foot. 

In (6) we found volume of cylinder = 15°6256 = vw, ac- 
cording to our present notation. 


From (B’) we have total expenditure per in 
ingress cylinder 


| 
ve (atl —+f | 
= - 1 

4 Ratios of Expansion. In ingress cylinder, 6 
(ot 
¢ 
q In egress cylinder, 7 
1 
3 — +1)K-! 
pad 


= pv log” = 
= 1'217308 x {the gain in cylinder in ()} 
= 6495'59. 
From (C’) we have total gain per single stroke in egress 


cylinder 1-917308 x {loss in egress cylinder in (5)} 
= 6684°9. 


| 
. 
i 


Solutions of Problems. 285 


Ratios of Expansion. In ingress cylinder 
= ‘8214848, 
| 
and in egress 
= 869825, 


as in the example attached to (0). 


Let y be the number of pounds the first cylinder contains 


at pressure p’(2114), and at temperature ¢' (26°6' Cent.). 
Volume of y pounds = 12°383 y (1 + Ex 26°6) = volume 
of cylinder = 12°383 (1 + E x 10) . 1'217308, as we found in 
(6); hence 
2983-22404 


= 599°89071 


1°217308 = 1°149655. 


Number of single strokes per second 


= *8698348. 
xX 7 


Number of double strokes per minute 
= 26°095044. 
In the second cylinder, let x’ be the number of pounds 


contained by it at p (2114) and ¢(10° Cent.), we easily obtain 


yx’ = 1217308. 
Number of strokes per second 


= = "8214848. 
x 


Number of double strokes per minute 
= 24°6445 44, | 
Whole work spent per second in ingress cylinder 


Whole mechanical effect gained per second in egress cylinder 


: = 5491°54. 


Total motive power required = 5650°036 — 5491°54 
= 158°496 ft. pounds per second. 
Seba: H.P. of engine required to drive the apparatus =°288. 


ee 


| let 6 be the distance between two points (aBy), (a,8 


286 Solutions of Problems. 
(Prob. 7, p. 189.) 
. Let A =area of triangle, rc = sinC, 
da dy 
and (a,8,7,) the differences of their coordinates. Then it is 
easy to shew that 


Let the equation to the inscribed ellipse be 
+ + — 2mnBy — 2lmaB = 0...(2). 


Let (a,8,y,) be the centre; then 6 is a semidiameter, and 
the equations to the centre are 


(3), 
But aa, + bB, + cy, = 2A identically ......... (5), 


by (4), (6), and BA. + 


By ®) and (5), for all values of a, 8, y, 


au, + Bo, + = (9), 
=U, (au, + Bo, + yw,') + 


If 8 be a semiaxis, 6’ is a maximum or minimum ; therefore 


if ,,, are arbitrary, we have, from (1), (6), and (11), 


Op, + U, + by, + CB, =O (19), 
bb, + + CO, + AY, =O (18), 
Ch, + W, + OB, + ba, = O 3 


therefore, by (1), (6), and (11), 
kw, + 2rd’ = a, (12) + B,(13) + y, (14) = 0... (15). 
The result of substituting in (6) proportionals to a,, 8,, 1,5 
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found from ( 12), (13), and (14), isa quadratic i in w, or 6°, and 
the theory of cross-multiplication shews that the absolute 
term does not contain /, m, or n, and that the coefficient of py, 


= 4a(2lmn’b + 2lm’nc) + &e., 


But (area of ellipse)’ « product of values of 8°; | 


This area is to be a maximum; therefore if p,p, are arbitrary, 


_we have from (7), (8), and (1 7), writing down the coefficients 


of dl and dm only, : 


and the equation to the curve becomes 


+ + = 


The equation to the minimum sat auinoe ellipse may be 
established by precisely similar reasoning. 


Nore 1.—If the curve (2) be an inscribed circle, 


a= B, = 
then, by (4), | 


and if 2=at+bre, 


a(s-a) b(s-b) c(s-c)’ 
m n 


or 


cos’4C” 
and the equation is 
atcos$A + cos§B + coshC = 0. 


If the circle touch AB and AC produced, « is negative, and 
the 1s 


= (-a)' cos$A + sing B + yi sin $C. 


Note 2.—If p,, p,, p, be the perpendiculars from A, B, C 
on any straight line, its equation will be 


aap, + bp, + cyp, = 9. 
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NOTE ON PRECEDING SOLUTION. 


[The equations to the maximum and minimum ellipse 
respectively inscribed in, and circumscribed about, a given 
triangle, may also be obtained very simply from the con- 
sideration, that if the triangle be projected so as to become 
equilateral, the ellipse must become a circle. Now it is a 
property of an equilateral triangle inscribed in a circle, that 
the tangents at its angles are parallel to the sides respectively 
opposite to them. ‘This property will not be affected by pro- 
jection. But if the equation to the circumscribed ellipse be 


the equation to the tangent at (Ar) will be 
nB+my=0; 


and in order that this may be parallel to a=0, it is necessary 
that we have | 


b 
or mb = ne = (by symmetry) = /a. 
Hence the equation to the minimum circumscribed ellipse 
becomes | 
+ + (oy)* = 0. 


That the maximum inscribed ellipse will be obtained in a 
precisely similar way.] 
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NOTE ON THE INTERNAL PRESSURES AT ANY POINT 
| WITHIN A BODY AT REST. | 


By J. B. Puzar, Fellow of Clare Hall. . 


One of the theorems respecting the internal pressures 
at any point within a body at rest, to which Mr. Rankine 
alluded in this Journal (No. xxv. p. 54), is so elegant that 
it seems to deserve a place in our University mathematics. 

‘The following proof of it differs slightly from that given 
by M. Lamé, in his Legons sur la Théorie Mathématique 
de l élasticité des corps solides, and the tensions or internal 
pressures to which it refers are only restricted to the mean- 
ing given by the annexed definition. | 


4 


Der. Suppose a body to be at rest under the action of 
any external forces, its constituent particles being maintained 
in their positions of equilibrium by their mutual actions; 
then if the portion of the body cut off by any imaginary 
plane be removed, the equilibrium of the particles in the 
remaining portion may evidently still be preserved undis- 
turbed by applying to each indefinitely small element w of 
the plane surface, so formed, a force wH# having the requisite 
magnitude and direction: designating the position of w by 
the letter M, the force E is taken to be the’measure per 
unit of surface of the internal tension of thé body at the 
point JZ exerted upon the plane area aw | 

This tension E will generally vary at the same point M ~ 
for different positions of a, and the theorem in question 
asserts that if a line be drawn from WM to represent it in 
magnitude and direction, the locus of its extremity will be 
an ellipsoid; and further, that the plane of @ is diametral 
to those chords of another given surface of the second order, 
having M for its centre, which are parallel to the direction 
of EH. 3 
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2 Note on the Internal Pressures at any 


Although Mr. Rankine in the before-mentioned paper hes 
enunciated the two fundamental theorems upon which all 
investigations in this subject are based, and has sketched 
out the nature of their proof, it will be convenient to re- 
state them here: they are, 

(a) If three elementary planes be taken at right vail 
to each other through the same point within any body, and if 
_ X,Y,Z,, X,Y,Z,, X,Y,Z, represent the resolved parts of the 
tensions upon them, estimated according to the preceding 
definition, in directions parallel to their lines of inter- 
section taken as coordinate axes of xz, y, and z respectively, 
six only of these nine resolved forces are independent; for, 
the first plane being that perpendicular to the axis of z, 
the second that perpendicular to the axis of y, and similarly 


Of these forces the three which are normal to their respec- 

tive planes may very well be designated by the symbols 
N,, N,, N,, while the three others, as being tangential to 


their respective planes, may be distinguished by the letters 
T,, T,, T,; so that the resolved tensions will be 


N,, T,, T, for the plane perpendicular to axis of z, 
Py Ny 


(B) If E, E' represent the tensions called into action upon 
— two elementary planes a, a, respectively, situated at the 
same point of a solid body ; ; and if L, L’ be the respective 
normals to these planes ; then the projection of F upon L’ is 
always equal to the projection of E’ upon L. 

Assuming these two theorems, take at any point O of a 
solid body three rectangular axes, and let, in accordance 
with (a), NV, N,, 7,, represent the resolved parts 
of the tensions, which are exerted at the point O upon three 
very small planes respectively perpendicular to the coordi- 
nate axes: also let w be any other small plane at O, its 
- direction cosines being /, m,n”; draw OP to represent both 

in magnitude and Girection the tension upon #; put p for 
its length and 7’, m’, n’ for its direction cosines. Then, from 
theorem (3), we ‘get by the law of projections the following 
relation between the tension upon @ and that upon the plane 
which is perpendicular to the axis of z, 


pl =1N, + mT, + nT, 
similarly pm =1T, + MN, + 
pn =1T, + mT, + nN, 
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Point within a Body at rest. 3 


If it be possible that p should ever be perpendicular to a, 
then would m'=m, n'=n, and (A) would 
become 
W,-  p) l+ T.m+ Tn = 


+ (N,-p) m+ 0) By 
Tm + (N; - p) n= 0 

which, together with 


would form four equations for determining p and its direction 


cosines. 
Eliminating /, m, and n frown (B), we obtain 


p) (Ny - p)- (N, - p) - p) 
- p) T+ 27, 7,7, = 0......(2), 


a well-known cubic which necessarily gives three real roots 
to p; call these p,, p,,,; the corresponding values of /, m, 
and may be easily found from equations (B) and (1). 


We see then that there are three, and in general only 
three, planes passing through any point O of a solid, the 
tensions upon which are perpendicular to them ; these planes, 
and consequently their tensions p,, p,, P,, are at right angles 
to each other; for if we solve equations (4) with respect to 
m, and n, we 


Bam + Byrn 

p 

Bl + + Bn (C), 
p 
| 

~n=Bi+ Bm 

p 


r, A. A,, A,, B,, B,, B, being put for certain cols biaations 
of N and £ which arise from the operation; and these 
——— shew that the plane of ow is diametral to the system 


chords drawn parallel to p in the surface of the second — 


order, whose equation 1s 
Ax’ + Ay’ + Az’ + 2Byz + 4 + K = 0...(8), 


and it is the property of such a surface that the three planes, 
which bisect their chords at right angles, are perpendicular 
to each other. | 
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4 Note on the Internal Pressures at any 


These tensions P Ps May be very conveniently termed 
the principal tensions at O. Take their directions for new 
axes of coordinates, and let x, y, z be the coordinates of P 
when referred to them, and /,, m,, m, the direction-cosines 
_ of w, then, by theorem (8), equating the projection of p upon 
the axis of z to that of p, upon the normal to a, 


| LP, 3 
| = 
2 2 2 
therefore + + (4), 
Pr: Pe | 


which shews that p, the magnitude of the tension upon any 
elementary plane @ at O, is represented by the portion of OP 
cut off by the ellipsoid whose equation is (4) and whose 
semiaxes have the same magnitude and direction as p,p,p,, 
which represent the principal tensions at O. 
It has been already remarked that OP is idee parallel 
to the systems of chords, which are bisected by the plane 
of w, in that surface of the second order whose equation 
referred to the first set of axes was (3); om is therefore 
parallel to the tangent plane at the point where OP meets 
this surface. 

The direction-cosines of the new axes are given by the 


equations (B) and (1): but the equations (B) are identical 
with the following, which result from putting /'=1, m'=m, 


n=n, in(C), | 
(4,-*) Bm+ Bp = 0 
N 
(4,-*) m+ Ba = 0 
Bl + Bm+(4,-*)n=0 


and therefore 
p/\"* p p 


must be identical with (2) and give the same values to p: 
but the transformation of the equation (3) to axes of co- 
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Point within a Body at rest. 


ordinates whose direction cosines are given by (£), produces, 


as is well known, an equation not involving the products 
of the coordinates and one where the coefficients of 2’, y’, 2’ 
are the roots of (5); therefore (3), by the alteration of co- 
ordinate axes, becomes 


Ps 


If p,p,p,» the roots of (2), be all of the same sign, ¢.e. if 
the principal tensions at O be all, either compressive or 
tensile, (6) must be an ellipsoid, and therefore p always, 
whatever be the position of w, represents a force of the 
same kind as p,, p,, p,, whether compressive or tensile. 


If however the roots of (3) be not all of the same sign, 


then A in (6) may be either positive or negative, and 
therefore (6) must be taken to represent at once two hyper- 

boloids, the one of two, the other of one sheet, both having 
a common mympene cone whose equation is 


In this case when OP meets the hyperboloid of two sheets, 
the force represented by it must be of the same kind as 
those represented by the two lke axes of the surface, and 
when it meets the other hyperboloid the force must be the 
same as that represented by the single wnlzAe axis: in inter- 


mediate positions to these OP must lie upon the cone (7), 


and be therefore in the plane of #, which is always parallel 
to the tangent-plane at the point where OP meets (6). 


plane through O upon which there is no tension, and con- 
sequently, by theorem ((3), the directions of the tensions upon 
all other planes through O must le in this plane; hence 
x,y, 2 being as before the coordinates of P referred to 
the directions of the principal tension as a: and /,, m,, 2, 


the direction-cosines of w, z= 0: but — = n,= cosy, if 


| 3 
represent the inclination of @ to the plane of zy; therefore 


2 
—, + cos’y = 1, 
P, 
2 2 


If one of the roots of (2), as p,,=0, then there is one 


2 2 2 
= 0 6 : 
é 
| 
a, 
| 


6 Note on the Internal Pressures at any Point $c. 


the equation to an ellipse in the plane of LY, representing 
the locus of the extremity of OP for all such planes @ as 
are inclined at an angle y to plane of zy. 


Also the direction-cosines of the line in which intersects 


the plane of zy are 1m,, t.e. (from (D)) = J , and they are 


\ 1 2 


therefore proportional to *) and 1 respectively, where z,y, are 


the coordinates of the point where OP produced meets the 
conic section whose equation is 


Pr Pe 


Hence this line of intersection is parallel to the tangent 
to (9) at point z,y,, and the relation between OP and a is 


completely determined. 


If p, and p, have the same signs, (9) is an ellipse, but if 
opposite signs it is an hyperbola and its conjugate, having 
the same asymptotes, because HK may be either positive 
or negative; the nature of the pressure represented by OP | 
may be obtained by reasoning similar to that just employed 
in regard to the hyperboloid (6). 


If two of the roots of (2), as p, and p,, each = 0, then the 
theorem (8) shews that the tension upon every small plane 
through O is in the same straight line as the remaining 
‘principal tension p,; its value for any particular plane @ is 


by the same theorem equal to the projection of p, upon the 
normal to a. 


If two of the roots of equation (2) be equal, (4) and (6) 
represent surfaces of revolution, and it will therefore follow 
that all semidiameters of (4), which lie in a plane perpen- 
dicular to the axis of revolution, represent tensions which 
are normal to the planes upon which they are exerted. 
If the three roots of (2) be equal, then both (4) and (6) 
are spheres; all thé-tensions are therefore normal tensions 
and all have the same magnitude. 


Clare Hall, Cambridge, — 
Feb, 23, 1858. 
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SOLUTIONS OF PROBLEMS. 


(Prob. 2, vol. viii. p. 188). 
_If from a point in the circumference of a vertical circle two heavy — 


eye be successively projected along the curve, their initial velocities 
eing equal and either in the same or in opposite directions, the sub- 
sequent motion will be such that a straight line joining the particles 
at any instant will touch a given circle. } i 
Note. The particles are supposed not to interfere with each other’s © 
motion. | 


_ Tue direct analytical proof would involve the properties 
of elliptic integrals, but it may be made to depend upon the | 
following geometrical theorems. 


(1) If from a point in one of two circles a right line be 
drawn cutting the other, the rectangle contained by the seg- 
ments so formed is double of the rectangle contained by a 
line drawn from the point perpendicular to the radical azis 
of the two circles, and the line joining their centres. | 

The radical axis is the line joining the points of intersec- 
tion of the two circles. It is always a real line, whether the 
points of intersection of the circles be real or imaginary, and 
it has the geometrical property—that if from any point on 
the radical axis, straight lines be drawn cutting the circles, 
the rectangle contained by the ‘segments formed by one of 
the circles is equal to the rectangle contained by the seg- 
ments formed by the other. | 

The analytical proof of these propositions is very simple, 
and may be resorted to if a geometrical proof does not 
suggest itself as soon as the requisite figure is constructed. 

If A, B be the centres of the circles, P the given point 
in the circle whose centre is A, a line drawn from P cuts 
the first circle in p, the second in Q and g, and the radical 
axis in R. If PH be drawn perpendicular to the radical 


axis, then PQ. Pg = 2. AB. HP. 


Cor. If the line be drawn from P to touch the circle in 
T, instead of cutting it in Q and gq, then the square of the 
tangent PT’ is equal to the rectangle 24B.HP. 

Similarly, if ph be drawn from p perpendicular to the 


radical axis pT? =2AB.hp. 


‘Hence, if a line be drawn touching one circle in 7, and 
cutting the other in P and p, then | 


(PTY? (oT HP 
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8 Solutions of Problems. 


(2) If two straight lines touching one circle and cutting 
another be made to approach each other indefinitely, the 
small arcs intercepted by their intersections with the second 
circle will be ultimately proportional to their distances from 
the point of contact. 


This result may easily be dedinced from the properties of 
the similar triangles PPT and ppT. 


Cor. If particles P, p be constrained to move in the 
circle A, while the line Pp joining them continually touches 
the circle B, then the velocity of P at any instant is to that . 
of pas PT to pT; and conversely, if the velocity of P at © 
any instance be to that of pas PT to pT, then the line Pp 

will continue to be a tangent to the circle B. 


Now let the plane of the circles be vertical and the radical 
axis horizontal, and let gravity act on the particles P, p. 
The particles were projected from the same point with the 
same velocity. Let this velocity be that due to the depth 
of the point of projection below the radical axis. ‘Then the 
square of the velocity at any other point will be proportional 
to the perpendicular from that point on the radical axis; or, 
by the corollary to (1), if P and p be at any time at the 
extremities of the line PTp, the square of the velocity of 
P will be to the square of the velocity of p as PH to ph, 
that is, as(P7')’ to(pT')’. Hence, the velocities of P and p 
are in the proportion of PT to pT, and therefore, by the 
corollary to (2), the line joining them will continue a tangent 
to the circle B during each instant, and will therefore remain 
a tangent during the motion. | 

The circle A, the radical axis, and one position of the line 
Pp, are given by the circumstances of projection of P and 
From these data it is easy to determine the circle B by a 
geometrical construction. 

It is evident that the character of the motion will deter- 
mine the position of the circle B. If the motion is oscil- 
latory, B will intersect A. If P and p make complete 
revolutions in the sqme direction, B will lie entirely within - 
A, but if they move in opposite directions, B will lie entirely 
above the radical axis. 

If any number of such particles be projected from the 
same point at equal intervals of time with the same direction 
and velocity, the lines joining successive particles at any 
instant will be tangents to the same circle; and if the time 
of a complete revolution, or oscillation, contain ” of these 
intervals, then these lines will form a polygon of m sides, 
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Solutions of Problems. | 9 


and as this is true at any instant, any number of such 
polygons may be formed. 

Hence, the following geometrical theorem i is true: 

‘“‘ Tf two circles be such that ” lines can be drawn touching 
one of them and having their successive intersections, in- 
cluding that of the last and first, on the circumference of the | 
other, the construction of such a system of lines will be 
possible, at whatever point of the first circle we draw the 
first 


(Prob. 8, vol. p. 188). 


A transparent medium is such that the path of a ray of light within 
it is a given circle, the index of refraction being a function of the dis- 
tance from a given point in the plane of the circle. 

Find the form of this function and shew that for light of the same | 
refrangibility— 


(1) The path of every ray within the medium is a a circle. 


(2) All the rays proceeding from any punt in the medium will meet 
accurately in another point. 


(3) If rays diverge from a point without the medium and enter it — 
through a spherical surface having that point for its centre, they will 
be made to converge accurately to a point within the medium. 


Lemma I. Let a transparent medium be so constituted, 
that the refractive index is the same at the same distance 
from a fixed point, then the path of any ray of light within 
the medium will be in one plane, and the perpendicular from 
the fixed point on the tangent to the path of the ray at any 
point will vary inversely as the refractive index of the 

medium at that point. 

We may easily prove that when a ray of light passes 
through a spherical surface, separating a medium whose 
refractive index is #, from another where it is u,, the plane ; 
of incidence and refraction passes through the centre of the : 
sphere, and the perpendiculars on the direction of the ray : 
before and after refraction are in the ratio of w, to uw, Since | 
this is true of any number of spherical shells of different 
refractive powers, it is also true when the index of refraction 
varies continuously from one shell to another, and therefore 
the proposition is true. 


Lemma II. If from any fixed point in the plane of a 
circle, a perpendicular be drawn to a tangent at any point 
of the circumference, the rectangle contained by this per- 
pendicular and the diameter of the circle is equal to the 
square of the line joining the point of contact with the fixed 
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10 Solutions of Problems. 


point, together with the rectangle contained by the segments 
of any chord through the fixed point. 


Let APB be the circle, O the fixed point; then 
OY.PR= OP’ + AO.OB. 


Y 
Produce PO to Q, and join QR, then Joe 
the triangles OYP, PQR are similar; 4 3s 
therefore 
OY.PR=OP.PQ 
OP’ + OP.0Q; 

OY.PR = OP’ + AO.OB. 
If we put in this expression 40.OB = a’, 
OY=p, PR= 2p, 


it becomes opp = +a’, 
+a 
| 
p 


To find the law of the index of refraction of the medium, 
so that a ray from A may describe the circle APB, m must 
be made to vary inversely as p by Lemma I. 


Let AOQ=~r,, and let the refractive index at A=yp,; | 
then generally 


but at A = 


therefore 


The value of w at any point is therefore independent of p, 
the radius of the given circle; so that the same law of 
refractive index will cause any other ray to describe another 


circle, for which the value of a’ is the same. The value 
2 


of OB is ~ : which is also independent of p; so that every 


ray which proceeds from A must pass through B. 
Again, if we assume yp, as the value of w when r= 0, 


a+r, 
My = By, 
therefore fly 
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Solutions of Problems. 11 


a result independent of r,. This shews that any point A’ 
may be taken as the origin of the ray instead of A, and that 
the path of the ray will still be circular, and will pass 
through another point B’ on the other side of O, such that 
a’ 
OB = 
Next, let CP be a ‘ray from C, a point without the 
medium, falling at P on a spherical 
surface whose centreisC. | 
Let O be the fixed point in the 
medium as before. J oin P O, and pro- 
duce to Q till OQ = GB Through 
Q draw a circle touching CP in P, 
and cutting CO in A and B; then 
_ PBQ is the path of the ray within 
the medium. 
Since CP touches the circle, we have 


= CA.CB, 
= (CO-O4A)(CO+OB); 
| 
but OA = 
3 2 
therefore CP’ = CO’+CO ( OB- 


an equation whence OB may be found, B being the point in 
the medium through which all rays from C pass. | 


Note. The possibility of the existence of a medium of 
this kind possessing remarkable optical properties, was sug- 
gested by the contemplation of the structure of the crystalline 
lens in fish; and the method of searching for these properties 
was deduced by analogy from Newton’s Principia, lib. 1. 
prop. VII. 

It would require a more accurate investigation into the 
law of the refractive index of the different coats of the lens 
to test its agreement with the supposed medium, which is 
an optical instrument theoretically perfect for homogeneous 
light, and might be made achromatic by proper adaptation 
of the dispersive power of each coat. at 

On the other hand, we find that the law of the index of 
refraction which would give a minimum of aberration for a 
sphere of this kind placed in water, gives results not dis- 
cordant with facts, so far as they can be readily ascertained. 
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(Prob. 4, vol. vi11. p. 188.) 


A series of waves, which at sea are twenty feet long from crest to 
crest, and three feet high from hollow to crest, break on a shore which | 
is parallel to their breadth. How much heat is developed per hour on 
each foot of the shore, and how much would the temperature of 180 
cubic feet of fresh water be raised by receiving an equal quantity? [The 
form of a wave at sea, of which the height is a small fraction of /, its 
length, is approximately the curve of sines; its velocity of propagation is 


, a and its mechanical energy is half that of a double elevation and 


depression of the same form without velocity.] 

By choosing the most convenient origin and axes, the 
equation of the wave will he of the form y = / sin a5 where / 


and a are constants depending on the height and length of 
the wave. | | 

When y=0, z,=amm, and as between two successive 
crests the wave meets the axis of z twice, we have 


l= a(mmr) - a(m-2)7 = 2am. 
Alsowhen 2=a(m+4)7, a maximum; 
and when z=a(m+3)m, y=-hk, a minimum; 


so that denoting the height of the wave from hollow to crest 
by h, k=%h, and the equation of the wave becomes 


The proof that its mechanical energy is half that of a double 
elevation and depression of the same form, without velocity, 
is not difficult, but as it is granted in the enunciation we 
need not give it. By means of this proposition however 
we obtain a very important simplification, as in the standing 
wave the motion of any particle is only in a vertical straight 
line. ‘The equation of the standing wave will of course be 


y =hsin —. 


It is evident that the mechanical energy of a wave is the = 

amount of work which we can obtain by bringing it to a : 
level, without producing currents of any kind. To estimate 
this in the case of a standing wave, suppose the wave made 
rigid, and that the portion above the horizontal plane con- 

taining the axis of z be turned over into the depression — 

below that plane. Let P be the weight of a slice of the 
wave above the axis of z, one foot in breadth, and y, the 
ordinate of its centre of gravity, then 2Py, is the value 


y = thsin 
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of the work that can be obtained by this inversion, in other 
words is the mechanical energy of a standing wave. 
Denoting this by 2 W, we have 


2W = 2Py, = dxf dy, 
and as 62°447 pounds is the weight of a cubic foot of dis- 


tilled water, and 1°027 is the specific gravity of sea water, 


p = 62447 x 1°027, 


2We=p y dz = ph’ (sin dx, 


= phil in foot pounds. | 
Mechanical energy of one moving wave =W = iph'l. Ther- 
gat 
J being the number of foot pounds of work agen ent 


to one unit of heat. — velocity of wave = Jae: g! 


Period = : . Number of waves per hour = iV gf x 60°. 


Hence if units of heat pareners per hour opposite one foot 
of the shore = H, 


6 2 

gi 60°h'p 
or 


If a quantity equal to this be distributed among 180 cubic 
feet of fresh water, or 180 x 62°447 pounds, each pound will 
obtain 

gi gt 60°h? x 1:027 

x 180x 62447 8xJx 180 
so that if 7, be the original temperature of the fresh water, 
and 7 its temperature at the end of the hour, 


x 1:027 
8J x 180 


T= T, + 


ay 
* 
4 
a 
d 
4 
= — — sin —— cos —— + — + ’ 
4 
9 
ex 
ue 
a. 


Solutions of Problems. 


Ex. IfJ=20 feet andA=3 feet, 
| 60° x 3” x 62°447 x 1°027 
2x7 8x J 


From the experiments of Mr. Joule, J is found to be 
about 772, if we employ the Fahrenheit unit of heat, and 
consequently about 1890 for the Centigrade. Employing © 
these numbers successively in the formula, we have 


= 3406'22 units Faht. 
= 1891°80 units Cent. 

From the other formula we find | 

T = T, + '3030° Faht. 

T = T, + °1683° Cent. 


(Prob. 6, vol. p. 189.) 


Find the amount of “ potential energy” (mechanical effect of such — 
a kind as that of weights raised) that can be obtained by equalizing 
the temperature of two bodies given at different uniform temperatures, 
and determine the rds be nel to which they are reduced. 

e 


Ex. 1. Let the bodies b equal constant thermal capacities, and 
let their temperatures be 0° atrd 100° respectively. 


Ex. 2. Let the bodies be masses W and W’ of water, and let the 
temperatures at which they are given be 15° and 20° respectively. 


For convenience call the two bodies A and B, A being 
higher in temperature than B. Let 7 be the initial tem- 
perature of the hotter body A, 7’ the initial temperature 
of B, and @ the common temperature to which they are 
reduced. The thermal capacities will depend on the tem- 
peratures of A and B, and will be expressible in some 
function of their temperatures. 7 

Let the initial thermal capacity of A=9'T7T, of B=y’T. 
Generally, thermal capacity of A =9't, of B=wW't, and Wet 
being the differential coefficients, with respect to ¢, of some 
functions and yt. | 

The simplest methodyin our estimation of solving this 
problem, is to suppose a third body C of temperature 6, 
and instead of employing one engine having A for source 
and B for refrigerator, employ two engines, one having A 
for source and C for refrigerator, the other having C for 
source and B for refrigerator. 

As we shall employ perfect thermodynamic engines, it 
is easy to shew that if we take out as much heat from C 
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considered as a source as we give to it as a refrigerator, 
we shall obtain exactly as much mechanical effect by em- 
ploying both engines, as by employing one with source A 
and refrigerator B. In short if the above relation were not 
true, then suppose the two engines produced more mechanical 
effect than the one, the two could then be made to drive 
the one backwards, and raise weights in addition, and we 
should be driven to the absurdity of deriving mechanical 
effect by drawing heat from the refrigerator. 


(1) Consider then an engine drawing heat from <A at 
a variable temperature, and giving part of it out to C at 
temperature 8, and obtaining as much work as possible by 
the transference. 

To diminish the temperature of A from ¢ to t- dt, “eo 
units must be taken away, hence the 


whole heat given out by A = -[- pidt = (¢T- $8). 
rom #98 effect gained by the fall in temperature of A 


from ¢ t- dt 
= J¢'tdt 


dt dt corresponding to H in the formula given in the last — 
number of this Journal by Professor ‘Thomson. | 


Total mechanical effect gained by allowing the tempera- 
ture of A to fall from 7’ to 6 = P, suppose, then we have 


P, -J{ gear. 


Why it should be | and not n needs no remark, if 
| 0 T 
attention be paid to the signs. 


1 
T T + 
t+ — 
E. 
167-90} - $0 
by supposing = $t+C; 
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but we found before (f7'- $@) is the number of units given 
out by A, and therefore the number of units given out to C 


must be (0 ; 3) T- $,0). 


Consider now an engine having C at constant tem- 
_ perature @ as source, and B at variable temperature as 


refrigerator. Consider the circumstances when the tem- 


- perature of B is ¢. To raise the temperature of B from 
to t+ dt, Ptdt units must be added. 


Whole received by B= pe dt = 


As in raising B from ¢ to ytd units are given 
0+ — 


units must have been 


to it, (the refrigerator) y't dt 


i. by the source C. Substituting this for H in the 
forrhula, we have 


Mechanical effect gained in “raising the temperature of B 
from ¢ to ¢ + dé 


E 


Total mechanical effect that can be gained by raising .B from 
1, to suppose, then 


P, = 7) - pT), 
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But as the whole heat given out to B is, as we saw, , 
| | (LO 
the whole heat given out by C must have been 


(a4 


Now we have supposed the body C of such a nature, that 
its temperature is constant during the whole operation; but 
whether we suppose that it receives first all the heat it gets 
from A, and then gives off to B, or that both engines work 
together, and that the one takes out as fast as the other gives 
in, we have at least this condition, that ‘he amount of heat C 
gives out ts exactly equal to the amount it receives, for on 
no other supposition could we substitute two engines for 
one. ‘his gives us the means of determining @, for putting 
the quantity given by the first engine equal to that taken 
away by the second, we have 


| | 
(9+ 2-60) (0+ 5) 
0+ 


from which. @ may be obtained in any case. | 
Hence also we conclude that the terms multiplied by 


(0+ ) in the expressions for P, and P,, given above, 


disappear in the addition, and we have the following ex- 
pression for the required amount of “ potential energy,” 


P = P,+ P,= J{(T- $0) - 


Ex. 1. Let the thermal capacition be equal and constant. 
pt=~t=C 
then oT - 90 = (T- 
and 9,0 = Clog: 
- yf, = T. 
+ — 
- T, = Clog 
T, + 
E 


NEW SERIES, VOL. IX.—Fed. 1854. 


£3 
Row 
aS 
| 
ry 
ee 
| 
. 
x 


18 Solutions of Problems. 


Substituting, we have © 
P = JC(T+T,- 20), 


and log = log mens ty 


whence (14 (7,4 z) . (04 


Der. If we have a body at ¢ Cent., t+ is called its 
absolute temperature. 


From the preceding equations we deduce the curious 
result, that the absolute common temperature is a mean 
proportional between the absolute original temperatures of 
A and B. The formula for P is also interesting. 


Let 7'= 100° Cent. and 7" = 0° Cent. 
= 273°22404 + 319°3’, 
46°1093. 
P = JC(100 - 92°2186), 
= JC x 77814. 
Ex. (2). A = W pounds, and B= W’ pounds of water. 


Then, as the specific heat of water is nearly constant, and 
also is the standard unit, we have 


oT - 40=W(T- 96), YT, = W'(0-T,), 


1 
| 0+ — 
= W log » Ww’ log 
| 
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P=J{W(T-0)-W'(0-T)}, 
J{WT+W'T,-(W+ 9}. 


And W log = W' log 


let T=20, T,=15, W=50, W'=40. 
| =~ 27322404 + {293°22404° x 
= — 273°22404+ 290°9912, 
17°7672. 
P = 1890 x ‘952, 
= 1323°28. 


EXERCISES IN THE HYPERDETERMINANT CALCULUS. 


By the Rev. Grorce Satmon, 


TuE readers of this Journal have been made acquainted, 
by several recently-published papers of Mr. Sylvester, with 
various theorems connecting together different derivatives 
of homogeneous functions of several variables. A method 
commonly employed in discovering such relations is the 
method of “ Canonical Forms,” in which, when it has been 
ascertained what is the simplest form to which the general 
expression is capable of being reduced, the relations found 
to be true between the derivatives of this simplest form 
are known to be true in general. Even however when 
applied to the equations of curves of the fourth degree 
the simplest expressions become so complicated that it is 
dificult to work with them, and at all events this method 
has never appeared to me thoroughly satisfactory, it rather 
shewing that a relation is true than making it plain why 
it is true. A recent perusal of Mr. Cayley’s remarkable 


C2 


4 
=; 
Pre 
4 
= 

= 

t< 

- 

5 

ws 
® 
4 
4. 


20 Exercises in the Hyperdeterminant Calculus. 


paper on Linear Transformations (Journal, vol. 1. p. 104), 
which I am ashamed to say I never studied carefully before, 
leads me to think that by the help of the notation there 
employed, much further progress in this theory may be 
expected to be made. His notation has the advantage of 
not only shewing that each derivative he deals with is an 
invariant or covariant as the case may be, but also of com- 
pletely identifying each particular derivative and affording 
the means of comparing it with others. It is true that as 
the degree of the derivative increases, its symbolical ex- 
pression becomes more and more complicated ; still I should 


hope that if more attention were directed to this method, | 


simpler means of manipulating these expressions would be 
discovered. In the following pages however no new prin- 
ciple is made use of; they contain merely selections from 
different examples to which I applied Mr. Cayley’s method 
when I became acquainted with it, and which I publish 
in the hope that they may induce others to turn their 
attention to the same subject. — | 


I commence with the case of homogeneous functions of 


two variables. In the paper just referred to Mr. Cayley 
proves that if in a function of equations between several 
systems of pairs of variables z,, y,, x,, y,, &c., the analogous 
variables be transformed in each case by the same linear 
substitutions ; then (as is evident enough) the differentials 

| az,” dy, dz,’ dy, 
substitutions; that consequently any symbol of operation of 


dy, da, dy, 
stant coefficient at least) by linear transformations. For the 
operative symbol just mentioned he uses the abbreviation 12”. 
His method then of obtaining the derivatives of a given 
function U which are unaltered by linear substitution, is to 
multiply together any number of times quantities U,U,U, 
&c. (U, being the function U with z,, y, substituted for z 


&c., will also be transformed by linear 


the form 


and y); to operate on the product with the product of any > 


number of the symbols (12)* (23)8(14)’ &c., and after the 
differentiation to drop all the suffixes and suppose all the 
variables z,y,, %,y, equal to z and y. If we operated on 
a product of quantities mot the same, suppose U,V,W,, &c., 
we should then obtain covariant derivatives not of a single 
function, but of a system of different functions. In what 
follows we only speak of derivatives of a single function, 


y will be unchanged (to a con- 
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and therefore drop all mention of the quantity operated on, 
and write (12)" instead of at full length (12)"U,U,. The 
principal equation used for transforming these derivatives is 
the following, given by Mr. Cayley (Journal, vol.vitt. p.121) 
and which is easily seen to be identically true, 


(28) + 3, (81) + B,(12) = (1), 


It] 


where &e. 


dy, 

One important result of the above equation i is that the 
expression for any derivative may be so transformed that 
the highest power of any factor (12) may be an even one. 
For the derivative is unaltered if we interchange the figures 
1 and 2, therefore 


12?” = 12°” +1 = 41 - ), | 
and by the help of equation (1) the quantity ¢,-, can be 
transformed so as to be divisible by (12). 


Thus, for example, the derivative (12)"(13), where m is 
odd, is transformed as follows, 


22 (12)"(18) = (12)"{ (18) - (23)} = 
or if n be the degree of U the function operated on, 
2(n- my (12918) = n(12)"" 


It is to be noted here and elsewhere that the possibility of 
making one of the figures disappear from the symbol for any 
derivative indicates that that derivative is divisible by U. 

Having premised this, I proceed, as the first example, 
to examine a theorem closely connected with one hereafter 
to be discussed. “The result of substituting in the reci- 
for & and n, is divisible 
by U,” (Journal, vol. vii. p. 194). In other words, it is 

dU 


procal of the function, 


required to calculate (a L al U, where L = and 


AL 


M = 7 Writing for shortness the quantity in question Q., 
it is easy to see that 
Q,=(12)(18), Q,=(12)(18)(14), Q,=(12)(13) (14) (15), &e., 
a particular case of the following more general theorem, 
U 
— for & &c., th 


“Tf in any contravariant we substitute e 


dz 


on 
4 
| 
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result will be a covariant whose symbolical expression is 
obtained by substituting in every factor of the symbol for 
the contravariant a new figure for the contravariant letter. 


This will be better understood from the applications of it | 
made afterwards. | 


Ex. 1. Let us go on now to calculate Q, &c. Saustiog = 
equation (1) and assembling the terms which only differ by 
interchange of figures, we have . : 

- 22,2,(12)(18) = 0, 
or 2(n-1/Q,=n(n - 1) BU, 


where I use Mr. Cayley’s abbreviation B, for (12)'U. 


Ex. 2. To calculate Q... Squaring the equation 
= - (23), 
we have 22,5,(12)(13) = £,°(12)’ + - 2,°(28¥, 
2(n-1) Q, = 22 *(12)(14) - (28)(14); 
and the last term on the right-hand side vanishing identically, 
(n- 1) Q, = n(12/ (13)U, 


a result obtained by Mr. Cayley and also by M. Burchardt, | 
(Journal, vol. vil. p. 194). 


(12)(18) is a derivative in its simplest form. When JU is 
of the third degree it is the reciprocal of the first evectant 
of the discriminant, (Journal, vol.1. p. 120). 


Ex. 4. To calculate Q, Multiply together 
28 ,6,(14).(15) = 2,14) + 
and assembling the identical terms | 
4(n-1)'Q, = 43 + 4578 1 
= + 4n*(n-1P U(12)(18Y. 


But the derivative (12)'(13) may itself be further reduced 
as follows.. Raise to the fourth power the equation 


2,(18) = (23), 


and we get | 
= (12)! + = 0; 
but, by equation (2), 
(12)'(13) = 
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2(n-2) (n-8) (129 (18) = n(m-1)(n- 3) UB,...(3); 
3) Q, 

= 8n(n -1)(n-2) (n- UB,’ + ann - 


Ex. 5. To 


Multiply by (16) the product of the first two equations: 
of the last Example, and 


| 4(n-1)'Q, = - 45 (23) (14) (16) + 
or (n- 1'Q, = ~ n(n-1)(n-3) (n-4) B, U{(12)°(13)} 
(12) (18)°(14)}. 
The last term is further reducible by equation (3), which gives | 
or (18)(14) = ,(12)*(14), 
or 2(n-2)'(n- 
= n(n-1)(n- 2) 3) 
Ex. 6. To calculate Q,- 
Multiply together 
(12)(18) = 2,123) - 
[= (14) (15) = (45) - 
232,(16)(17) = - 22,116), 
and we have 
(n - 4) (n - 5)? B12)? (18) 
~ 8n'(n (14). 


We have already seen how (12)°(13) is reduced, and it 
remains to shew how (12) (1sy (14)’ may also be reduced. 
We have at once, by equation (3), 

2(n — 8) (18) = (43 | 


When JU is of the sixth degree, this (12)'(13) is the 
reciprocal of the first evectant of the invariant called by 


' Mr. Cayley D,,,; but it is more convenient to express it — 
3 generally by help of C, = (12)'(23)(31). For multiply 
om t(12)(18) = + (23), 

‘ (21)(28) = B12) + (28) 211 
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and we have 
=- 388,12) + 7(12)(12) 
or 2)(n- 3) B, U-2(n-4)(n- 
Thus Q, is expressed in the form 
| U(aB,U‘+bC,U*+cB,B,U’ + dB,), 


a, b, c,d being constant coefficients. 
In general it may be observed that Q, will be of the form 


U(aU + bB,). 


A series proceeding i in powers of U can easily be made for Q, 
multiplying together | 


= 2,12 + 223, 

14 = 212+ £24, 

= 2124+ 
 &e.; 


and observing that the last term in the right hand side is 


equal with contrary sign to that on the left, we have a series 
of the form 


+ 4 C12)" *(13)(14) + | 
+ D(12)(18)(14)... 
But then this admits of further reduction. 


Ex.7. To calculate the Hessian of the Hessian of U. 
The symbolical expression for this is (Journal, 1. p. 118) 


(a8)(12)(34, where a= 1+2, B=(3+ 4), 
or {(18) + (14) +(23) + (24) = 4{(1 
8{(12)'(18) (14) + 4{(12)(34)(13)(24)}. 


The second term is at once reduced to the first by substi- 
tuting for (18)(14), when we have 


= 2(12)(13)(34) 


Again, the third term is also reduced to the first: for 
multiplying by (12) the product of | | 
— 22,2 (18)(84) = + - 
(24)(84) = 284) + - 
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and (12)(34)(13)(24) = (12)(34)" 

or (24) =(n- 2) (n- 3) B 

— 2n(n-1)(n- 2) UC, + 2(n- 2)" (n— 


Lastly, to calculate the first term, we have 
(127 = (12)°{(13)(24) -(14)(28)P 
= 2(12)(13)'(24 — 2(12)(18)(14)(23)(24), 
2(12)°(18)(14)(28)(24) = 2(12)°(13)(24) - 
But, multiplying by (12) the product of the two equations 
2, (23)(24) = + - 
we have 
or 4(m-2)(m- 8)(12)(13)(14)(23)(24) = 2n(n -1) 0,0 
2(m-2)(n- + 2) (n- 3) BB 
and comparing this with the value previously obtained, 
6(m— 2)(n- 8)(12)(18) (24) 
= 3(n-2)(n-3) BB, + on(n 1) UC, 
- 12(n- 
= 6(n- 2)(n- 3) BB, -4n(n-1)(n-2) U 
6(n- 3)°(12)'(18) (14) (34° 
= 2n(n- 1) 
Hence the Hessian of the Hessian can be expressed in the 
form aB,B,+bUC,, a theorem given by Mr. Cayley (Crelle, 
vol. XXXIV. p. 44), and. which may also be proved more easily 
by shewing that it is true when U is of the fourth degree, 


-and therefore, since no differentials higher than the fourth 
are introduced, must be true in general. 


Ex. 8. It is an important question whether the result of 
elimination between two equations admits of a general sym- 
i bolical expression. ‘The result of elimination between a sim- 
ple equation and one of the wm degree is easily seen to be 
(1a)(16)(1e)...(17), where the figures are symbols referring 
F to the equation of the x degree and the letters to the simple © 
@ equation. Let us now examine whether a general expression 
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can be found for the result of elimination between a quad- 


ratic and an equation of the m" degree. Resolve the quad- 
ratic into its factors and let a and a refer to the differentials 
_ of the separate factors, and the result of elimination is 


(1a)(16)(1e)...... (1n)(2a')(20') (2c’)......(2n') ; 
_ but if A, B, &c. are symbols relating to the quadratic, we 
have A=a+a’, B=6+0', &c.; (1.A)(2A) =(1a2a’) +(1a’) (2a) 
(since vanishes); and 
We shall write this (14)(2A)=[1,0]+[0,1], where the 
first figure denotes the number of unaccented letters com- 


bined with 1, and the second the number combined with 2. 
In this notation then | 


= [1,0] + 9] + 


Similarly (1.4) (2N'(1B)(2B)...1M)(2M) 
1] +(@- 2) [(n- 2), 2] + &e. 
= 16( [n 2, 2] + (n- 4) &e. 
Hence the result of elimination, viz. [n, 0], is 


n(n-3) (14)(1B)(2N (2C) &e. 
the next coefficients being ORES 
n(n—4) (n-5) m(n-5) (n—6) (n-7) & 


(These are the coefficients that occur in the expansion of 
the sum of the inverse ” powers of the roots of a quad- 
ratic.) | 
_ A similar process may be applied to higher equations, but 
as it appears likely that the formula, even in the case of 
a cubic, would be very complicated, I have not thought it 
worth while to pursue the subject. | 


- 


_ Ex.9. The result of elimination between two quadratics 
is, by the preceding series, | 


2 {(18) (14) (23) (24)} - (18)*(24)°, 
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where 1,2 refer to the first, aud 8,4 to the second. But 
since we have identically 


(12) (34) = (18) (24) - (14) (28), 
2(18) (14) (23) (24) = 2(13)*(24)? (12)°(34)’, 


and the result of elimination is 


(18)*(24)? - (12)°(84) 
or, in terms of the coefficients, | : : 
(ac' + ca’ - 2bb')* - 4(ac - 8°) (a'e' - 6"), 
a form found by Mr. Boole. | 


Similarly, the result of elimination between a cubic and 
quadratic is 


4{(1a) (15) (12) (2a) (26) (2e)} - (2e), 
and 1a) (26) (16) (2a) = 2 (1a)"(26)" - (12)"(ad)"; 
therefore the result is 


(1a)?(2b)? (10) ( 2c) 2{ 7(12) (1¢) (2c)}, 


and so generally the series can be transformed in powers 
of (ab)’, that is of BB-AC. 

I proceed now to the case of homogeneous functions of 
three variables. We use the abbreviations (123) to denote 
the determinant 


adfd.d@ dad ddd 
dz,\dy, dz, dy, dz 


(412) to denote the determinant 


dy, dz, dy, dz dz, dz, dz, dx 
dz, dy, dx, dy, 


d 
+904 ae + By + yz. 

I notice in the first place that (123)* is six times the Hessian 
of the function U, and that (a12)* is the function called by 
Mr. Sylvester the bordered Hessian, and is the same as the 
equation which I have called the polar conic of a line with 
regard to a curve of the third degree (Higher Plane Curves, 
p. 151). The curve S (2b. p. 101) is rid (a12)* and is the 
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the invariant (123)*, while the curve 7’(26. p. 102) 
Is. (a@12)° (a28)*(a31)*. Any invariant of a function of two 
vital becomes a contravariant of a function of three by 
prefixing a contravariant symbol a@ in each factor of the 
symbolical expression for the invariant, and Mr. Cayley 
has noticed that the discriminant of a function of two vari- 
ables treated in this manner gives the equation of the 
corresponding reciprocal curve. 

_ These symbols are transformed by the identical equations 


=(123) = = (234) + 2,(124)...... (A); 
P(128) = &(a23)+ + Zfal2)....(B), 
(123)(145) + (124) (158) + (125) (184) = 0...(C), 
(a12)(a34) + (423) (a14) + (431) (424) = 0...(D). 


Since the terms in the last are obtained by cyclically 
permuting 1, 2, 3, it follows that if the whole equation be 
multiplied by any quantity unchanged by such a permuta- 
tion, every term must be separately zero. In this manner 
are proved the equations of which use is made afterwards, 


(123) (a23)(a14)=0; (123) (a28)(a14) (445) = 0, &e. 


I proceed now to investigate by this method the problem | 


of finding the curve which passes through the points of con- _ 
tact of the double tangents to a given curve. It is proved 
(see Mr. Cayley’s paper, Crelle, vol. xxxiv., and Higher 
Plane Curves, p. 81) that if we denote by &, the result 
of substituting 


du du du du du dw. 


in{ z then #, will always be of the form 


R= PU+Q + yz)’, 
and that if we form the discriminant of the equation © 
Q) 42@ 
the result will be divisible by (az + By + yz)", and will 
give the equation of the double tangent curve required. 
The object of what follows is to perform the actual calculation 
of Q,, Q,, &c. And first it is easy to see that R, may be 
= (a12)(a13), = (412)(a13)(a14), 
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Ex. 10. To calculate R,. Square the equation B, and 
we have | 


P* (128) = 82," (a12)' - 6=,=, (al 2) (a1). 
We shall denote (a12)" by G, and (123)" by HZ, 
then | 6(n- 1) R, = 8n(n-1) GU - Pir, 
6(n-1) Q,=- H,. 
Ex. 11. ‘To calculate R, From equation B, 
(a12) = P?(123¥ - 2P= =, (128) (028) 
+ - =, (a31) - =, (al2). 
‘Multiply by (214), two of the terms vanish identically and 
-2(n-1) R, = P* (128) (a14) - 2n(m-1) U(al2) 
- 2(m-1) Q, = (128) (a14).. 
Ex. 12. To calculate Q,. In what follows we omit the 
terms multiplied by U indicated by one or more figures 


disappearing from the symbolical expression. Multiply 
together 


25 =(a12)(a18) = 2P=Z(128) (423) 
+ =, (423) - - 
(a15) = P(145) (a45) 

- + 20147, 
and 4(m-1)* R, = P*(123)?(145) - 4 P°= (128) (145) (a45) 
+ (423) 

+ 4P = (128) (a28) (145) (a45) - 4P=,(128) (a28)(a45). 


But the last two terms destroy each other, since, on sub- 
stituting in the first of them for P(145), 


= (445) + =(a51) + =(al4), 
the difference vanishes identically. Hence 
1) Q, = P(128) (145) - 4(m - 8) P(1238)'(145) (a45) 
+ 2(n - 2)(n 3) H,G;. 


Ex. 13. To calculate the double tangent curve when U 
is of the fourth degree. 
Its equation is (see Higher Plane Curves) 


Q? = 8Q,Q.. 
Now 1)'Q, = (123)’ (417) (456)° (48), 
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but. =(a17) =,(a18) = P(178) - =,(a78), 
- =,(048) = P(478) =,(a78). 
Multiplying, we have 


or — 8(n—1)°Q? = P*(123)*(456)*(178) (478) 
| 2(n 2) PH,(128) (178) (a78) + - 2)? H2G,. 
Hence, 2(n - 3) 3(n - 2) Q,Q, is proportional to 
2(n— 
which when x = 4 reduces by equation A to the single term 
(128)° (456)* (178) (148) = 0.* 


If it be required to find whether this equation be or be 
not identical with the form which M. Hesse has given for 
the same curve (Crelle, x11. p. 285, and Higher Plane Curves, 
p- 89); first 1 answer that (123)*(456)’{178) (478) ts iden- 
tical with the left-hand side of his equation. ‘The function 

given by M. Hesse is obtained by substituting in the bordered 
Hessian = for a, &c., and therefore may be written (278) 


(378) (1238)* (456), where a=14+2+38, B=445 46, and this 
expanded gives only terms of the form (123) (456)*(1 7 8) (478). 

But the right-hand side of my equation is mo¢ identical with 
that of M. Hesse. His right-hand side is found by operating 


on AT with S fe a, &C., substituted 1 in the bordered Hessian, 


that is to say (a45)’(123)*, where a = 1+24 3, or 
(123)* (145)? + 24 (145) (245) (128)*}. 
There is then apparent disagreement between our results. 
But I shall prove as follows that the last terms altogether 


vanish on the supposition U=0. First let us denote by 8” 


(123) (124) (284) (314), (it is in fact Aronhold’s invariant) ; 
then from equation A 


US = = 8{(125) ( 124) (284) (314)}, 


* At first I imagined that this equation might be represented as a 
symmetrical function of the curve and the Hessian — 


(1238) (234) UUHH, 
the first two figures referring to the curve and the second two to the 
Hessian. It would be so if the sign had been +4in equation EF. It is F 
worth mentioning, however, that the points of contact of common tangents | 
to two conics lie on a conic, whose equation is 


(123) (234) UUVV = 0. 
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and (125) (124) (234) (134) = (125)’ (134) (234) 
+ 2(245) (125) (284) (134). 
But multiply together the two identical equations 
(245) (184) - (124) (345) - (145) (234) = 0, 
(245) (123) — (124) (235) + (125) (234) = °, 


and - 3(125)? (184) (234) +6{(125) (245) (134) (234) } = 0. 


Therefore the quantity (123) (145) (245) reduces to US' and 

therefore vanishes on the supposition U=0. It is to be 
_ noted that these are the only terms which exist when U 
is of the third degree. | 

The omission then of these superfluous terms renders the 

actual calculation of the quantity (123)’ (145)" much more 
easy in the form I have given it, than in that given by 

M. Hesse. In fact we have only to square the bordered 


Hessian («1 2)’ and in it write — for a, &c. 


As a step to. the scildeeatinn of the corresponding pro- sod 
blems for the fifth and sixth degrees, I add the values of . 
Q, and Q,, which however are probably capable of further 


reduction : 
+ 2(n~- 8) (n- 4) G(123)’ (a14) 
4(n— 8) (n 4) (123) (423) (145) (a45) (a16) 
8(n-1)'Q,= (145)? (167) 
— 6 P*(n 5) (128)? (145) (167) (267) 
+ 83P*(n— 4) (m 5) G,(123)* (145) 
+ 12P*(n — 4)(m — 5) (128)? (145) (a45) (167) (267) 
8P(n - 8) (n- 4) (m - 5) (128) (a23) (145) (445) (167) (a67) 
- 12P(n - 38) (m— 4) (m - 5) G(128)* (145) (a45) 
+ 5(m 2) (n- 8) (n- 4) (n- 5) 


I proceed to give an illustration of the application of this 
method to a different problem. Mr. Sylvester observed 
that a curve of the fourth degree has got a covariant conic 

section of the fifth degree in ‘the coefficient of the original 
equation. I noticed myself that it has got another covariant 


conic of the eighth degree in the coefficients which I ascer- 
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tained to be distinct from the former. The rules for the 
calculation of each leading to very laborious processes, it 
remains to be seen whether any simplification is gained 
by the use of this method. ‘The first conic is obtained by 


operating on H with od and substituted for a, &c. in G, 


that is {(145) + (245) + (845) }* (123); and since the curve 
1s only of the fourth degree this reduces to the two terms 
(145) (245)°(128)° and (123)’(145)*(245) (345). Here then 
it appears we have two covariant conics whose coefficients 
contain those of the original equation in the fifth degree. 
It remains to be seen whether they are the same or different, 
but on this question | cannot pronounce at present. The 
calculation of the former is comparatively easy. It is 


d 
effected by substituting — for a, &c. in the contravariant 
conic dx 


| (a12)° (134)? (234), 
which involves the coefficients only in the fourth degree. 
“Sept, 23, 1853. 


POSTSCRIPT. 


Ex. 14. To End the discriminant of a function of two 
variables of the fourth degree. 


The following is a general process by which invariants 2 
may be formed of the same degree in the coefficients of the : 
equation, as the discriminant. Take two sets of (n-1) | 
symbols, 1, 3, 5, &c., 2, 4, 6, &e., and form a product of : 
(m - 1) factors, each factor containing one of each set. ‘Thus, | 
in the present instance, we form (12)(34)(56)=@. Then, = | 
by cyclically permuting one of the sets of the symbols, we 
form (n-1) products in all. ‘Thus, in the present instance, 
we have 

(14) (36) (52) = 33, (16) (32) (54) = @. 


Then any function of the nm” degree of these quantities 
A, %3, €, &c. will be an invariant of the given equation, 
and of the same degree in the letters as the discriminant, 
and will vanish identically if the function have more than 
yn equal factors. ‘The two difficulties in the general theory 
are, first, to ascertain which of these functions 7s the dis- 
criminant, and secondly, to discover the relations which exist 
between the different invariants which may be so formed, and 
to find the simplest form to which they may be reduced. 
Thus, for instance, when 7 is even it is easy to see that 
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An PAB: being id number of factors in the. 

‘product @, &e. 

In the case then of an equation of the fourth degree, the 
different invariants that can be formed are A‘, A*33*, ABE, 
omitting €°%3, which we know to be only lat. The first 
problem is to form a combination of these invariants, which 
will vanish identically if the given function be of the form 
uv, where uw is of linear dimensions. To do this, suppose 
the function to be of this form; substitute for 1, a+a 
(a referring to » and ato w’) for 2, 6+ 3, &c., and examine 
the effect of this substitution on each of the invariants in 
question. It is obvious that the terms in which either a or a | 
enter above the second degree vanish; and denoting by M 
the condition (aa)", that « should be a factor in v, we can find 
without much trouble that on this substitution we should have 


@=216M*, = ABC = 
and hence that the discriminant may be expressed by any 
of the three equations 


36 7 


Next, for the reduction of these quantities, a obviously : 
= Be. Multiply together the three identical equations, 


2{ ( 12) (34) (14) (32) } = (12)” (34)* + (14)? (32)” - (13)? (24)’, 
| _2{(84) (56) (36) (54)} = (84)* (56)* + (36)* (54)* - (35)* (46)*, 
(56) (12) (52) (16) } = (56)? (12)? + (52)? (16)* (51)* (26)*, 
Again, 
= (15)? (35)? (46)? (2 12) (34) + (14) (23) }? = 24733? 
+ 2[(15)*(35)*{ (14) (26) (12) (46) } {(34) (26) (28) (46)}] ; 
but 2{(14) (26) (12) (46) } = (12)°(46)* + (26)*— (16)*(24), 
2{ (84) ( ) (26) (23) (46) } = (23)* (46)* + (34)* (26)? (86)*(24)’; 


Hence the expression for the discriminant becomes 
B? = 

and we have LB? + 107, 


= 1B) 


It is to be observed, that we have here made use of one 
equation more than was necessary for the solution of the 
problem. 
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CONSIDERATIONS ON CONIC SECTIONS 1N DOUBLE. 
CONTACT WITH EACH OTHER. | 


By Pror. STEINER. 


Section X. 


In the former memoir,” the properties of all conic sections 
touching ‘each of two given fixed circles twice were con- 
sidered. I propose here to append more general considera- 
tions, where, instead of two circles, any two conic sections _ 
in fixed position will be given, (which may again be re- © 
_ presented by A’ and B*), and where, in a similar manner, 

the properties of all conic sections touching each - the given 
ones twice will be considered. | 


I. In order to have a definite case (figure) in view, let 
us imagine, or construct, two ellipses A’ and B’, intersecting 
each other in four points 1, s, ¢, uv, and consequently, having 
four real tangents R, S, 7, U in common; let R& be the 
tangent from whose points of contact two elliptical arcs lead 
immediately to the intersection 7, and similarly for the rest. — 
The four intersections form a complete quadrangle rstu, and 
the four tangents a complete quadrilateral RSTU. Let us 
distinguish the three pairs of opposite sides of the first, 
and their intersections, as well the three pairs of opposite 


angles of the latter, and its three diagonals, by the follow ing 
letters : 


Side and Intersection Zz, = z. 


rteH and se=H; - ag HH, = y. 

ru=Z and st=Z; ZZ, = 
Angle BS=& and TU=£; Diagonal = X. 
and SU=7,; nn, = Y. 
and ST=f; = Z. 


The intersections z, y, z of the three pairs of opposite 
sides of the quadrangle are the common triplet of conjugate 
poles of the two ellipses, and the three diagonals X, Y, Z 
of the quadrilateral are the common triplet of conjugate 
polars of the same: hence it follows that 


Intersection XY=z, XZ= YZ=2, and | 
Line syuZ, yeu Xo 
Further z, y and ©; 2,,2and 7,; y, z and & are four 


* Math. Jour., vol. vu. p. 227, 
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harmonical points, as well as X, Z, Y and Z,; X,H, Z and | 
H,; Y, 5%, Zand @, four harmonical lines. 

Employing this, together with the notation and nomen- 
clature already introduced in the former memoir, the pro- 
perties under consideration may be thus expressed. 


II. All conic sections C* in double contact with each of 
the given ellipses A’ and B’, in consequence of their relation 
to the three poles z, y, z, may be divided into three distinct | 
throngs 7h(C.), Th(C*), and Th(C) (§ VIIL) which in 


general, however, have like properties, so that, for brevity’s 


sake, we need here only consider the TA(C,’). 

(1) “If the curve C’ touches the ellipse A* in the points 
and p,, and the ellipse B* in the points q and q,, the chor 
of contact pp, and qq, pass through the pole x, and are always 
conjugate harmonical to the opposite sides & and =.” And 
conversely: “Jf through the pole x any two lines G and H 
be drawn conjugate harmonical to the sides & and &,, they will 
intersect the ellipses A” and b’ respectively in certain points 


- py p, and q, 4,5 80 that in these points the — will be touch:d 
l 


by some curve C,’ ; and alternately, H will intersect A’, and 
G will intersect B* in certain points py, p, and q, q, , 80 that 
in these same points A* and B* will be touched by some other 


(2) “Tf between each two pairs of corresponding points of 
gece and p,, q and q,, the four alternate chords pq, pq, 
pq and pq, be drawn (§ VILL. 5), they will all be tangents to a 
certain conic section X*, inscribed in the quadrilateral RSTU, — 
and touching the two opposite sides & and &,: (inasmuch as the 
latter as well as the tangents R, S, T, U are themselves special 
alternate chords).”” And further: “ The two pairs of tangents, 
drawn from the two intersections of the polar X with the ellipse 
B* (or A*) to the conic section X*, touch the latter in the same 
points in which it is intersected by the other ellipse A* (or B*).” 

(3) “If through the four points of contact p and p,, q and q,, 
any arbitrary conic section D* be drawn, it will intersect the 
given curves and B* in four new points and and q,’, 
so that in these same points A* and B* will be touched by some 
other curve C.” Aud conversely: “ The eight points of 
contact of any two curves UC,’ with the ellipses A* and B* he 


always in some conic section D*,” 


= 


“All curves C,* have, in common, x and & as pole and 
polar. Of the common. secants to any two curves C,”, one 
par, G and H, always passes through the pole x, and they 
are always conjugate harmonical to & and &..” 
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(4) Kuery four points of contact p, 9, le on the one 
hand with the angles r and s in a conic section M*, and on the 
other hand with the angles t and u in a conic section M*. All 
the conic sections M*, hereby defined, touch each other in the 
points r and s, so that they there have common tangents P and 
and the common chord of contact rs = 2, thus forming 
a special pencil of curves Pl(M*). Let m be the intersec- 
tion of the tangents P and 3; it is, situated in the polar & 
and m and & are pole and polar in reference to all M* or 
Pl(M*). Let a and b be the poles of the side Z in reference 

to A’ and B", these are also situated in X, and let c be the 
intersection of X and =: then the four points a, m, b, ¢ are 
harmonical, so that the pole m is defined by the three points — 
a, b, c, which are to be considered as given, and by means of 
m, the tangents P and & (= mr and ms) are also determined. 
In an exactly similar manner, all conic sections M,* touch each 
other in the points t and u, so that they there have common — 
tangents of contact T and YT, and the common chord of contact 
tu = hence they form a special pencil of curves Pl (M,"); 
and further, the intersection m, of T and Y, together with the 

poles a, and b, of the side =, in reference to the ellipses A’ 

and B*, lie all in the same polar X; and 7f c, be the inter= 
section of X with E,, then the four points a,, m,, b,, c, are 
harmonical ; therefore from a,, b,, c, the pole m, is determined, 
and from the latter the tangents T and T.” “ The two pairs 
of tangents P and 3%, T and Y, thus determined, also touch the 
above conic section X", the locus of all alternate chords (2); 
and indeed P and & touch tt in tts intersections with the side Z., 

and similarly T and YT touch it in tts intersections with the 
side Z, so that alternately, with respect to X*, m 7s the pole 
of &,, and m, the pole of .” It these two pairs of tangents 
are assumed as given, we can conversely assert that “ Hvery 
conic section M*, which touches the lines P and & in the points 
r and s, intersects the given curves A® and B? in four points 
p and p,, q and q,, (as well as in r and s), which are the 
points of contact of some curve CU,” with them.” “ The four 
mutual intersections of every two C? are always situated in 
a conic section M* (which touches P and & in r and s); and 
conversely, every conic section M” intersects any curve C? 
in four points, through which some other curve C{ also passes. 
The same applies to the conic sections M,’.” 


Ill. (1) “Let P and P,, Q and Q, be the tangents of con- 
tact of a curve C,’ with the given curves A* and B*, then the 
intersections PP, = p and QQ, = q le always in the polar X, 
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and are always conjugate harmonical to the angles & and &..” 
And conversely: “ If in the polar X, any two points g and h 
are taken, conjugate harmonical to the opposite angles — and &., 
then the tangents P and P., Q and Q, drawn therefrom to the 
curves A® and B” are at the same time tangents of contact of 
these curves with some curve C,’ ; and similarly, the tangents 
P’ and P’, & and Q, drawn (alternately) from h to A*, and 
from g to B’ are at the same time the tangents of contact of 
some other curve C,* with A* and B*.” 
(2) “ Every two pairs of corresponding tangents of contact 
 Pand P.,, Q and Q, have four alternate intersections PQ and 
PQ, P.Q and P.Q,; the locus of all these alternate inter- 
sections is a certain section circumscribes the 
uadrangle rstu, and also passes through the opposite angles 
and And further: OT he she pole 
a to the ellipse B? (or A”) intersect the conic section Z* in the 
same points in which it 1s touched by the four tangents which 
it has in common with the other ellipse A* (or B*).” 


(3) “Tf any arbitrary conic section D* be drawn, touching 
the four tangents of contact P and P., Y and Q, wt will have, 
in common with the given curves A* and Be two more 
pairs of tangents P° and P*, and which will always 
he the tangents of contact of some other curve C, with 
A’ and B’.” And conversely: “ The eight tangents of con- 
tact of any two curves CU,” with the curves A* and B* are 
always tangential to some conic section D*.” “ Of the mutual 
intersictions of the tangents common to any two curves C,”, 
one pair, g and h, are always situated in the polar X, and 


are always conjugate harmonical to the opposite angles € 
and & .” 


(4) “ Hvery four tangents of contact P, P., Q, Q, are on 
the one hand, together with the tangents R and S, touched by 
a certain conic section M*, and on the other hand, together with 
the tangents T' and U, are touched by a conic section M,*. All 
the conic sections M*, hereby defined, touch the tang.nts R and 
S in the same points p and o, and hence they there touch each 
other also, so as to have po =M as there common chord of 
contact, and € and M as their common pole and polar ; they 
Jorm consequently a special pencil of curves PI(M*). The chord 
of contact M passes through the pole x, as also do the polars 
of — in reference to A’ and B*, which we may call A and B; 
and if further, the line x& be T, then the four lines A, M, B, T 
are harmonical, consequently M is defined by the three others, 
which may be considered as given, and M determines the points 
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p and o, inasmuch as they are its intersections » with Rand 8S. 
In an exactly similar manner, the conic sections M,’, or Pl(M,’), 
touch the tangents T and U in two certain points t and v, de. 
de.” “ The two parrs of points of contact p and oO, and v 
thus defined are situated in the above conic section &*, the locus 
of alter nate intersections (2), and in fact, the tangents in p 
and o to & pass through the angle &,, and the tangents to the 
same conic section in + and v both pass through the angle &, 
so that in reference to Z, inversely, M 1s the polar of &,, and 
M, the polar of &.” Assuming the four points p and a, 
rt and v as known, we may conversely assert that, “* very 
conic section M° (or M,*) which touches the tangents R and 8 
(or LT’ and U) in the points p and o (or r and v) has, m 


common with the pao curves A* and B*, two other pairs of 


tangents P and P.,, Q and Q, which at the same time are 
tangents of contact of some curve C,* with A* and B’.” And 
further: “ The common tangents of any two curves 0. always 
touch one of the conic sections M’, as well as one of the M,” 
and conversely Every conic section M*, or has four 

tangents in common with every curve C , which are also 
touched by some other curve 


IV. “If wn the two points where the side H (I1.) ts intersected 


by any curve C,", the tangents to the latter be drawn, one of 


them will always pass through the angle §, the other through & 
and similarly, of the two tangents to the same curve in its two 
points of intersection with side H,, the one always passes through 
C, the other through €.” Or conversely : ant fro om the angle 


0, or €, the two tangents to a curve C,” be drawn, the pownt 


of contact of the one tangent will always be in the side H, and © 


that of the other in the side H,.” “ And in like manner, of the 
two tangents to any curve C, in its points of intersection with 
the side Z, or Z,, the one always passes through the angle n, the 
other through n,3 or SOE. Of the points of contact made 
by two tangents drawn from “the angle n, or 1.) to any curve 
curve U,", one is situated in the side Z, the other in the side Z,.’ 


As before remarked, all the Reriaeina theorems, referring 
to the T7h(C,*), are, in analogous manner, applicable to the 
throngs Th(C, *) and Th(C*), so that each theorem is 
virtually thrice present. The elements which are each time 
involved may be easily recognised. For instance, in theorem 
(1v.) where unlike-named elements are involved, the com- 


bination is, 
Th (C,’) with Z, and 9, 7,3) 
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and hence, the combinations for the two other cases are 


Th(C,’) with {77 Z, and £, 


3, and 9, %, ; 
There are theorems, however, which at the same time refer 
to two throngs; for example, the following: : | 


V. (1) “All poles of the side 2, in reference to the Th (C,") 
as well as in reference to the Th(C,’), together with its two 
poles a and b, in reference to A* and B*, le entirely in one 
and the same conic section M,", which is one of the above 
pencil Pl(M’) (11. 4), therefore touches the lines P and & in 
the angular points r and s; it passes also through the two 
pairs of opposite angles n and ,, § and €, of the quadrilateral 
RSTU.” “In like manner, all " of the side EB, in re- 
ference to the Th(C,*) and Th(C,), together with its poles 
a, and b, in reference to A* and B’, are situated in a certain 
conic section M,,*, which belongs to the above pencil Pl(M,’) 
(11. 4), therefore touches the lines T and ¥ in the angular points 
t and u, and passes also through the same opposite angles 
andy, € and ¢.” This theorem also is thrice present, 7.e. 
with respect to each of the three pairs of opposite sides of 
the wenleuiide rstu, and to the two throngs of unlike name 
with the side each time involved. ve 


(2) “ All polars of the angle & in reference to the Th(C.”) 
and Th(C i together with its polars A and B in reference 
to A* and B’, are tangents to a certain conic section M,”, which 
latter belongs to the above pencil PI(M’) (111. 4), therefore 
touches the tangents h and S in the points p and o, and 
further, is also tangential to the two pairs of opposite sides 

Hand H,, Z and Z, of the quadrangle rstu. And in similar 
manner, all polars of the angle &, im reference to the Th(C,") 
and Th (oy, together with its polars A, and B, in reference 
to A* and B*, touch a certain conic section M,,”, which latter 
belongs to the above pencil PI(M,°), and therefore touches the 
tangents T and U in the points x and v, as well as the sides 

H and H,, Z and Z,.” 


VI. Note. The above properties are true for the case 
supposed, that is to say, when the four mutual intersections, 
as well as the four common tangents of the given conic 
sections A’? and B’ are real, whereby, however, the latter 
/ * need not be ellipses, but may be any kind of conic sections. 
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From the case supposed we can pass to other cases, where 
any portion of the above elements is imaginary. ‘The most 
essential of these cases are the following three. If the 
relative situation of the given arbitrary conic sections A’ 
and B’ be such, that either (1) the four intersections 7, s, ¢, 
and wu only are real, the four common tangents being, on 
the contrary, imaginary ; ; or (2) the four common tangents 
are real, the four intersections being imaginary ; or (3) only 
two intersections, and two common tangents are real. In 
each of these three cases, a portion of the elements described 
above (1.) will always be imaginary; hence in the above 
properties and theorems, corresponding, more or less con- 
siderable changes must be introduced in a similar ‘manner 
as was before done in§ V/I/. For example, if the opposite 
sides = and 2, become imaginary, but their intersection, the 
pole z, remains real, the theorem (11. 1) will be so changed, 
that all the pairs of chords of contact pp, and gg, will form 
an elliptic system of rays, instead of a hyperbolic one, as 


before, &c. | 
Section XI. 


I. The following special theorems, included in the above 
general theorems (§ X.), may be here particularized. 


(1) “Lf ma complete quadrilateral RSTU, any two conic 
fe A* and B* be inscribed, the eight points of contact are 
always situated in some third conic section D?.” And, “ If 
through the four points p, o, T, and v, in which any conic 
section A* touches the sides Rk, 8S, T, and U of the quadrilateral, 
any conic section DP? be drawn, the same will intersect the sides 
in four other points p,, o,, T,, and v,, so that in these latter 


pownts the said sides are also touched by some other conic 


section B*.”* Further: “The four mutual intersections 
r, s, t, wu of any two conic seetions A* and B*, inscribed in 
the same quadrilateral RSTU, together with any one of the 
three pairs of opposite angles and-€, and or and 

of the same, are situated in a conic section B", H’, or Z’.” And 
further: “Of the 8 points of contact T) U5 Pry yy Ty 

of any two conic sections A* and B’, inscribed in the oy 
rilateral, 12 tumes 4 le, together with two of the four intersec- 
tions 7, 8, t, u of these conic sections, m a certain conic section 
M* (or M. 5 and these 12 conte sections arrange themselves 


* The analogous theorems to the above two, but in reference to the 
trilateral I have already proved in Gergonne’s Annales des Math., tom. 
xIx. or xx. 1828, 


a 
Vy 
\: 
o 
Ry 
ee 
Av q 
¢ 
é 
> 
? 
- 
+ 
fis 
rd 


Double Contact with other. | 


in 6 pairs which touch each other twice, for through each two 
of the four intersections r, s, t, u pass two conic sections M”, 
which there touch each other. The several 6 points situated 
together in some conic section M”*, are 


T, Uy VU, | | t, U 7, U, U 
0, T, 8, t 


that is, both the four points in the jirst parenthesis, together 
with each of the two pairs in the second Laphocame a are 


situated in some conic section M’. 


(2) “Tf a quadrangle rstu is circumscribed by any two 
conic sections A* and B*, their 8 tangents in the four angles 
r,s, t, and u always touch some third conic section D*,”’ And, 
e If the quadrangle is circumscribed by any conic section A® 
and its four tangents P, 2, T, and YT, in the angles r, s, t, and u, 
are touched by any other conte section D*, then there are four 
tangents P,, &,, T,, and T, to the latter, passing through the 
same angles o ‘the quadrangle, which are always touched in 
those angles by some third conic section B’.” Further: “ The 
four common tangents R, S, T, U of any two conic sections 
A* and B* circumscribing the same quadrangle rstu, together 
with any one of the three pairs A Fe: osite sides of the quad- 
rangle and &,, Hand H,, or Z iat Z, are touched by some 
conic section Y*, or “And further: “ Of the 8 tangents 
2.7, Ts T,, Y,) in the angles of a quadrangle rstu 


to an Pe poses) sections "A? and B? circumscribing the same 


12 times 4, together with two of the four common tangents 
h, 8, 7, U, are touched by some conic section M*; and further, 
these 12 conic sections M° arrange themselves in 6 pairs, touch- 
ing each other twice, which have the four common tangents 
hk, S, T, and U, taken in pairs, as tangents of contact.” 


II. From the above considerations (§ X.), we can also 
pass to the special cases where the given conic sections A’ 
and B’, separately considered, consist of a pair of points 
or lines. In this respect the following five cases may be 
noticed. 


(1) Let B’ consist of two lines Z and Z,; then these are 


a pair of opposite sides of the quadrangle rstu, and their 


mutual intersection is the pole z. The four common tangents 


_ RR, S, T, and U coincide in pairs, (R U) and (ST), and are 


the two tangents to the curve A’, passing through z. Hence, 
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two pairs & and &, 7 and 7, of the six angles of the former 
quadrilateral RSTU coincide with each other in the point z, 
and the remaining two ¢ and € are the points of contact of 
the tangents (RU) and (S7'); they are situated in the polar 
Z, and are conjugate harmonical to the poles z and y. 
Hereby the Zh(C,’) resolves itself into a pencil of rays 
around the centre 2, z.e. each ray (right line) passing through 
z, conceived as double, is to be regarded as a C/’; its inter- 
sections with A’ are at the same time its points of contact 
with the same, whereas its points of contact with B® = (ZZ,) 
are all combined in z. The throngs Zh(C) and Th(C,’) 
remain actual curves and retain, with a few suitable modi- 
fications, all their former properties. 


(2) Let B’ consist of two points and ¢,; then these are 
a pair of opposite angles of the quadrilateral RSTU, and 
are situated in the polar Z. The four intersections 7, s, t, 
and w coincide in pairs, (rw) and (sé), in the intersections 
of ¢¢ = Z with the curve A’; so that two pairs of opposite 
sides of the quadrangle rstu, viz. 2 and =,, H and H,, 
coincide with Z, and the third pair, Z and Z,, become the 
tangents to A® in points (rw) and (st); these latter intersect 
each other in z, and are conjugate harmonical to X and Y. 
Here the throng Zh(C;’) consists of all pairs of tangents 
to the curve A’ which intersect each other on the line Z. 
On the other hand, the 7h(C.’) and Th(C, ;) contain actual 
conic sections C’, which pass through the given points ¢ and 
_€, and touch the given curve A’ twice. ) 


(3) Let A’ and B’ consist each of two lines H and H,, 
Z and Z,; these must be considered as two pairs of opposite 
sides of the quadrangle rstu, their own intersections being 
the poles y and z, and their alternate intersections the points 
r, s, ¢t, and wu. The four common tangents R, S, T, and U 
all with the line yz=X. The Th( Th( C?) 
resolve themselves into pencils of rays around the poles y 
and z in the same manner as above (1); and the T7h(C,) 
alone contains actual curves, whose chords of contact pass 
through the pole z; their alternate chords, however, pass 
in pairs through the ‘poles y and z (§ X. 11.). 


(4) Let A’ and B? consist each of a pair of points mand 7, 
Cand C; these must then be considered as opposite angles” 
_ of the quadrilateral RSTU, the lines nn, and & joining 
them, as the polars Y and Z, and the two pairs of lines 
joining them alternately, as the common tangents &, S, 7, 
and U. ‘The four intersections 7, s, ¢, and w all commide 
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in the point z= YZ. The Th(C,*) resolves itself into all 
pairs of lines which pass through the points € and €, and 
intersect on Y; and similarly, the ZA(C,’) consists of all 
pairs of lines passing through the points 7 and 7,, and inter-_ 
secting each other on Z ‘The Th(C,’) continue actual 
curves, circumscribing the quadrangle 77,fC. 


(5) Lastly, let A’ consist of two points € and ¢, and B’ 
of two lines Z and Z,; these must be considered as the 
elements which these letters represent, so that the line 
&€ = Z, and the intersection ZZ, =z. The four common 
tangents coincide in pairs with the lines 2¢ and 2¢,, 2.e. 
(RU) = 26 and (S7’) = z€, and hence the two pairs of op- 
posite angles & and &, 7 and 7, coincide in z. Similarly, 
the four intersections 7, s, ¢, u coincide in pairs (7 and u, 
s and ¢) with the intersections of Z with Z and Z,, so that 
(ru) = ZZ, and (st) = ZZ,, and therefore both pairs of opposite 
sides & and &, H and H, coincide with Z; their inter- 
sections however, the poles z and y, remain still defined, 
inasmuch as they are conjugate harmonical to € and ¢, as 
well as to the intersections ZZ and ZZ,. The Th(C”) here 
_ resolves itself into a pencil of rays around z. On the con- 
trary, the Zh(C,’) and Th(C,*) contain actual curves, which 


pass through the points € and ¢, and touch the lines Z 
and Z.. 


III. Knowing these special cases (11.) as well as the above 
general one (§ X.), the following problems can be easily 
treated, and the number of solutions of which they are 
capable can be at once determined. | 


(1) Zo find a curve C*, which touches each of two given 
conic sections A* and B” twice, and also, either 

a. touches a given line G ; or 

B. passes through a given point p. | 

Each of these problems admits of six solutions, and the 
curves solving them consist of and The 
four points p, p,, p,, and p,, in which the pair of curves 2C.’ 
intersect each other, are situated in one of the conic sections © 
M* (§ X. 11. 4), which is defined by the point p; the inter- 
sections p,, p,, and p, are also determined, for one, p,, lies 
in the line zp; again, the line p,p, also passes through z, 


and further, both lines pp, and p, p, are conjugate harmonical 
to the sides & and &,. 


(2) Zo find a curve C*, which touches a given curve A’ 
twrce, and also, either 
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a. touches three given lines Z, Z, and G ; or 
B. touches two given lines Z, 3; and passes through a given 
point p ; or 
y. touches a given line G, and passes through two given 
points and 3 or lastly 
6. passes through three given points ¢, oy and p. 
Each of these four problems admits, in general, of six 
‘solutions as before 


(3) Lo find a curve C*, which either 
a. touches three given lines Z ,Z,, and G, ‘al passes through 
_ two given points Sand ¢,; or 
B. touches two given lines Z and 4,, and passes through 
three given points and p. 


In each case there are four solutions. 


(4) Zo find a curve C*, which either 


a. touches four given lines (II. 3), and passes through a — 


given point p; or 


_B. passes through four given points (11. 4), and touches a 


given line G. 
‘In each case there are two solutions. And lastly : 


(5) To find a curve O*, which either 
a. touches five given lines ; 5 or 
B. passes through five given points. 


In each case there is but one solution, hence (" is per- 


fectly defined. 
Section XII. 


Note. The solution of the problem, ‘‘ To find a curve C’, 
which makes a double contact with each of the three given 
curves A’, B’ and D*,” is in general impossible, as is evident 
from the ‘above (§ X.); it is only possible when the given 
curves have a certain more intimate relation to each other; 
as has already been shewn in the memoir so often referred 
to,* and which may be easily demonstrated as follows: 

For, let us suppose the curve C* touches each of the given 
circles A’, B’, and D’ twice; let A, B, and D be the re- 
| spective chords of contact, and let 2.4, 2; 250,83 
x’, y', 2 be the common triplets of conjugate poles, and 
x. Y, Z; X', Y'’, Z'; Y", the common triplets of 
conjugate polars of the pairs of curves A* and B’, A’ and D*, 
B’ and D’; then the chord of contact A must pass through 
a pole of the first triplet, e.g. z, as well as through a pole 


* Cyelle’s Journal, Bd. 37, 8. 187. 
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of the second triplet, e.g. 2’, (because A’ belongs to the first 
as well as to the second pair of curves) (§ X. 11. 1); and 
then the chords of contact B and D must pass respectively 
through the same poles, z and 2’, as well as both, through 
one and the same pole of the third triplet, e.g. z. Hence 
the three chords of contact .4, B, D must be the sides of 
a certain triangle whose angles are any three poles, pro- 
vided there be one from each triplet, as for example the 


triangle zz'z"; by combination, there are 27 such triangles. 


Further, as z and X, 2 and X’, and zx” and X” are each 
pole and polar, in reference to the curve C” (§ X. 11. 3), 
the triangle zz'z" must be perspectively situated with respect 
to the trilateral 25’2”; ¢.e. the three lines which join their 
angles, taken by pairs in a certain order, must meet in some 
point py; and the three intersections of the corresponding 
pairs of sides must be situated in some line P; in other 
words, if a, 6, d be the angles of the trilateral, respectively 


opposite to the sides X, X', X”, (they are at the same time | 


the poles of the sides A, B, D of the triangle zzz" in re- 
ference to the curve C”, and respectively so in reference to 
the given curves A’, B’, ‘D*,) then the three lines az, bz’, dz'' 
must meet in a certain point p; and the three intersections 
AX, BX’, DX” must be in a line P(p and P are pole 
and polar in reference to C*). ‘These properties are accom- 


panied further by the following. If the four points, in — 
which the three pairs of curves each mutually intersect each » 


other, be respectively 7, s, t, uw; 7’, 8’, U, 8", u’, 

and their four common tangents respectively, U; 
S', S", T", U", and the remaining elements 
be represented in a like manner ; then, the pairs of sides 
and & and pass respectively through 
the poles x, x, xz", and the pairs of angles & and &,, and 
and are ‘situated respectively in the polars xx. 2: 

of the first, four times three must intersect in a point (e.g. 


/ 


BRR, ), and of the last, four times 
three must be in a line (€.9. Belen 

If, therefore, a curve C” touch each of the three given 
curves A*, B’, D® twice, the elements of the latter must, 
among others, have the above properties. As these pro- 
- perties, however, condition each other, or are themselves 

dependent upon each other, the condition under which C” 
is possible, limits itself solely to any one portion of the 
same, Viz. 

“ The curve C*, which shall touch each of the three pies 
curves A*, B*, D’ twice, as possible of 
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(1) of the 27 triangles, whose corners are any three poles, | 
shea one out of each triplet, any one (as xa'x') is per- 

spectively situated with respect to cor 
AX'X"); or of 

(2) of the sides of the three uadrangles rstu,rstu,rstu 


any three, one being selected from each =" ( Pah 
meet in one point p; or lastly, if 


(3) of the ang les of the three quadrilaterals RSTU, 
RST U, R's" U" any three, one being selected from 
each quadrilateral (as EEE"), are situated in a right line P.” 


ON CLAIRAUT’S THEOREM, AND SOME MATTERS CONNECTED 
WITH IT. 


By Mattuew B.A., 


Senior Moderator in Mathematics and Physics, Trinity Collens Dublin, and 
Professor of Mathematics in the Mechanics Institute, Liverpool. 


To prove that a body has three principal axes relative 
to any point, ¢.e. three right lines meeting at this point, 
at right angles to each other, and such that 


faydm=0, fazdm=0, and fyzdm = 0, 


_ these integrals extending to the entire mass (1) of the body. 
Draw any three lines from this point perpendicular to 
each other, and relative to these as axes of ryz, let 


A= +2’) dm, C= y’) dm, 


the moments of inertia of the body about the assumed axes 
of zyz, put also | 


Q =frzdm, R= 


and draw any right line from the point making angles 


a, 3, y with these axes, and let 7’ = radius of gyration about 
2 


1. 
this line, and take on the line a portion r « o7 SAY = ? , one 


end of r being the origin (or given point); I say, in the 
first place, that the locus of the other end of r will be an 
ellipsoid : for, by Poisson’s Mécanique (vol. 11. P- 55), the 


moment of inertia about the line, mass x 7°” or wu 72 will be 


= sin + sin’B [y’dm + sin’y [z’dm - 2cosacos fzydm 
2 cosa cosy 2 cos[3 cosy 
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but = cos’[3 + cosy, 
+ cos [3 + cos’y = 1; 


therefore + dm + cos’ f(a? +z dm 


+ + y’) dm 2 cosa cos faydm &c.; 
therefore = A cos’a + B cos’3 + C cos*y — 2P cosa cosf3 
— 2Q cosa cosy - cos3 cosy. 


Now multiply off by 1’, and rememberin ng that 7 cosa, 
t 


r cosf3, r cosy are the coordinates x, y, z of the end of r, 
we find 


= Az’ + By’ + C2 - 2Qzrz — 2Ryz; 


therefore the locus of the end of r or point zyz is an ellip- 
soid, having the given point as centre. Now this ellipsoid 
remains unaltered, whatever three lines perpendicular to 


each other be taken as axes of ‘2, Y, 2, since its radius r is 
2 


mei and 7’ depends only on the position of the drawn line, 


as is evident: and since this ellipsoid has three principal 
axes, so that its equation referred to them is of the form 


= + By’ + C'2’, 
therefore relatively to these Pewee axes P, Q, and R, 
vanish, 2.¢. 


fzydm=0, fazdm=0, and fyzdm=0. Q.E.D. 


The ellipsoid just determined is evidently Poinsot’s Cen- 
tral Ellipsoid, since the moment of inertia (by construction) 
about any diameter of it varies inversely as the square of 
the said diameter, and its three principal axes are in the 
directions of the three principal axes of the body relatively 
to this point, as was just proved. 4 

If, on each line drawn from the fixed point, a portion be. . 
taken =r’ the radius of gyration about this line, then, since 4 
rr =k’, therefore r'=a perpendicular from centre, on a 
tangent plane to another ellipsoid, called by its discoverer 
(M‘Cullagh) the Ellipsoid of Inertia, which is _ reciprocal 
to Poinsot’s, and also more intimately connected with the 
body than Poinsot’s, since the radius of gyration itself (and 
not its reciprocal) about any diameter of this ellipsoid of 
inertia is given, being equal to the portion of that diameter 
between the centre and a tangent plane perpendicular to it. 
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_ The equation of an ellipsoid being 
ane | 2 2 2 


the equation of a ae plane to it, at the point LYZ, 18 


_ Now, at the point where this plane cuts the axis of z, y' = 0 
and z= 0, therefore there zz' =a’; let r = the perpendicular 
let fall from the centre on this tangent plane, and a, (3, y 
the angles 7 makes with the three semiaxes, then 


a’ 


cosa=y cosB =2 cosy, 
and so rz = a’ cosa; in like manner 
ry = cosB and rz cosy, 
and therefore 


a’ cos*a + B + cos’y = 3) 


since the equation of the ellipsoid is 


Now, if rr =k, from the centre along r, 


then 


=P, cos’a + cos*B + cos*y ; 


multiply off by r”, and remembering that 
r' cosa, cosf3, cosy, 
are the coordinates z, y, z of the end of 1’, we get 
+ By’? +02 = KF, 


and if aa’ = bb’ = cc’ = k’, this equation gives 
2 2 2 
i, 

and so the locus of the end of r’ is another ellipsoid; the two 
-are called reciprocal ellipsoids, since the semidiameter of 
either is proportional to the reciprocal of the distance of the 
centre from the tangent plane to the other, which is per- 
pendicular to the said semidiameter. 
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The equation of Poinsot’s ellipsoid referred to il three 


rectangular axes drawn from the given 
point O in the body was found to be 


Az’ + By’ + Cz 
- 2Pry - - 2Ryz = 


where A equals the moment of inertia 
about axis of z, &c., also P = fzydm, 
&c.; now let the axis of z be OP, 
perpendicular to tangent plane at 
to M‘Cullagh’s ellipsoid of inertia 

having its centre at O; let also the Y 
axis of y be parallel to PR, so that —y 
the point of contact & may be within the angle XOY, the 


axis of z is, of course, perpendicular to those of x and oe; - 


let OP meet Poinsot’s ellipsoid in 7, and by the property 
of the reciprocal ellipsoids ORp will be perpendicular to the 
tangent plane, at 7, to Poinsot’s ellipsoid, and 


Or x OP =OR x Op = 2’. 


Now, the coordinates of the point r are y’ = 0, z= 0, and 


gv’ =Or; and as the tangent plane at r is perpendicular to 


ORp,. and therefore parallel to axis of z, therefore Q = 0, 
else this tangent plane would meet the axis of z, and this 
being so, the equation of the said tangent plane at r is 


4 
Agu’ - = pk‘, or Ax - Py = 
OP", therefore 

P or fzydm =- px OP x PR, px 2A0PR. 
Now, let O be the centre of gravity of a body of any 


dm 


it 


~ 


shape, attracting a very remote point P, take OP =d as 
axis of z, let dm be a particle of the body, and w its dis- 
tance from P, then 

dm d-2 dm dm 2z 


U U U 
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and as +2; 

psf, , 122° — 8y* 82° | 
therefore =d € ) nearly, 
and this multiplied by d - 2 =d (1 ~ gives 

d (1 + 7 + 


and as O is centre of gravity, therefore 
=0 = Sydm = Szdm; 


2 2 2 


it; 
= at — z)dm. 


Now’ (22° - 2')dm = X(22" + 2y” + 22")dm — 


and as 2” + y* +2" equals the square of the distance of dm 
from O, therefore = + + 2", y', 2’ being the coordi- 
nates of dm referred to the principal axes at O; and as 


= M, 
the moment of inertia about OP and 
A= B= X(2?+2*)dm, C=3(22+y")dm; 
therefore A+ B+ C= (277+ +22") dm, 
therefore + Qy? + 22") dm, 


therefore 


bite: 
and so +B+C- 3M). 
Now, if M‘Cullagh’s ellipsoid of inertia be made, having 
O as its centre, its principal axes a, b, ¢ coinciding in direc- 
tion with the principal axes of the body at O, and 
A=pa’, C= 
then, if a tangent plane to this ellipsoid, perpendicular to 
OP at P’, touch it in &, and if the axis of y be taken 
parallel to P’R, and in the same sense (or direction) the 


axis of z being perpendicular to those of z and y, with such 
axes we proved above, that | 


= 0 (= Q) and Szydm = p x OP’ PR: 


20m (2 + 


hence then, Z=> 2 7 
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3 


therefore (by iin is — proved) 


the negative sign in oe that the attraction of the body 
on P, in a direction perpendicular to OP, is parallel to RP’ 
and notto PR. 

If two confocal ellipsoids attract an aeseeel point, their 
two resultants are coincident in direction, and proportional | 
to their masses. 

A being the attracting ellipsoid, whose foci are given, 
and P the external attracted point, let B be an ellipsoid, 
confocal to A, and passing through P, and let P’ be the 
point on 4 corresponding to. 5 on B; let also abe, ab'c' be 
the semiaxes of A and B, abe’ being fixed, let xy'z be the 
coordinates of P and therefore given, and let xyz be the 
coordinates of P’ on the variable ellipsoid A, whose foci 
are given. Now the attraction of Bon P” parallel toax z,* 


/ 


x 
therefore « a since oe = , therefore equal a constant; but 
a’ 


by Ivory’s theorem, attraction of A on P, parallel to a, 
is to foregoing attraction :: bc: b’c’, and so attraction of A 
on P, parallel to a « abe, therefore varies as mass of A, 
and in like manner the components of A’s attraction on P, 
parallel to 6 and ¢, are varies as mass of A; thus, when 4 
is changed into another ellipsoid, confocal to it, the three 
components of its attraction on P, parallel to the semiaxes 
a, 6, ce, are all changed in the ratio of the mass of A, , 
the direction of the resultant remains invariable, 


but its quantity is altered in proportion to the massof 4. 


We found 


above for the attraction 
of a body of any shape on 
avery distant point P, in 
direction perpendicular 
to OP, » being the mass 
of the attracting body, 
O its centre of gravity, 


* TI shall give an elementary geometrical proof of this hereafter. 
E2 
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OP=d and RSQ the ellipsoid of inertia (M‘Cullagh’s, and 
not. Poinsot’s) relative to the centre of gravity O, and R the 
point of contact of a tangent plane to this ellipsoid which 
cuts OP at right angles in P’. The said attraction per- 
pendicular to OP was also proved parallel to RP’ (not to 
PR): let the semiaxes of the ellipsoid be abc, and let 
OP'=r make angles aj3y with abc, and let the coordinates 
of F be xyz; then the said attraction of force acting on P 
parallel to RP’, being resolved into three components pa- 
rallel to a, 6, c respectively, the component parallel to a 
will obviously be | 
Su 

— r(rcosa-2z), 
since rcos is the projection of RP’ ona. But we proved 
before that 7z =a’ cosa, therefore the component parallel to a@ 


= cosa - (M- A), 


since by the property of the ellipsoid of inertia wx OP” = M, 
the moment of inertia about OP, and A = wa’; similarly, of 
course, the components parallel to d and ¢ are 


now... 
M-.A = Acos’a+ Bcos’B + Ccos’y A (cos’a + cos’ 3 + cos’ y), 
= (B- A) cos’B + (C- A) cos’y; 
therefore, in case of an attracting ellipsoid, where 
then M- A= $y cos*B + - c’) cos*y ; 


and therefore, in case of two confocal ellipsoids, where a’ — 3” 
and a’-c’ will be the same, M- A cu; the line OP, 
relative to which M is calculated, being also supposed the 
same for the two confocal ellipsoids. Hence also M- B 
and M-C will « pw, and therefore we shall also have 
(M-.A)+(M-B)+(M-C) or A+B+C- mass for 
two such ellipsoids. 


Now, when two confocal ellipsoids attract any external 
point P, we proved their attractions are as their masses, and 
coincident in direction; and supposing one of them given, 
and large, but of small eccentricity, and conceive the other 
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to be confocal to it, and very small, so that P may bea remote | 
point relatively to it; then the components parallel to a, b, c 
of the small one’s attraction on P, perpendicularly to the 
straight line PO, joining P to the centre O, being 

3 cosa 


therefore the analogous components of the large one’s attrac- 
: me (M- A), for the MA of such ellipsoids 
was just proved to vary as their masses: and since the small 
ellipsoid’s attraction on P (along PO=d), which may be 
considered a remote point relatively to this small one, is 


tion will be 


and since the attractions of the two ellipsoids are in the same 


direction, and as their masses, therefore the attraction of the - 
large given ellipsoid on the external point P, along PO, is 


C- 
Git 3M), 


since it was proved above that 


A+B+C-38M:A'+B4C - 3M’ :: massp: mass 


Now, since the preceding expressions for the attraction along 
PO, and for the components parallel to a, b,c, are linear 
functions of w, A, B, C, and hold true for any ellipsoid of 
small excentricities, it follows therefore that they hold true 
also for an ellipsoid which is not homogeneous, but composed 
of concentric ellipsoidal strata, having the same principal 
axes and variable but small excentricities. 


If the ellipsoid become a spheroid, so that c= =a(1 +e), 
then the central attraction on P, along PO, 


2d' 


on account of C = B becomes 


(4+ B+C- 3M) 


+ {4+2B- 3 (B cos’) + A sin’d)} 


(A - B) (1-3 sin’A) = “+ T(1-8 sin’a), 
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where (A-B) and d= OP, the distance of the 


attracted point P (now supposed on the surface of the sphe- 
roid) from the centre, and » equals the angle d makes with 
_the equator, 7.e. equals the latitude of P. — | 


The component parallel to a of the force. perpendicula 


(M-.A); and since 


M= B cos’ + A sin’), and M- A =(B- A) cos’r, 
therefore the said component : 


(A - B) sind cos*d ; 


and in like manner the component parallel to b is 
= (4 -—.B) cosA sin*): 


therefore the whole force or attraction on P perpendicular 
to PO, being the square root of the sum of the squares 


of these components, is 


= (A B) sind cosa, = 


and tends to urge P towards the equator (on account of the 
negative sign of the component parallel to a). | 
Now the equation of a meridianal section of the exterior 
surface is 
as z=dcosd and y=d sind, 


| 


therefore =1-2ecos’A, and so d=a (1+e cos’A). 


Let 6 be the angle between d=OFP and the normal at P; then 
ane dx differential’? 


and sin@ =cos@ tan0, .. =tan@ nearly, .. =e sin2Q nearly, 
6 being small, and therefore cos#=1 nearly. Now, that - 
the point P may be at rest, it is necessary that the tangential 
component of the central force acting along PO should be 
equal to the sum of the tangential components of the cen- 
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_trifugal force (acting on P parallel to 4), and of the force 
perpendicular to PO; which condition gives the equation 


T (1-8 sinf = 7'sin2A + gp cosr sin, 


where g is the mean force of gravity at the surface, and g¢ 
is the centrifugal force at the equator; but since 7’ is 


small compared to or g, and since cos@=1, and sin@=e sin2r 


(rej ecting e”, e’, &c.), the preceding equation becomes therefore 


g 2 | 
Now, the formula + T(1-8 sin*A) gives 2T for the 
polar gravity, and + go for the equatorial gravity, 


their difference is & x 2e + gp - 37’: if this difference, divided 


a’ 
by the mean gravity g, be denoted by x, then 
n= nearly ; 
and eliminating x from this and the preceding equation 
op 


= + we getnte= which is Clairaut’s Theorem. 


the earth be homogeneous, then =e, = See the 
Principia, Prop. 20, Book 1. 


THE EQUATIONS OF SURFACES CONSIDERED AS SUMS OF 
HOMOGENEOUS FUNCTIONS. 


By the Rev. Ropert 
Fellow of Trinity College, Dublin. 


Tue theorems contained in the following paper are prin- 
cipally generalizations of others long familiar. Although, 
so far as I am aware, they are, with the exception of that 


“J 


esin2r = 7'sin 2A + sin 2A 
2 3 
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given in the fifth article, new; yet, from slight acquaintance 
with the theory of determinants, I am unable to say whether 
any of them have been previously published.* ‘The paper 
then is mainly intended for the student, not for the advanced 
mathematician. It may, however,.serve to systematize many 
results hitherto regarded as isolated, and to exhibit the con- 
venience of adopting a more symmetrical notation in mathe- 
matical works than has been hitherto employed—unless in 
detached cases. I may observe that the principal results 
were obtained in the month of December 1851, and com- — 
municated to the Dublin University Philosophical Society 
in the early part of the year 1852. | 


1. It is easily seen that if we express any rational and 
integer function of z, y, z, as a sum of a number of homo- 
geneous functions, | 
+u +... +U tu; 

then 

d 
be the general equation of the surface of the n' ——* and 
a, 8, y the coordinates of any point 


d : 
+9 U = (u + 2 + 


n-l n-2 


and consequently the equation of the polar surface of (a, 8, y) 
with respect to U=0 is 


+ +... + nu, = 0 
a 


The equation of the polar surface to the origin, then, is 


+ ~+ t+ nu = 0, 


which may be ais Fotled | in the case in which U= 0 is 
of the second degree. 


2. If however (a, 8, y) be taken as the current onadinates 
of the plane tangent at the point (z, y, z), it appears that the 


* Since the above was written, I have been informed by Mr. Salmon 
that some of the theorems in this paper are included under the head of 
‘*contravariants, as treated by Mr. Sylvester. The point of view, how- 


ever, from which they are here regarded is quite distinct, and the analytical 
discussion, as far as possible, elementary. 
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equation of this plane is, generally, 


dz dy a0 

and that the general expression for the perpendicular from 
the origin on the tangent plane is 


Pp U t+... + NU 
dz} \ dz 
Hence the theorem—“ Given a surface of the n™ degree, 
the points thereon for which the perpendicular on tangent 


plane is constant (hk), lie on another surface of the degree 
2(n-—1), whose equation is 


The general expression admits of instant verification i in 
the case 
U = U,, - C= 0. 


It has been remarked to me by Mr. Spottiswoode that the 
polar surface to the origin passes through all the singular 
points of the surface U=0 at which the perpendicular from 
the origin on the tangent plane is not infinite. In fact, 
at a singular point 


whence P=0, 


unless + + NU, = 0 
be satisfied. 


8. Let now the point (a, B, Y) be supposed capable of 
motion on the surface of the m™ degree 


and let it assume various consecutive positions on this surface. 
The corresponding successive polars, taken with respect to 
U=0, will by their intersections generate a third surface, 
whose relation to (11.) 1s commonly expressed by the dis- 
tinctive appellation of Reciprocal Polar, for the case in which 
(1.) is of the second order. 

To find the equation of this third surface, differentiating 
(11.) and the general equation of the polar surface with 
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respect to a, B, y, we get 


dV +e 


dU 
ae: da + dy dp + a wre 0. 


Multiplying the latter equation by the ‘indeterminate | 
quantity », adding, and putting the coefficients of da, dB, dy, — 
respectively, equal to zero, there results the system 


aU 
dV dU 
a’ 
dv |. dU 


and between this, the equation of the polar surface, and (11), 
we have to eliminate a, y, and 2X. 


To accomplish this, we multiply the three equations of the 
last system by a, 8, y, respectively, and remembering that 


dV dV dV 


p+ 20... +...+mo,}, 
dU ,dU aU 
we find that 
+ + + NU, (U) 


Thus it remains for us to eliminate a, 8, y between the four 
equations 


V =0, 
and 
av 
da (U)° dz 
1 
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where the left-hand members contain only a, B, and y, and 
the right-hand only z, y, and z. 


Such an elimination, in the present state of 
I believe impossible, and the general question therefore 
insoluble. Thus the only general representation of the 
‘envelope of the successive polar surfaces is the system of 
four equations last mentioned. 


4. Upon constrain ications the above result to Mr. Spottis- 
woode, it was observed by him that the three last equations 
may be written in a new form, possibly leading to interesting 
consequences, and I am indebted to the Rev. R. Townsend 
for a valuable modification of his suggestions. 


If we remember that the point (a, 8, y) lies on the surface 
V = 0, it is obvious that, P being the perpendicular from 
the origin on the tangent-plane at this point, and J, m, n the 
angles made by it with the coordinate axes, we may write 
those three last equations in the form 


col ..1.. 
da 
com. | 

1 dU 


It is evident that the right-hand members of the system do 
not admit of a modification similar to that. which we have 
employed on the left hand, since the point (z, y, z) is not 
necessarily on the surface U=0. 


5. In one case, the general question of the envelope of 
the successive polars not only admits of solution, but the 
resultant equation of the envelope appears to possess both 
elegance and utility. It is that in which (11) assumes the 
symmetrical form 


while (1) still retains all its senesality. (The ordinary reci- 
procal of (11') was given many years ago by Mr. Salmon.) 


The three last equations of the third article, in this case, 
become 


a 
Y 


1 
dy 
dU 


and eliminating 4a, B, y between these equations and (11), 


we get the equation of the envelope required, in the sym- 
metrical form 


where (T) = + + + + 


The discussion of some particular cases will be found to lead 
to interesting results. 


— (1)- When m = 2, or : when the pole is confined to a central 
surface of the second degree, then will the degree of the 
envelope | of the successive polars with respect to a surface - 
of the m™ degree be, in general, 


2(n — 1). 


(2) When moreover the surface, with respect to which 
the polar is taken, is also of the second degree and central, 
the envelope, or now . Polar, to 

will be a third surface 4 the second degree and its equation 
takes the symmetrical form 

dU 
(u, + u,). 


dU dU 

(3) When the pole is confined to a central curve of the 
second degree and the polar taken with respect to any curve 


of the third, the envelope of the successive polars is a curve 
of the fourth degree, which is symmetrically represented by 


the equation 
dU (dU 
+ (a2). (u,+ 2u, + 


a result which seems susceptible of elegant application to the 
theory of curves of the third degree. 
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NOTE ON THE TRANSFORMATION OF A TRIGONOMETRICAL 
EXPRESSION. | | 


By Artuur CayYLey. 


differential equation 


dx 
| integrated so as to be satisfied when the variables are simul- 
| taneously infinite, gives by direct integration 


| a-c a 
tan” + tan nf + tan” = 0. 
And, by Abel’s theorem, | : 
1, 2, (a+z) V(e+z) | =0. 
1, y, (aty) Very) | 
1, z, (a+ 2) 2) 


To shew a posteriori the equivalence of these two equations, 
I represent the determinant by the symbol 0, and expressing 
it in the conte 


I write for the moment & = iJ ) &., this gives 
O=| 1, (a@-c) (1 + +5), (a- 
_(a-0) | B+, 
| | ° 
_(- 


_@-c) | & | 
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REMARQUES SUR UN MEMOIRE DE M. CAYLEY RELATIF AUX 
DETERMINANTS GAUCHES. 


. Par M. Hermite. 


Mr. CayLEy a nommeé systéme symétrique, un 
_systéme de n’ quantités représentées par 2 en attribuant 


_ aux indices toutes les valeurs entiéres depuis 1 a a *s 


lorsqu’ on a la condition générale 


| 
d’ ot resulte, 


De pareils systémes jouissent de propriétés importantes qui 
jouent au grand réle dans les diverses circonstances analy- 
tiques ou ils se présentent, et Mr. Cayley en a fait lui 
-méme un nouvel usage pour la solution de cette question— 

_ QObtenir toutes les transformations d’une forme quad- 
-ratique en elle-méme lorsque cette. forme est une somme 
de carrés. 

Je me propose de donner ici des fotwales sinks 
& celles de M. Cayley, pour la transformation en elle- 
méme d’une forme space quelconque. Le probléme 
peut-étre posé ainsi f(z,, z,)... 2,) designant la forme quad- 


ratique proposée ; rah ? ’ expression la plus générale des 
quantités X,, X,,... X,, qui donnent 


Pour cela, j’imagine que les quantités X et x soient ex- 
primées par des indéterminées auxiliaires , de sorte qu’ on 


ait en general 


et sous cette condition on va voir qu’il est trés facile 
d’ obtenir |’ expression de de X et xen & Onaen 


effet 


ou en developpant le second membre 


4f(é,, E,,.. 2{2, ett df 


Donc par la condition supposée 


Xp) 
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cette équation se reduit a 
df df | 
+ @, +..=2 
"1 dé, dé, 


Or la maniére le plus générale de la verifier en exprimant 
les quantités z en &, sera de faire 


of 
= 3 
+ ty r,s dé. (4), 
les r étant assujetées 4 la condition 


 Ouen conclut. 


=2¢ -2%,= 
et il est facile de reconnaitre a posteriort que ces expressions 
de X et x en &, donnent bien 


Reprennant en effet  équation (1) et léquation (2), on 

verra par l’équation (3), équation satisfaite d’ elle-méme, 
qu’ on retombe précisément sur |’équation (5) qui était a 
vérifier. Donc enfin les expressions cherchées de X et 2, 
qui donnent la transformation en elle-méme d’une forme 
quelconque, s obtiendront en résolvant par rapport aux — 
quantités € les équations (4), et substituant les valeurs en 2, 
qu’on aura trouvées de la laos dans les formules 


X, = 2&, — x. 


pour application les former binaires 


= ax’ + 2bry + cy’, 


ou nous mettons x et y, au lieu de 2, et z,; nous aurons 
successivement 


X+2=2, 
Y+y=2n, 
et w= €+2(bE = E(14+ Ad) + ren, 


y = + bn) = - da + (1-24) 2. 
D’ou en résolvant 
(= ac) ’ 
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Soit pour abréger D 
on trouvera | 


_ (L- 246+ 2Acy 


2rax + (1+ 2Ab+A*D) y 
| 
Or ces formules en posant, 
j 
ce qui donne 
? Dv’ =1, 


deviendront 
X = x(t - bu) cuy, 
Y = zau + (¢ + bu) y. 


- C’est la forme analytique obtenue par M. Gauss pour la 
question arithmétique ot l’on veut que les coefficients de 
la substitution soient des nombres entiers. a 

Enfin si |’on fait l’application de la méme méthode A 
une forme quadratique d’un nombre quelconque d’ indéter- 
minées dans le cas ou elle est une somme de carrés, on 
se trouvera immédiatement les résultats que M. Cayley a 
obtenus dans son beau mémoire, et je m’empresse de dire 
que je dois a l’étude de ce mémoire, l’analyse que je 
viens d’expresser en peu de mots. J’ajouterai cependant 
encore les théorémes suivants qui servent de lemmes 4 une 
recherche arithmétique importante. 


I. Ayant ramené & une somme de carrés de fonctions 
linéaires une forme quadratique quelconque, de sorte qu’ on 


Si on désigne par @, %, €, &c., ce que deviennent 
respectivement A, B, C,... lorsqu’on fait dans f, une sub-— 
stitution quelconque qui la change en elle-méme, on aura 


évidemment 
+ BB +yC+... 
P Br C+... 


2 
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les quantités a, B, y, &c., etant des constantes convenable- 
ment choisies. Cela post, 4 une substitution qui change f 
en elle-méme, ou pourra toujours faire une 
telle représentation de f par la forme 4’ + B'+C" + ..., que 
P expression | 


+ BB+ CE + &e., 


ne contienne aucun des rectangles AB, AC, &c. 


Pour donner une application de ce théoreme, nous allons 
considérer le cas des formes quadratiques ternaires 


f=A’+ B+ 
- Alors les constantes a, 8, y, &c., devant étre telles que 
A? + = A? + B+ C’, 
auront d’ apres les valeurs suivantes, 
ka Ka’ =2(Au-v), Ka’ =2(Av+p), 
KB = + «KB"= 2(uv- d), 


ey=2(vA-p), Ky =2(vutdr), Ky’ =1-A- ps’, 


et & toute substitution S qui change f en elle-méme, on 
pourra toujours faire correspondre. un systeme de fonctions 
linéaires. A, B, C, jouissant de la propriété, qu’en devenant 


respectivement A, %, €, lorsqu’ on effectue la substitution S, 
ou aura les relations 


a@+B=0, a’ +y=0, B’4+y'=0. 


De-la se tire la conclusion que |’une des quantités A, pm, v 
est zero. On peut donc faire par exemple 


Q? 4? 
B+C’; 
ou bien | 
A=+ A, 


% = Bcos#+ Csin8, 


= Bsiné- Ccosé. 
De la ces théorémes: 


II. Soit X= pr+py+p 2, 
72, 
Z=ve+ry +72. 
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une substitution qui change en elle-méme une forme ter- 
naire quelconque; l’une des racines A de |’ équation 


pon. p 
r gr" =X 


sera égale 4 +1, et les deux autres seront réciproques. 


III. Il existe une infinité de formes ternaires différentes 
de f que la substitution ci-dessus change en elles-mémes, 
ces formes seront toutes données par I’ expression 


F=kA’+1(B+C"), 


i et 1 étant des constantes arbitraires. Cependant le cas 
des racines égales dans Il’équation A=0, doit étre traité 
i part et exige une discussion spéciale, que nous laisserons 


faire au lecteur. | 


ON A GEOMETRICAL INTERPRETATION OF THE FUNCTION 
at’ + bu’ + ctu, WITH SOME. APPLICATIONS. 


Tuomas 


In the expression at’ + bu’+ cfu, let a, b,e be constants 
and ¢, w linear functions of the variable coordinates 2, y, z; 
so that ¢= 0, and w=0, are the equations to two planes 
intersecting in a straight line (tw). ‘There is no difficulty 
in interpreting the given function when the roots of the 
quadratic, at’ + bu’ +ctu=, are real; for if the roots are 
real and unequal, the value which at’ + bu* + cfu has at any 
point will be proportional to the rectangle of the perpen- 
diculars from that point on two fixed ‘planes ; and if the 
roots are real and equal, it will be proportional to the square 
of the perpendicular from the point on a certain fixed plane. 
Lhese cases therefore present no difficulty, and I shall con- 
sequently confine myself to the consideration of the case in 
which the roots are unreal. 

lf we remove the origin of coordinates to a point in the 
line (¢), the new plane of zy being perpendicular to the 
line (/w), and those of yz and xz coinciding with ¢ and w 
respectively, then, and & being certain constants, 


t=hx and u=hy; 
F 2 
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and putting a= ah’, &c., 
at’ + bu’ + ctu = ac’ + By’ + yxy. 


Now, by turning the coordinate planes yz and zz round the 
axis of z, we can reduce az’ + By’ + to the form mz” + ny” 
in an infinite number of ways; and since at’ + bu’ + ctu, that 
is az” + By’? +-yzxy, cannot be resolved into real factors, 
m and » must have the same sign (which I shall suppose 
to be positive). | 

Now, of the infinite variety of ways in which at’ + bu* + ctu 
can be transformed into mz*+ny", there is one in which 
m=n; in this case 


at? + bu + ctu = + y”); 
but if p and g be the perpendiculars from any point on the 


planes of y'z and 2’z, and @ be the inclination of these planes, 
then p=2' sin@, and g=y' sin8, therefore 
al’ + bu’ + clu = — (pitg’). 
Hence | 
(A) &f the roots of the quadratic at’ + bu’ + ctu=0 be 
unreal, two planes may be drawn through the straight line (tu) 
such that the value which the function at’ + bu’ + ctu has at 


any point shall be proportional to the sum of the squares of 
the perpendiculars from that point on these two planes. 


Again, of the innumerable ways in which at’ + bu’ + ctu 
can be transformed into mz” + ny”, there is one in which 
the planes of yz and 2’z are perpendicular to each other. 
In this case let 6 denote the distance of any point (2’y'z) 
from the axis of z (that is, the straight line (¢z)), this distance 
being measured parallel to either of the planes, 


(m being supposed less than 7), then it is easy to shew that 


n-m at’ + bu’ + ctu 
therefore at’ + bu’ + ctu = m.&*. 


= 2” 4 + 


- Moreover it will be observed that the circular sections of the 
elliptic cylinder 
| mz” + ny” = constant, 


that is, at’ + bu’ + ctu = constant, 
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_are parallel to the same planes, 


z=+y we ; hence, 


(B) Jf the roots of the at’ + bu’ + ctu=0 be 
unreal, the value which the function at’ + bu’ + ctu takes at 
any point 1s proportional to the square of the distance of that 
point from the line (tu), this distance being measured parallel 
toa fixed plane. Moreover this fexed dvrective plane ts parallel 
to a corcular section of the, elliptic cylinder at’ + bu’ + ctu 
= constant.* 


Hence to find the directive plane, we have only to draw 
a plane to cut the elliptic cylinder ad’ + bu" + ctu = constant 
in a circle; there are of course various ways of doing this, 
the following being one. | 

Perpendicular to the generators of the cylinder draw a 
plane which will cut the cylinder in an ellipse and the 
straight line (tu) in a point, the centre (QO) of the ellipse. 
‘Draw the semimajor and semiminor axes OA and OB, and 
find one of the foci F. Along the axis of the cylinder 
(t.e. the straight line (tw)), and on each side of the plane 
of the ellipse, set off the distances Of and Of’ each =OF; 
through B draw a straight line BC parallel to OA; and 
finally through BC and the points fand f" respectively draw 
planes; either of these may be taken for the directive plane. 
Also, if we find the equal conjugate diameters of the pre- 
ceding ellipse and draw a plane through the straight line 
(tu), and each of these diameters, we shall have the two 
planes mentioned in (A). © 

It thus appears that if we can find the magnitude and 
position of the axes of the ellipse in which the cylinder 
at’ + bu’ + ctu = constant is cut by a plane perpendicular 
to the straight line (¢u), we can find both the two planes 
mentioned in (A) and the directive plane mentioned in (B). 

It is clear that the converse of (A) is true; that is, if ¢=0 
and u=0 be the equations to any two planes through the 
straight line (¢w), then the sum of the squares of the per- 
pendiculars from any point on any two fixed planes passing 
through this straight line is of the form at’ + bu’ + ctu, the 
roots of the quadratic at’ + bu’ + ctu =0 being unreal; for 


* Mr. Salmon informs me that he has already made use of this inter- 
pretation of the function a¢*+bu?+ctu in connexion with the late Professor 
MacCullagh’s method of generating surfaces of the second degree, but 
I have not seen Mr. Salmon’s investigations. 
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these perpendiculars will be of the forms at + Bu and a't+f'u, 
and (at+ Buy + (at+ Buy is of the form at’ + bu? + céu. 

Also, the square of the distance of any point from a fixed 
straight line, measured parallel to a fixed directive plane, 
is of the form at’ + bu’ + ctu, where ¢= 0 and uw = 0 are the 
equations to any two planes passing through the straight 
line, and the roots of at’ + bu’ + ctu=0 are unreal. For 
transform the coordinate axes so that the planes ¢ and u 
may be taken.for those of yz and zz, and the directive 
plane for that of zy; also let @ be the inclination of the 
axes of z and Y> that is, of the straight lines in which the 
planes ¢ and w intersect the directive plane. ‘The square 
of the distance (6) of any point (zyz) from the axis of 2, 
measured parallei to the plane of zy, is 


+ + 2ry cosO. 


Let us now restore the axes to their original position, then 
h and being certain constants, 


t=nt and y = hu; 


substituting these in the value of 6°, we get a result of the 
form 
= al’ + bu’ + clu, 

in which the roots of at’ + bu’ + clu=0 are evidently unreal. 

When c= 0, so that 8 is of the form at” + bu", the planes ¢ 
and wu may be termed. conjugate planes; and the preceding | 
values of 6’ inform us under what condition the planes ¢ 
and w are conjugate, for if c = 0, then we must have cos@=0, 
or 0= 90, so that 


If the two planes t and u be conjugate, they will cut the 
directive plane in straight lines at right angles to each other ; 
and conversely, tf two planes cut the directive plane in straight 
lines at right angles, they will be conjugate.* 

Given the directive plane, we can therefore find the rect- 
angular conjugate planes in the following manner. Draw 
a plane through the given straight line (év) perpendicular 
to the directive plane, and through the same straight line 
draw another plane perpendicular to that just drawn, the 
two planes thus found are those required; for they are 
perpendicular to each other, and cut the directive plane 
in straight lines also perpendicular to each other. 


* It is plain from what has been previously said that conjugate planes 
pass through conjugate diameters of the ellipse in which the cylinder 
at® + bu* +clu=constant is cut by a plane perpendicular to its generators, 
the rectangular conjugate planes passing through the axes. 
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_ Also, since the two planes mentioned in (A) are equally 


inclined to the planes just drawn, and cut the directive 


planes in straight lines at right angles to one another, we 
can construct them as follows :—Project the line (/w) orthogo- 
nally on the directive plane and let this projection be OP, 


O being the point in which the straight line (/w) intersects 


the directive plane ; in this plane draw the straight lines OQ 
and OR on opposite sides of OP, each making half a right 
angle with it; and finally through the straight line (¢w), and 
each of the lines OQ and OR, draw a plane. ‘Lhe two 
planes thus found are evidently those required. — 
Conversely, when the two planes mentioned in (A) are 
given, we can find the directive plane mentioned in (B). 
It is clear that the rectangular conjugate planes bisect the 
dihedral angles (one acute and the other obtuse) contained 
by the two given planes, and that the directive plane is 
perpendicular to that which bisects the obtuse angle; con- 
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sequently the directive plane must cut the plane (Z) which | 


-bisects the acute angle in a straight line (OQ) at right angles 


to the line (OP) of intersection of the two given planes. 
‘Take O for the origin of rectangular axes, OP and OQ 
being the axes of z and z; also “let 20 denote the acute 


dihedral angle contained by the two given planes, then it — 


is clear that the equations to these planes are 
y = and y =- tan@.z. 
Also, since the directive plane passes aromas the axis of z, 
its equation will be | 
y = tan ¢.z, 
_where 9 is the inclination of the directive plane to the plane 


of zz. Hence the equations to the straight lines in which 
the directive plane intersects the given planes are 


co 

x z 


but these two straight. lines are at right angles (since the 


S given planes are conjugate), therefore 


- cot’? + 1+ cot’ = 0, 
which reduces to sing = + tan6. 


Hence we can find the directive plane by the following 
construction :—Draw a plane z bisecting the acute dihedral 
angle (20) of the given planes, in this plane draw a straight 
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line OQ perpendicular to the line of intersection of the said 
planes; and through OQ draw a plane on each side of z, 
the sine of whose inclination to z shall be equal to tan; 
then either of the planes thus drawn may be taken as the 
directive plane. | | 

As a first application of these principles, let us take the 
equation to an ellipsoid | 

| 


a Ob Cc 


Now, by (B), at 3 is proportional to the square of the 


distance of the point (zyz) from the axis of z, this distance 


being measured parallel to a circular section of the cylinder 
4 2 

I. If from any point in an elhipsoid a perpendicular be 
drawn to any of the axes, the rectangle of the segments of 
the axis is proportional to the square of the distance of the 
point from the axis, this distance being measured parallel to 
a circular section of that circumscribed cylinder whose gene- 
rators are parallel to the axis. | 

It is clear that this theorem will still be true, if instead 
of the axis we substitute any diameter of the ellipsoid, pro- 
viding the segments of the diameter be made, not by a 
perpendicular but by a plane drawn through the point con- 
jugate to the diameter. If the diameter be not an axis, the 
most interesting case is when it is conjugate to a circular 
section of the ellipsoid, for this being also one of the circular 
sections of the corresponding circumscribed cylinder, the 
preceding theorem will then take this form: | 


II. If from any point in an ellipsoid a straight line be 
drawn parallel to a evrcular section so as to meet the diameter 
conjugate to that section, then shall the square of the straight 
line be proportional to the rectangle of the segments of the 
diameter. | 

If we had applied (A) instead of (B) to interpret the 

3" 2 
a b 


we should have got the following theorem instead of (1). 
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Tf from any point in an ellipsoid a perpendicular be drawn 
to any axis, the rectangle of the segments of the axis 1s pro- 
portional to the sum of the squares of the perpendiculars from 
the point on two fixed planes passing through the azis. : 


The two fixed planes can, as we have seen, be constructed 
by means of the circumscribed cylinder. The interpretation 
A), however, isin general so much less interesting than (B), 
that I shall take no further notice of the former, but shall 
- leave the reader to modify each of the following theorems by 
using (A) instead of (B), it being remembered that the same 
cylinder or ellipse that determines the directive plane, also 
enables us to find the two planes mentioned in (A). © 
Again, the equation to the umbilical hyperboloid is 


2 2 2 ? 


or = 
III. Lf from any point in an umbilical hyperboloid a straight 4 

line be drawn perpendicular to the real axis ( produced), the 4 

rectangle of the segments of the azis ts proportional to the 

square of the distance of the point from the axis, this distance 

being measured parallel to a certain fixed plane. 


- This of course may be modified for any (real) diameter, as 


in the case of the ellipsoid. As z= constant, in the equation 
2 


to the hyperboloid, implies =; + 72 = constant, it follows that 


the cylinder of which the ‘certain fixed plane’ is a circular 
section will have for its base any section of the hyperboloid 
made by a plane perpendicular to the axis (or, more gene- 
rally, conjugate to the diameter), its generators being parallel 
to the axis (or diameter, as the case may be). ‘Lhe following 
is evident. | 


IV. If from any point in an umbilical hyperboloid a 
straight line be drawn parallel to a circular section, so as 
to meet the diameter (produced) conjugate to that section, 
then shall the square of the straight line be proportional to 
the rectangle of the segments of the diameter. 

Again, the equation to the elliptic paraboloid being 

we have the following theorem : 


= 

a 
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V. If from any point an an elliptic paraboloid a straight 
line be drawn perpendicular to the axis, the portion of the 
axis intercepted between its vertex and the perpendicular is 
proportional to the square of the distance of the point from 
the axis, this distance being measured parallel to a certain 


fixed plane. 


This may be generalized for any diameter as in the ellip- 
soid and umbilical hyperboloid; and the cylinder which 
determines the fixed plane may be constructed precisely as 
in the case of the hyperboloid. When the diameter is con- 


jugate to either series of circular sections, we have the 
following theorem : 


VI. “If from any point in an elliptic paraboloid a straight 
line be drawn parallel to a circular sectivn, so as to meet the 
diameter conjugate to that section, then shall the square of this 
straight line be proportional to the segment of the diameter 
intercepted between its vertex and the aforesaid straight line. 


It is scarcely necessary to remark that theorems (1), (111) 
and (v), (and consequently (11), (1v) and (v1),) are analogous 
_ to familiar and fundamental properties of the ellipse, hyper- 
bola, and parabola, respectively. 

The equation to a cone of the second degree is 


"2? 


where the plane of zy is any plane. through the vertex not 
intersecting the cone in any other real point, and the axis 
of z is the conjugate or reciprocal line. Hence 


VII. The distance of any point im a cone of the second 
degree from any plane passing through the vertex but not 
intersecting the cone in any other real point, has a constant 
ratio to its distunce from the line reciprocal to the plane, this 
distance being measured parallel to a certain fixed plane. 


‘The cylinder which determines the last-mentioned plane 
has for base any section of the cone by a plane parallel to 
the plane through the vertex, and its generators are parallel 
to the reciprocal line. 

When the plane through the vertex of the cone is parallel 
to a circular section, it is clear that the distance of the point 
from the line is to be measured parallel to that section. 

Let there be a ruled surface of the second degree, and AB 
a straight line not intersecting the surface in real points. 
In this straight line take any point A, and draw its polar 
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plane intersecting AB in B: draw the polar plane of B 
which will pass through A and cut the former plane in 
‘a straight line CD; in this line take any point C and find 
its polar plane which will pass through AB and cut CD 
in some point D; then the tetrahedron ABCD will be such 
that each angle is, with respect to the ruled surface, the pole 
of the opposite face. Hence if the faces BCD, ACD, ABD, 
and ABC, be denoted by ¢=0, u=0, v=0, and w=0, re- 
spectively, the equation to the surface of the second degree 
will be of the form 


at’ + bu’ + cv? + ew’ = 0; 
but since the surface is ruled, two of the quantities a, 5, c, e 
must be positive and two negative; also since the straight 
line AB or (vw) does not intersect the surface in real points, 
a and 6 must have the same sign; hence the preceding equa- 


tion may be written 
at’ + bu? fo’ + gw, 


where the constants a, b, f, and g are positive ; or supposing 


these constants to be implicitly contained in ¢, vw, v, and w, 
the equation may be written | | 
=v 


Recollecting that the straight lines (¢u) and (vw) are recipro- 
cal, this equation gives us the following theorem: 

VIII. Zhe distance of any point in a ruled surface of the 
second degree from a straight line which does not intersect the 
surface in real points is proportional to its distance from the 
reciprocal line, each distance being measured parallel to a 
fixed piane. 


We have now to determine the fixed planes (one cor- 
responding to each line). Having constructed the planes 
t, u,v, and w, as before, we have 

for the equation to the surface; put v = 0, and we get 
the equation to the enveloping cone having its vertex at the 
angular point (¢tuw); next let w = constant = c, and we get 
=. 
which is the equation to the cylinder by means of which we 


have to find the fixed plane corresponding to the straight 
line (tu). Hence we may proceed as follows. 
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Find the sides in which the enveloping cone whose vertex 
is at (¢ww), cuts the planes ¢ and uw, (or, in other words, join 
the point (tww) to each of the points in which the straight 
lines (¢v) and (wv) intersect the given surface); cut these sides. 
by a plane parallel to w, and through the four points of | 
section draw parallels to the straight line (tu); then a plane 
_ drawn perpendicular to-(¢w) will cut these parallels in points 

which are the extremities of two conjugate diameters of the 
ellipse in which the cylinder, ¢’+u’=c’, is cut by a plane 
perpendicular to its generators. Having thus two conjugate 
_ diameters of this ellipse, the axes can be constructed and the 
directive plane found (as at p.69). Ina similar manner the - 
_ directive plane corresponding to the straight line (vw) may 
be obtained. | 

If the surface of the second degree instead of being ruled 
be umbilical, then, having found the planes ¢, wu, v, and w, 
as before, three of these planes will intersect the surface, and 
the fourth will not; let this last be the plane w, then the 
equation to the surface will be 


therefore = (wt+v)(w-v). 


Now w+v=0 and w-v=0 are the equations to the two 
planes touching the surface at the extremities of the chord 
(tu); hence the following theorem, of which, by-the-by, 
(1), (111), and (v) may be considered particular cases : 


IX. The rectangle of the perpendiculars from any point 
an an umbilical surface of the sccond degree on two tangent 
planes ts proportional to the square of the distance of the 
point from the chord of contact, this distance being measured 
parallel to a certain fixed plane.* 


_* In an ingenious paper in this Journal Mr. Walker has given the 
following theorem (see vol. p. 27): 

‘*If two planes touch a surface of the second order in two points, the 
rectangle under perpendiculars let fall from any point on the surface on the 
planes is to the square of the perpendicular let fall on the chord of contact 
in a constant ratio.”’ 

By comparing this theorem with (1x) in the text, it is evident however 
that it is true only for those positions of the tangent planes in which the 
fixed (or directive) plane is perpendicular to the chord; (in this case the 
cylinder ¢*+ u’?= c* is of revolution). A more general theorem given by 
Mr. Walker is also liable to the same objection, and it therefore requires 
a little modification. One way of making this modification is as follows: 

Let two surfaces of the second degree have double contact, and let 
P=0 be the equation to one of them; then, by suitably drawing two 
planes ¢=0 and w=0 through the chord of contact, the equation to the 


f 
J 
Af 
7 
aed 
- 
Ls 
| 
¥ 
Se 
is 
+ 
| 
- 
2 
= 
¢ 
ay 
q 


of the Function at® + bu? + ctu. ef 


The fixed plane may be constructed precisely as in the 
case of theorem (vit), taking care to make (tuw) and not 
(tuv) the vertex of the enveloping cone (for the cone 
t?+ + =0 is imaginary). 
This theorem is perfectly analogous to a property of the 
conic sections, but it must be carefully noted that it applies 
to umbilical surfaces only, for the fixed or directive plane 
becomes imaginary in the case of the ruled surfaces. | 
It would not be difficult to give other applications of (B), 
but enough has been done for my present purpose, and 
I shall therefore conclude with one or two inferences from 
theorem (1x), which are analogous to certain plane properties. 
Let A,A,A,......4, be any polygon, plane or twisted, 
‘inscribed in an umbilical surface of the second degree; also 
let p,, p, be the perpendiculars drawn from any 
point in the surface on the tangent planes at 4,, 4,, 4,...A, ; 
and 6,,, 5,, ++. 6,,, the distances of the same point from the 
chords or sides A,A,, A,A,, A,A,....A,A,, these distances 
being measured parallel to certain planes which are to be con- 
structed in the manner previously shewn. ‘Then, a, d,c,...2 | 
being certain constants, we have, by (1x), | 
2 


P\P2 = 
P2P3 = b.8,.°, | | 


Low's 
Multiplying these equations and extracting the square root, | 
we have a result of the form | 


which gives this theorem : 


other surface may be exhibited under one of these forms, | 
or P+#-—v?=0. 


Now in the former case the two surfaces intersect in imaginary conics in 
the imaginary planes t+ (—1)=0 and t—u (—1)=0; and in the latter 
they intersect in two conics, real or imaginary, in the real planes ¢+u=0, 
and ¢— «=0; hence, calling these planes (as M. Chasles has done) the 
symptotic planes of the two surfaces, we have the following theorem : 


Let two surfaces of the second degree have double contact; when their 
symptotic planes are real, the rectangle of the segments of the chord (or secant) 
to one of these surfaces drawn through any point in the other parallel to 
a fixed line, is proportional to the rectangle of the perpendiculars from that 
point on the symptotic planes ; ‘but when the symptotic planes are imaginary, 
the first rectangle is proportional to the square of the distance of the point from 
the chord of contact, this distance being measured parallel to a certain fixed 
plane. 
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X. If any polygon, either plane or twisted, be inscribed in 
an umbilical surface of the second degree, then planes may be 
found (one corresponding to each side) such that the continued 
product of the perpendiculars from any point in the surface on 
the tangent planes at the angles 1s proportional to the con- 
tinued product of the distances of the said point from the 
sides, these . distances being parallel to the 
previously found. 


~ Again, when the number of sides of the polygon is even, — 
multiplying the first, third, fifth, &c. of equations (4), and 
also the second, fourth, sixth, &e. ., It 1s easy to see that we 
get a result of the form 


Hence, 12° “34° ~ 56° 23° 45° 67 

XI. If an polygon, olther plune or twisted, be 
enscribed in an umbilical surface of the second degree, planes 
may be found (one corresponding to cach side) such that the 
continued product of the distances of any point in the surface 
_ from one set of alternate sides is proportional to the continued 
product of the distances. of the same point from the other set 
of alternate sides, these distances being measured parallel to 
the planes previously found. 


In a plane the analogous theorem may be extended to an 
odd-sided polygon, provided we suppose the side wanting 
to be supplied by a tangent at one of the angles; and exactly 
in the same way (x1) may be extended to an odd-sided poly-— 
gon, provided we substitute the perpendicular from the point 
In the surface on the tangent plane at one of the angles 
instead of the distance of the said point from the deficient 
side. ‘Thus, suppose the polygon to have five sides we shall, 
from equations (a), get a result of the form — 


§ = md, Py» 


12°" 34° 51 

so that 6,,.6,,.6,, 1s proportional to 6,,.6,,.p,. 

It is worthy ‘of observation that the plane theorem analo- 
gous to (x!) } is convertible in the case of the quadrilateral, 
but that (x1) is not; for the locus of a point the product of 
whose distances from two opposite sides of a quadrilateral — 
has a constant ratio to the product of its distances from the ~ 
other two opposite sides is, in a plane, a conic circumscribed 
about the quadrilateral; while in three dimensions it is in 

general a surface of the fourth degree. 


York Town, near Bagshot, 
December 9, 1852. 
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ON A NEW AND SIMPLE RULE FOR APPROXIMATING TO THE — 
AREA OF A FIGURE BY MEANS ue SEVEN EQUIDISTANT 
ORDINATES. 

By Tuomas Webbie. 


Let B, B,, B,,... 8, be the values of the ordinate y when 
2=0, h, 2h,... 6h respectively, or when z= 0, 1, 2,...6 re- 


spectively, where z= ; By a well-known formula we have > 


y=B+ z.AB + 2(z- 1). AF + e(e- 1) 2), 


| oe by 7 = dz, and integrate, therefore 


2) 

32° 62 112 62 A‘B 
+(—-—+4 —+ 


(= 102", 352" 502° A’B 


(2 _ 282° 3222" 19602" 67692" 131322" 
6 5 4 

130682° AY y 


(A) 
Take this integral between the limits z=0 and z=6 (which c 
correspond to the limits z = 0 and z = 6h), and multiply by 2, e 
therefore 

1g, 123 
= {68+ 18.98 + 4+ 
41 6 8 
+7) - 


A®B 
=B+2.QB + (2? -z).—— + 82 + 2z). —— + &e. 
| 2 2.3 


80 Rule Approzimating to the Area of a 


Now in finding the area of a ‘figure by means of seven 
‘equidistant ordinates, we must suppose sixth differences con- 
stant, hence all the terms in 6) after A'B will vanish ; also 


since —— differs from —— = — by the small fraction — 
140 | 140 140 


only, and A’ will usually be ee we may write A's 
instead of <. A’B, without material error ; and ‘hen (B) 


takes the form 


[ 168 + 18.AB + 27. 


123 

| + + = 8 + ata} (C). 
Fo or AB, A’B, &c. write their values B, - B, B, 8B, + B, &c., 
and (C) reduces to 


+ B,) + 6B,}-..(D), 


from which the value of the integral [ y.dz, that is, of the 


area required, can be computed; but it will be better to 
throw the right-hand member into the form 


+8 +B,+B,+B, + 


which gives us the following very simple rule for approxi- 
mating to the area of a figure by means of seven equidistant 
ordinates. 


 -‘To five times the sum of the even ordinates, add the fourth 

(or middle) ordinate, and all the odd ordinates, multiply this 
sum by the common distance between the ordinates and three 
tenths of the product will be the area required. 


It appears from the preceding investigation that this rule 
will give the exact area when fifth differences are constant 
(so that the sixth and subsequent differences vanish) ; while 


it differs (in excess) from the true value by only — A‘B, 


when sixth (or even seventh) differences are constant. . In 
other cases it will give the area very nearly providing the 
differences beginning at the sixth are small. 


York Town, near Bagshot," 
June 15, 1858, 
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ON THE TRANSFORMATION OF DIFFERENTIAL EQUATIONS. 
By W. H. L. B.A. 


In the differential equation 


Preys ky, 


let P, Q, R be functions of (x) and contain moreover a certain 
+0 


quantity (n). If we put y = 7 where Uy, Uy Uy V are 
functions of and (n), the will be of 


the form dz 


8, Pot Qe + Re 


P,, Q,, R,, S, being functions of (7) and (n). Now we know 
that in certain specific cases S, after the transformation 
remains the same as S, while P., Q, &, are formed from 
P, Q, R, by merely increasing or ‘diminishing (n) by unity. 
It becomes therefore interesting to ascertain what forms of 
the functions P, Q, R, S admit of this transformation. I 
propose in the following paper to shew how this may be 
done by certain examples. The transformations which I am 
about to give, besides being elegant in themselves, derive 
interest from their connexion with the theory of continued 
fractions, by which the functions which satisfy the differential 
equations which we are about to consider may always be 
expressed. An analogous method of investigation will also, 
I apprehend, apply to other classes of differential equations. 
I shall not in this paper write down the transformed diffe- 
rential equations, as well as those from which they were 
derived, but shall suppose the former always formed from 
the latter by changing (y) into (z), and into (m+ 1). 
Moreover, I shall always suppose the continued fractions 
I shall have occasion to refer to, to be of this form, | 


BOF 
1 + 1+ 1+ 
In the differential equation 


dy _ 


let y = , where « and @ do not contain either (z) or 


x 
+ Bz 
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(z). ‘Then the transformed equation will be 


de Br Be B B 


_ p=(A+ Bz) +2(C+ Ez), 

q=(A'+ Ba) +n(C'+Ex 
r=(A"+ +2(C"+ 

s=L+ Mx+ Nr’. 


The tramiboiened equation is to be formed from the original 
equation by changing (m) into (z+ 1). Hence, we easily see 


that L=0, A=0, C=0, B’=0, E"=0. 


For the right-hand side of the transformed equation must con- 
tain no negative power of (x ), and no positive power greater 
than unity. We shall, moreover, have the following equa- 


tions obtained by equating like powers of (7), (we may put 
M=1): | 


+ nE’) - +nC") = Bi (n+1)E (2); 
1 - 2a(B+4nE) - (A'+nC’) = . (8), 
N -(B+nE’) = + (n+1)E’ .. (4), 
| - B(B+ nE) = .(5). 
From (1) we have 
lA +nc) 
Bi+nE 
From (5) we have 
B+nk 


We must substitute these values in remaining equations, 


and equate coefficients of like powers of (n). Hence, we 
shall have 


From (4), E'=0, N=2B. 
From (3), -1+ A'+nC"=A' + (n+1)C’ or C'=-1. 
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Also from (2) we shall have the following equation, 
(14n-A’')- (B+nE) (A"+n2C") 
=~ {B+ (n+ 1) E} {A"+(n+1) 0"}; 
(1-4) B'+C"B+ EA" + EC"=0, B'+2EC"=0. 
Hence, if A” = 0, we have | 
Hence the equation may be written as follows : 


dz 2e 
(2+1)m 
~ h a= — = 
Bz’ 2e(a+en) 2e(a+en)’ 


This equation can be completely integrated when (z) is an 

integer. 
The following is obtained by assuming p, g, 7 to be of two © 

dimensions in both z and (n), and proceeding as before, 


dy 


x (1+ mz’) (a + bn + cn’) 2° + + ma? 2n) y-—y;, 


‘The known equations by which tanz and tan“z are ex- 
panded into continued fractions are particular cases of this. 
More generally, 


, 
4c 7” 


2c 2 


Be’ 2e(a + bn + en’)’ 4c(a+bn+ cn’) 


This equation can be integrated whenever the equation 
a+bx-+cz*=0 has a positive entire root. 

Let a= 9(n), B= y(n), then the continued fraction into 
which y can be expanded has only one period, and the 


vn) 
o(m +1) 
I shall now give an instance of a differential equation 


leading to a continued fraction with a double period, ob- 
tained by an analogous process : 


coefficient of z" in it = 


G2 
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Note on Sir John Wilson's Theorem. 


a(l + Mz) ana + [cx 2n + + (3 y’; 


_ ax(1+ yz) amn m {ab + 1)} 


{(ab + c) —(2n+1)m} {(ab+e) - 2m (n + 1)} 


This equation is always integrable when (n) is an integer. 


The known equation by which é” is expanded into a con- 


tinued fraction is a particular case of it. Let 


a= (nr), B=yY(n), y= O(n). 
Then the coefficients of z in the continued fraction by which 
(y) may be expressed are alternately of the forms y(”) and 
O(n) + 1). 


The following is an éxample of a similar equation: 


mat (kan) 2+ (ox-2)y + by’, when 
( + 1) ab (2c + bh) | 
4 


This equation can be completely integrated when the equa- 
tion 4 — an=0 has an entire positive root. The equation 
of Riccati may be made to depend on a particular case of 
this equation. 


NOTE ON SIR JOHN WILSON’S THEOREM. 


Tar following is probably the best and the briefest mode 
of deducing Sir John Wilson’s Theorem and its cognate 
Theorems from Fermat’s. I can say nothing as to its 
originality. 


p being any prime number, let 
(x-1) (x-2) (w-8)...{2-(p-1) }=a? "+ &e.+ 


Let z successively take the values 1, 2, 3...(p-1); then 
to modulus p, by Fermat’s theorem, we have 
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and we derive the (p - 1) congruences to modulus ( 
A, + 2°" A, + 2°°A, + 2°*A,..... + 2A,, = 0, 
A, + 3°°A, + 8°°A, + 3°*A, ..... + = 0 


A,+(p-1)?*A,+ (p-1)?°A,+(p- (p- 1)A, 9. 
Now the determinant formed by the coefficients of | 


is 1.2.3. (p —1) multiplied into Me product of the differences 
of 1,2, 3,...(p-—1), and is therefore incongruent to zero for 
the modulus p. Hence, there being (p-1) tndependent 
homogeneous congruences between (p- ~1) quantities, each of 
these quantities must be congruent to zero, that is 


=0, A290, A,,=0 [mod. p]. 


The congruence A, = 0, that is 1 + 1.2.3...(p—1) =0 [mod p)}, 
is evidently Sir John Wilson’s Theorem. We see also (by 
virtue of the remaining equations) at the same time, that 
the sums of the binary, ternary, &c., up to the (p- 2)" 
combinations of the numbers 1, 2, 3... (p-1), are all seve- 
rally congruent to zero to the modulus | p; te. are all divisible 
by that number. 

J.J.8. 


ON THE CALCULUS OF FORMS, OTHERWISE THE THEORY OF | 
INVARIANTS. 


By J. J. SYLVESTER. 
Section VII. Continued. 


BEFORE proceeding further I must guard against a mis- 
conception as to my meaning to which the modification of the 
title of this memoir might give birth; it is not to be under- 
stood that I regard the Theory of Invariants as coextensive 
with the Calculus of Forms, but only with a certain portion — 
of that Calculus which is here exclusively treated of; the 
Calculus of Forms itself has for its subject-matter the whole 
theory of the Composition, Decomposition, and Comparison 
of Forms. In the theory of invariants the composition of 
single forms with sets of linear forms is alone considered, 
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and the idea of invariance must be regarded as a transient 
idea arising out of an artificial mode of viewing the effects 
of composition, so as to ignore the presence in the result of 
factors which depend on the resultants of the linear forms 
employed, which resultants, although in this portion of the 
subject treated as a mere moduli and as such generally sup- 

posed to be reduced to unity, yet in regard to the general 

theory are as important as the factors which are retained ~ 
as the sole objects of contemplation; so that in fact the 
idea of invariance is but a special and it may be said ac- 
cidental notion which merges in the more general notion 
_ of permanency of character in the result of forms com- 
pounded in a given manner out of given forms. Again, 
as to combinants, the idea contained in this word may, by 
a change in the mode of statement of the definition, be 
extended to functions of unlike degrees. A combinant of 
U, V, W,...... all functions of the same system or systems 
of variables is in fact only another name for invariants of 
the function \U+uV+vW+ &c., where, over and above the 
sets of variables contained in U, V, W,,... there is a new cor- 
related set of variables A, u, v, &c. So now, more generally, 
are of p,q,7,.-.... dimensions In one set 
of variables of which the highest number is J if » is taken 
of I[-p, I-g, W of I-,r, &c. dimensions in the same, 
the functions A, uw, v, &c. being each the most general of 
their kind, any invariant of XU+wV+vW+...... which 
is such as well in respect to the coefficients in X, p, v,...... 
which must be considered as forming a set among them- 
selves, as also in respect to the set of variables in U,V,W,... 
will be a combinant to the system U,V, W,...; and so, more 
generally, if U,V, W,...... contain several (say 2) unrelated — 
sets or systems of sets of variables, we must form in an — 
analogous manner 


+ V + v,v,...¥;W + &e., 


and then an invariant in respect to the ¢ given sets in 
U, V, W,... and the new sets contained in (A,, V,, 
(5 &C. V;,---) Will be a combinant to the 
system U,V, W.... Perhaps, however, a more immediate 
extension of the idea of combinants to the case supposed of ¢ 
unrelated sets or systems of sets would be to take, instead 

of &e., the perfectly general forms of 
_ the same degrees in each set of the variables as these quan- 
tities are respectively of the same ; to use these general forms, 
the coefficients of which will constitute not ¢ new sets but a 
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single new set of variables, as the syzygetic multipliers to 
U,V,W,...... and then the invariant of the corresponding 
conjunctive in respect to the ¢ original sets or systems of 
sets, and the one new set of variables thus obtained will 
be a combinant to the given system of Functions.* As a 
matter of punctilio I may here take the opportunity of — 
observing that the process for obtaining the relation between 
w, w (inadvertently written 6), and #, would have been 
more perfectly symmetrical to the eye had the equation for 
W (p. 262) been written r(z’-y’) = W in hieu of o(y’-2*)=W. 
I now return to take up the subject from the point where 
it was brought to a close in the last number of the Journal. 

Let us consider what the equation (A)t becomes when 
U, V, W becomes the first partial derivatives (qua z, y, z) 
of a single homogeneous cubic function y, so that | 


3 then becomes the Hessian of y~, and the S of this (like 


every other invariant of w~)t may be expressed, as is well | 
known, as a rational integral function of the S and 7’ of y. 
The relation between the S of the H and the S and 7’ may 
readily be obtained from the canonical form 


a e+ + 2 + 
_ The Hessian of this is 
(1+ 2m*) + + 2°); 
1 + 2m’ 
6m’ 


and making - = ws, the S of this Hessian will be 


6. m°* x 


* TI propose to append at the end of the next or some subsequent Section 
what ought to have been given in this or previous place, viz. the general 
differential equations for any concomitant to any congeries of forms, 
comprising amongst them any number of various distinct (.e. unrelated) 
classes of systems of sets of variables, the relations between the sets 
belonging to any one system being supposed to be either simple or com- 
- pound, and after the manner of either cogredience or contragredience ; 
in fact, to do this only requires a slight extension of the formule given 
by me with that object in the fifth section of my paper in the Philosophical 
Transactions for the year 1853, Part 111., which see. 

+ Vide last number of this Journal, near the end of Author’s paper 
therein. 

+ I have given a perfectly rigid demonstration in the Philosophical 
Magazine, in the early part of 1853, that every invariant to a cubic 
function of three variables is a rational integral function of the two 
Aronholdian invariants and 


= 
oe 
x 
ont 
Ks 
P 
> 
Say 
; 
me 
4 
ee 
Geer 
£ 


88 On the Calculus of Forms. 


which is (1 + 2m*) {(1 + 2m*)’ + 216m*}. 


(See Calculus of Forms, Camb. and Dub. Math. Journal, 
Nect. 3, vol. 


‘that is 1 + + 240m* + 464m’ + 16m*, 
= (1 20m* 8m’y + 48(m- my, 
= + 48 (7')’, 


where and (7’) are respectively the S and T of (yp). 


Hence we have in general 


S.Hap = (Sp) + 48 (Tyy. 


So that w becomes 7” + 488°, and © evidently from Calculus 
of Forms (same page) becomes 


| | | 1.6 (1 8m’), 
that is 27’, so that | 
—1n = 37 + 1928"; 
so that equation (A) becomes 

R= + 648", 


the Aronholdian representation of the Discriminant of ~. 
We see from this numerical calculation that it is not 

2Q but $2Q which ought to receive the appellation of b, 

making which modification the general equation, written A, 


becomes LR = 40 - 


The w it will be observed is a compound combinant, being 
a biquadratic function of quantities all of which are in- 


variants of the system U, V, W; the © on the other hand 
is a simple combinant of the sixth degree. 


The general dodecadic combinant w may also in another ~ 
manner be exhibited as a biquadratic function of cubic 
functions of the coefficients of the three given quadratics ; 
but these cubic functions will no longer be invariants of the 


given quadratics. Thus, form the Jacobian of U, V, W, 
that is, the determinant 


dU 
dz’ dy’ dz 
av dv av | 
aw dW aw 
dz’ dy’ dz 
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which will be a cubic covariant to the system. The S of 


this will be another form of w. So too, again, if we border 
the matrix to the Jacobian}determinant above written verti- 
cally and horizontally with &, », €, and call the determinant — 
of the matrix thus formed J’, J’ will be quadratic in the — 
system 2, y, 2, in the system &, 7, ¢, and in the system 
formed by the coefficients of U, V, W, and the result of 
affecting this with the operator = will be the same as the 
result of the operation upon Q with the same symbol; 
that is to say, s,H.I' will be equal to ®, this latter 
symbol being so taken (as last explained) in such a way 
that 3R shall equal 4u- *, and each of the four lines in 
_ the operator = being supposed to go their complete number — 
(6) of permutations. 

The terms sextic and dodecadic combinants will not be suf- 
ficient per se to characterize W or © (to a numerical factor 
pres), supposing that there exist combinants of the 3™ and 9" 
degree respectively in the coefficients, in which case the 
= sextic would contain two and the general dodecadic 

ve arbitrary numerical parameters. | 

This makes so much the more remarkable and satisfactory 


the method above developed for finding W and © as unde- 
compounded forms; the general dodecadic combinant at all 
events being rendered indeterminate by virtue of the ex- 
istence of a sextic combinant above demonstrated. 
It is interesting to evince the identity of the S of the 
Jacobian with that of the discriminant to the conjunctive 
of U, V, W, which latter has been called w. . | 
Starting with the canonical forms of the system U, V, W, 
and neglecting the p and o, which cannot influence the 
result of the intended comparison, we have 


—Y 5 0 
gzthy; he+y+fze; gze+hy 


= + gy 2°) + + xyz. 
And multiplying by 6 and adopting the same notation as 
before (from the Higher Plane Curves, p. 182), we have 
a,=0, @=29, a, = 2h, 
c,=2f, c,=2y, ¢,=0, 
3 d= 1. 
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And the expression for S in Higher Plane Curves, p- 184, 


becomes, omitting every term containing a,, or ¢,, 


d* - 2d*(b,c, + c,a, + a,b,) + 3d (a,b,c, + a,b,c.) | 


(6,¢,0,a, + a,c,6,6 + a,6,c,¢,) + + a, 3)» 


that is 1- 8(f? +4 9° + h?) + 48fgh 16(h?y? + + fh’) 


+16(f*+9°+h*), so that 
S J(U,V,W)=8=S o(AU+pV+vW), 


Y,2 X,Y, % 


as was to be shewn. As observed above, the form first 


found has the advantage over the one just obtained in dis- 


closing the elements (cubic invariants to U, V,W) of which 


the w is a biquadratic function. So, analogously, the re- 
sultant of two quadratic functions (P, Q) of z and y may be 
exhibited either under the form of the discriminant in 
respect to the coefficients of conjunction of the discriminant 
in respect to the original variables of the conjunctive of 
P,Q, or under the form of the discriminant of the Jacobian 
of P, Q. The former discloses the invariantive composition 
of the resultant which remains latent in the latter. As 


regards the %, the proof of its being capable of the second 
mode of generation above indicated must, on account of the 
tediousness of the calculation, be for the present reserved; 
nor can I assert the fact with entire confidence until I have 
made a more complete investigation into the combinants 
of the system U, V, W, the remarks concerning which, in 
p- 262, I wish to be considered as provisionally withdrawn. 

The analogy between the invariants of a cubic form of 
three variables and a biquadratic of two has been frequently 
insisted upon in the foregoing pages; but we shall now see 
that this analogy has its foundation in the deeper-seated 
analogy which connects a ternary system of quadratics of 
three variables with a binary system of cubics of two 
variables. | | 

We may suppose the two given functions so combined 
that the linear conjunctive 7P + mQ shall contain two equal 
roots, and so take the form z’y; this may then be combined 
with either of the given functions so as to give a conjunctive 


of the form ax’ + 8xy? + dy’, 


and writing for z and y, = 5 - , respectively, and multiply- 
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ing +mQ by Vaid, we obtain for our standard form 
P = 3z°y, 
Sexy” + 
The resultant of this system rejecting an universally- 


irrelevant numerical factor is 1. 
Again, write 


| + px? 4 + py’, 
_ and operate upon this with the commutator (say w), 


= 


Ble Sle 
& 


Keeping. one of the lines (ez. gr. ‘the first) stationary, 
and, for greater brevity, writing r» Sus 6,, 6 in-place of 
dn” dp’ dx’ dy 
ing that the order i the lines of these positions (and not the 
order of the lines) is the only thing to be attended to, are 
equivalent to 


, we obtain 8 positions, which, remember- 


Hence we have + 
[If need hardly observe, that in general for any two odd- 
degreed functions of the same degree in z, y, as 


.+m(a,) (a,) y™, 
+ m(b,) y”, 


+m.4(m-1) 
+ m.4(m-1) .y* +... 
we may obtain, in an analogous manner, the combinant 
a,(b,) - ma,(b,) + m. 4(m -1) a,(b,) + &e. 


Moreover it is easily shewn that when m is an even integer 
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the above expression will remain invariant, although of course 
it is no longer a combinant.| 
Again, the Hessian to AP + 4 Q will be 


pot ry, Aw + pey 
+ Hey; + 


which is equal to 


which call H.C (C meaning the conjunctive of P, Q). Let 
this be operated upon with the commutator 
which call Q. 
Since neither y’\’ nor zyX’ does not enter H. C’, we have 
only to consider out of sa full number 6 of positions the two 


_ effective positions 


8.8, | art 8,7 88, 
Hence EHO (P,Q) =1- é. 
So that {=,0C (P,Q)\}° + FHC (P,Q)} 
| = R (P,Q). 


Thus R is expressed in terms of the cube of a simple quad- 
ratic combinant and a sextic compound combinant, which is 
made up of quadratic invariants. When P and Q become 
of the form , respectively being a quartic in 
and y), these pais. respectively (to numerical factors pres) 
the quadrinvariant of the given function and the cube in- 
variant of its Hessian, which latter is a linear function of — 


the cube of the quadrinvariant and the square of the cubin- 


variant of the given function, as we know d prior: from the 
fact of the fundamental scale of the quartic consisting of the 
quadrinvariant and cubinvariant (for a rigid demonstration _ 
of which fact see the Philosophical Magazine in the early 
part of 1853), and the expression for the resultant thus 
resolves itself into the known composite form of the sum of 
a square and cube. 

The simple sextic combinant represented by H.C (P,Q) 
may also, analogous to what has been observed concerning 


the 6, be expressed as a commutant (in fact the cubinvariant) 
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of the Jacobian to P and Q, but then the form will no longer 
disclose its invariantive sub-composition. So too, if it were 
thought worth while to push the analogies to an extreme, 
the quadri-combinant to P,Q might have been found, first 
by bordering the Hessian to the conjunctive to P, Q with 
—, » horizontally and vertically, and operating upon the 
result with the commutator , 


ad 
dx’ 


or by bordering the Jacobian to P,Q with &, 7, as before, 
and then operating upon the result with the commutator _ 


dz’ dy 
d 


dz’ 


dn 


I propose hereafter to return to the consideration of the 


fundamental scale of combinants to the two systems, viz. of 
8 quadratics in 2, y, z, and of 2 cubics in z, y, which have 
been treated of in this section. 


Section VILL. 


On the Reduction of a Sextic Function of Two Variables to tts” 
Canonical Form. 


In the London and Edinburgh Philosophical Magazine for 
Nov. 1851, after giving a simple method for representing any 
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function of two variables of an odd degree (2, y)™ under 
the form of 


2m+1 2m+ 2m+1 


where ... are linear functions of z, y (which form, 
as appears from the method of obtaining it, is unique). 
I proceeded to shew how by a certain method therein ex- 
plained the biquadratic and octavic function of z, y, (z, y)', 
(z, y)’ could be thrown under the respective forms 


4, 4 2 2 
+ MU, | 
+U, +U, +U, + MU,.U,.U,-U,, 
the number of values of m in the first form being 8 and in 


the second form 5, the quantity m in the one case depending | 
on the solution of the equation | 


a,+Xr 
a, |=0, 
a,+HX a, a, 


where @,, @,, @,, @,, @, are the coefficients of (2, y)* multiplied 
respectively by 1,4, 4, 4,15; and in the other case, on the 
solution of the equation 


a, a, a, a, a+r 
a, a, a, @-4Xr a, 
a, a, a,+3r a, a, |=0, 
a, a-in 4, a, a, 
4, a, a, a, 


being the coefficients of (z, y)* multiplied respectively by 


Before proceeding to investigate the theory of these methods 
of reduction under any more general point of view, it will be 
convenient to seek to obtain the representation of (z, y)" 
under some analogous form. 


It might at first be supposed that the corresponding form 
should be 


6 6 6 
+t, + Uz, + MU;,.U,.U, ; 


if, however, the method which succeeds for the quartic and 
octavic functions be attempted to be applied to this it will 
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be found entirely to fail. Here, however, considerations of 
a purely morphological character step in to our aid and 
immediately lead to the true canonical representation of the 
sextic function. Algebraically speaking, the only connexion 
between two identical forms F and F'is through the equation 
F=y"'y~F; but, morphologically considered, a form F may 
admit of being derived by a series of: entirely heterogeneous 
operations from zéself. In general, supposing 


F(a, y) = az" + nbz" .y + &c. ... + 2(b) zy" + (a) 
d(a)’ 


operating upon any concomitant to F’ will, we know, (from 


the law of reciprocity in Section iv.) produce another con- 
comitant. The operative form above written is termed the 
evector, and the result of operating therewith upon a con- 
comitant is termed the evectant of the latter, which is said, 
when so operated upon, to be evected.* The polar reci- 
procal of the evector may be termed the contravector, and 
for two variables is of course of the form 


&e. 


If we suppose ” to be even, F(z, y) will have the well- 
known quadrinvariant | 


a(a) — nb.(b) + 1) c.(c) &e., 


and if this be operated upon with the contravector, or if 
we like so to say, be contravected, we recover the original 
function /', so that any function of two variables of an 
even degree is the contravect of its quadrinvariant. 


form 
4 4 2 
+m (u,uU,)', 


and make uu, = F(z, y); 
or to that of (z, y)® under the form 
us + + m(u,u,uu,)’, 


* These terms ‘‘evector, evectant, contravectant, to evect and contravect,”’ 
will of course admit of an immediate extension to functions of any number 
of variables. Evection gives rise to contravariants, contravection to co- 
variants; but on this account to interchange the meanings respectively 
attached to the terms evector and contravector, and their respective allied 
terms, would be a simplification too dearly purchased at the expense 
of contravening the principle that the word for the base should be the 
base for the word, 


If now we return to the representation of (z, y)* under the 
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and make U,.U,.U,.U, = AC? 


the outstanding term multiplied by the parameter m may be 
regarded in each of these two cases as the squared contra- 
vects of the quadrintrivariants F, and F’, respectively. Under 
this point of view we at once see a ground for the proved fact 
of (z,y)* not being capable of being thrown under the form 


+us+u,+mi{ F(z, y)}’, 


where u,.u,.u, = F,(2, Y)> 


because there exists no quadrinvariant to F(z, y), the onl 
invariant which it possesses being the discriminant which 
is of the fourth degree; if however instead of m{ F(z, y)}* 
we write mF,(z, y) G(x, y), where G,(z, y) is the contravect 
of the Secetateaad of F, we shall find that the method 
applied to the reduction of (x, y)* and to (x, y)° will perfectly 
well succeed for (z, y)’, as I proceed to demonstrate. 


Let this function be written under the form 

+ 6a,2°y + + + 15a,2°y* + + ay’, 
which suppose made equal to | 

ay) + (pe + + (pe + ay)” 

+ (Az?+2 Ba*y+ 3 Cry’ + Dy’) (La*+Mz’y+ Nazy*+ Py’); 
where (p,2+9,y) (p.2+9,y) = y+38 Cry"+ Dy’, 
the discriminant of this will be, as is well known, 

+ 4AC* + 4DB - 3A*D* - 6 ABCD, 


and contravecting this with the operator — 


d 


ideutifving the result with Lz’ + 3Mz*y + 3Nzy’ + 
we have 


L=6ABC+6A’D -4B*, 
M=-6ABD + 12AC’, 
N=6ACD - 12DB*, 
P=-6BCD-6AD + 


A, B, C, D are known functions of p,, p,, Yoo Yq» and 
we shall have 7 equations for determining these 6 unknown 
quantities and the unknown parameter m. 
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* Let = Ys = 
+A, try = 35, AQ AAA, = Sy 
PiP.P3 = ™ 


Then A=m, 3B=3ms,, 3C=3ms,, D=s,. 
La m*(48,° — 68,8, + 28,), 
M = m'(6s,’s, + 68,8, — 128,’), 
= m(12s,’s, - 6s 8, — 68,8,), 
P = 68,8,8, — 48,° — 28,"). 


15,85 
+ + 8Cry? + Dy’) (La? + Mz’y + Nay’ + Py) 
= K,2° + + + Key’ + + K,zy’ + Ky’ 
Then, equating this term for term with 
(z+ py) +A, (e+ py) +r t+ py) + eT, 

we obtain the 7 equations following : : 


pyr, + Pr, * + (2), 


+ Py ry + + — K, = a, (8), 


* The reader will please to make the following correction in the text . 
preceding this :— 


All that comes between the word ‘ operator’ (10th line from foot of p. 96 
and the letters ‘A, B,C, D’ (3rd line from foot of same page) is to be omitte 
and the following ‘inserted in its stead : 


and d identifying the result with Ma*y+ + Py’, we have 
L=—6ABC+2A*D + 
M=6ABD—12AC*+6B°C, 
N= -—6ACD+12DB*—6BC’, 
P=6BCD-2AD*—4C*. 
NEW SERIES, VOL. I1X.—May 1854. H 
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pir’ + pore + pore 4 (5), 
Py + + Py ry + (6), 


Eliminating linearly 
6 


DP, > p, between equations 1, 2, 3, 4, 


we obtain the 4 equations following, viz. 
a,8, 84,8, + 84,8, a, = pd 
a8, 34,8, + 34,8, - a, = wd, 
a,8, 34,8, + 34,8, a, = 
— 34,8, + 34,8, - a, = bd 
where 9, = Ks, - + 
= (60K's, - 30K s,+12K,s, - 3K.), 
= (10K,s, - 12A,s, + - 4K,), 
= - + 12K,s, - 10K,), 
J, 8, PKs, - K, 
= 75 (8K,s, - 12K,s, + 80K,s, - 60K,), 


Ad 

K,= 45° — 68,8, + 28,, 

1 AM+3BL 

K, = = (65,’s,+ 68,8,—12s,”) + 38,(48,°— 65,5, + 28,) 

= 12s, - + 128,s, 12s,”, 
1 AN+8BM+ 38CL 
m* K, = m* = (125,'s, 65,5," — 65,8.) 


+ (188,58, + 188,’s, — 36s,5,”) 
+ (12s,°s, 185.8,’ + 65,8.) 
= 30s,°s,+ 805,’s, 60s,5,’, 


34 
q 
AS 
> 
é 
“a 
. 
4 
a9 
a 
4 
7a 
t 
6 
7 
rg 
= 


AP+ CM+ DL (65,8,8, - 48,3 28.) 
+ (368,’s, — 188,"s,’ 188,8,5,) 
+ + 188,8,8, — 36s,°) 
+ (48,"s, 68,5,8, + 28,°) 
= 408,"s, 40s,", 
+ 368,"s,s, — 188,58,’ 
68,'8,8, + 68,8, - 128,°s, 
= 608,'s,8, 308.8,’ 
K, = 18s,8,'s, 12s8,* 65,8," 
+ 12s,°s,’ - 68,5,’s, - 68,8," 
= 128,'s," +1 28,8, 8; 12s," 
K,= 68.5,8, — 48,°s, — 2s.°; 
= 240s8,°s, — 360s,s,s, + 120s,” 


ie. 9 = 2u(A*D? + 4AC* + - 3B°C*-~ 6ABCD). 


Again, 
“g 


a 


pm 


= 3BC’-6ABCD)s.. 
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360s,'s, + 3608,'s,’ — 3608,5,8, 


+ 860s,'s, + - 7208,'s,’ 
120s,’s, + 120s,° 


+ 36 Os," 


3 3 2,2 
120(s, + 48,° + 48,°s, — 38,"s,° - 65,8,5,), 


120s,*s, 120s,’s,s, + 120s,8,° — 120s,"s, 

860s,*s,’ - 360s,"s,8, + 7208.8,” 
360s,*s, 360s,8, 

240s + 1205,5,° + 1208,8,°s, 


2 3 4 3,2 2 j 
= 120{s.s, + 48,8," + 48,"s, — 38,°s," — 68,°S,8,) ; 


H 2 
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Again, 


609 
= 1208,'s,8, + 2408,5,', 


— 3608,°s,s, + 360s, 
+ 720s,°s,8, — 3608,’s,° — 3605,8,’s 


28 l 3 
— 120s,’s,” — 120s,s,’s, + 1208, + 120s,s,” 
= 120(s,8,” + 4s,‘ + 48,°s,s, 38,7s,° - 63,5,"8,), 
+ 4A4C* + - 3B°C’- 6 ABCD)s,. 
Finally, 
= 1208,’s,° 1208,"s, 


— 7208,'s,'s, + 3608,8," + 3608,’s, 
+ 360s,"s," + 3608,'s,'s, — 36 05,8," 3608,8,8,° 
— 360s,’s,8,’ + 2405s,"s, + 120s," 


= 120(s,° + 4s,°s, + 4s,°s,” — — 65,8,8,"), 
9 = + 4AC* + - - 6ABCD)s,. 
Hence, writing | 
+ -3B’C’-6 ABCD) =p, 
the four equations connecting a,, a,, a,,a, with 9,3, 
the form | 
— 34,8, + 3a,8,-(a, + p)= 0, 
a,8, 34,8, + 3(a, - tp) $,-a,=0, 
a,s,- 3(a,+ 4p)s, + 8a,8,-a,=0, 
(a, 848, + 84,8, a, = 0. 
‘Hence we derive the equations involving only the known 


coefficients of the given function for finding p, viz. the 
determinant 


a, 


a, a (R) 
a, a, + a, a, 
a, a, 


-If in this matrix p be changed into —p, the determinant 
evidently remains unaltered in value; hence the odd powers 
of p disappear from the equation, and p may be found by 
the solution of a double quadratic only. In fact the above 
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equation for finding p, expanded out, becomes 


9 \S|a,a,| 8)a,a,| |a,a| 91a, @, 
a, a, a, 
a, a, a, a, 
= 0; 
a, a, a, a, 
: a, a, a, a, 
that is p* + (15a,a, 6a,a,- 10a,’ + a,4,) 
| 
4 
=0; 
a, a, a, a, 
a, 4, a, 


the coefficient of p’ being the well-known quadrinvariant, 
and the final term the meiocatalecticizant of the given func- 
tion. There will consequently be four different values of p 
and four different systems of values of s,, s,, s,, expressible — 
for each system respectively in terms of p by means of any 
three out of the four equations (R), and consequently there 
will be four systems of values of X,, r,, A,, each of which 
may be found separately by solving the cubic equation 
+ 88,A - 8, = 0; 


also K,, K,, K,, K,, K,, K,, K, become known multiples of mi‘, 
- and finally, the values of any \ and X& system being thus 
determined, we may then, by means of the identity 


write down at will any 4 equations out of the 7 equations 
therefrom resulting, and these will serve to determine linearly 
the values of p,°, p,’, p,, wm*; and consequently, by means 


of the equations | 

91> Yoo J, are known, and consequently every coefficient in 
+ gy! gy)! + 


is completely determined. But we shall hereafter return to 
this theory, and seek for a direct method of finding the four 


values of the functions + 9,y), (p,% + 9,Y), (p,% + 


é 

% 
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It appears from the above investigation that there are four 
modes of throwing (z, y) under the assumed form which 
possess the remarkable property of separating into two pairs 
of modes, as is obvious from the fact of the resolving equa- 
tion in p having two pairs of roots, those of the same pair 
being equal but of contrary signs. As this form will be of 
extreme value in studying the invariants of (z, y)’, it may be 
well to consider the simplest shape to which it admits of 
being reduced. 

We may suppose Pt y)( + pt + ay) thrown 
under the form of w+ v’, the contravectant of the discrimi- 
nant to which in respect to uw and v is v’-— wu’, so that we 
may use for the canonical form the expression 


a(u+v)y + b(u+ + c(u+ + - 
where p’=1; or if we please, more simply 
a(ut+vy+b(w+ poy +ec(ut+pvy +ue- 


I may take this occasion to observe that there are generally 
two modes of a distinct kind for obtaining any simple con- 
comitant ; the difference (a most important practical one) 
consisting in the circumstance that in the one mode there 
are differentiations to be performed in respect to the coeffi- 
cients, the consequence of which is that the whole of the 

operations must be gone through for obtaining the concomi- 
_ tant the primitive in its most general form, and no advantage 
can be taken in the course of these operations of the sim- 
plification resulting from the absence of any terms in the 
primitive or of any other specialty therein; whereas in the 
other mode of derivation, where all the differentiations have 
to be performed qua the variables only, the partial form may 
be operated with throughout. ‘Thus, for instance, to find 
the contravectant to the discriminant of a cubic function the 
general form of the cubic must be employed, and then the | 
special values of the coefficient corresponding to a specific” 
form of the cubic substituted at the close of the operations ; 
but this same concomitant may also be obtained by taking 
the resultant of the first emanant of the given cubic and 
of the first emanant of its Hessian in respect to the variables 
of emanation, and consequently the specific form may, after 
this mode, be retained from the first. ‘Thus, if we start with 
U+0', the Hessian 1 is we, and the two emanants in question 
will he +vv and cu + ue, the resultant of which in 
respect to uw’ and v’ is uw’ - v°; or, again, if we commence with 
ucvw subject to the relation that ~+v+w-=0, the Hessian 
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will be | 
0wv il 
woul 
v0uodl 
11.1% 


that is to say, 0° + - 2uv - 2vw. 


The two emanants will then be 
+ + uw 
(wu — w) +(o-w- + (w 
subject to the relation ie 
w+v+w=0; 
and taking the resultant of these three en. or, which 


is the same thing, of 
vwu + + 


+ vw +wwW, 
+e, 
we obtain the determinant 


vw WU UV 
uv 


which is equal to 
veo(v - + wu(w—- u) + uv(u —v), 
that is to say (u-v)(v-w)(w—-u). 


Hence another variety of the external shape to which the 
canonical form for the sextic function of z, y may be reduced 


will be 
au? + bv® + cw® + puvw (u — v) (v — w) (w u). 


[shall presently revert to the theory of the corresponding 
mode of reducing to their canonical forms the biquadratic and 
octavic functions of xz, y, the number of solutions for which 
will be respectively 3 and 5, and the discovery of which, 
as shewn by me in the Number of the Phil. Mag. before 
adverted to, depend upon the solution of equations of the 
third and fifth degrees in p expressed by means of deter- 
minants of the third and fifth orders formed in precise cor- 
respondence with that of the fourth order, upon which, as 
we have found above, the reduction of the sextic function 
to its canonical form depends. 


[To be Continued. | 


+ 


( 104 ) 


ON THE _—nnee OF LINEAR DIFFERENTIAL EQUATIONS. 
By W. H. L. Russe... 


I propose in the following paper to investigate a method 
for solving an extensive class of differential equations by 
means of definite integrals. I shall commence with some 
theorems relative to the summation of series, of which I 


shall make continual use in the analysis on which J am 
about to enter. : 


To determine the sum of the series 


a(at+1)(a+2).. (a+n— rp | 


Consequently we find the sum of the series equal to 


rg | | -a-1 


Again, if the general term be 


a(a + 1)...(a+n- 1) a(a’+1).. +m—1)- a” 
1.2.3...n7 
the sum of the series will be, in like manner, 
rp re -l -a!- 
Tal (-a)° Ta’ a’) | 


To sum the series 


1 
consequently the required sum is - to 
edz 
If it be required to sum the series whose general term is 


B(B + 1)...(8+%-1) 1.2.8...0 
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we easily see that the sum is equal to 


(14 4 zy... : 


We may ges: reduce this to a possible form by putting 
z= tan@, z'=tan@’.. 

If the series to be summed is of the nature of both 
the kinds of series we have been discussing, we must 
combine the two methods of summation together; as will 
be evident in the examples which | shall now give of 
the application of these series to the solution of differential 
equations. 

For this purpose, I shall avail myself of the methods 
for expressing the Integrals of Differential Equations by 
means of series, which are given in the Philosophical Trans- 
actions for the year 1844. 

Let the equation be 


The symbolical form of this equation is 
(D - a) (D-6)u - p(D-e) = 0; 
and the solution in series will be 


{ -et+l (a-e+1)(a-e+2) 


b-e+1 (b-e+1) (b-e+ 2) | 


Hence we have © 


I must here remark, te the difference of (a) and (6) 
is here supposed less than unity. If not, one of these 
series will require to be modified in a way that will be 
easily seen. ‘The same remark will apply to several of the 
equations we are about to consider. 

Let the equation be 


, d*u 
~ (a+ b+e- 8) pa} 


+ 
2 
~{abe+ 


4 
bis 
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The symbolical form of this equation is_ 
p(D - e)(D- = 0 
therefore 


(a-e+1) (a- g+1) 


(a-e+1)(a-e+ 2) (a- q+1)(a- = + 


b-e+1)(6-q+1)_ 
(b-e+1)(b-e+2)(b -q+1) (6-9 + 2) 
(6-c+1) (6-c+2)(b—a+1)(b-a+2) 1.2 
c—e+1) (e-qtl 
2) (ec-b4+1)(c-b4+2) 1.2 
Hence we shall find. | 


pa 


3 2 
+ {(ab+ac+be-a-b-c+ 1) {abe-p(e-1) x} u= 0. 


The symbolical form of this equation is — 
(D 
therefore 
a-e+1 


(a—e+1)(a-e+ 2) 
(an b+1)(a-6+2) (a-ct+1) (a-c+2) 1.2 
b-e+1 
(6-e+1)(b-e+ 2) 
c+1)(b-c+2) (b- a+1)(b-a+2)- + 
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f ec-e+1 


+ CF 


Consequently 
u = Az" | | 40do(1 of" cos** 
3 


cos {wrx cos@ 


+ Ba’ | | _ 


cos {mex cos@ sin +(b-a+1)6 - tan 
1 


d*u 


du 
Let 2° 
et (at+b+e-3)x 
— —(abe+ pr)u= 0. 


+ (ab + ac + be-a-b-c+ 


The symbolical form of this equation is 


(D-a)(D-5b)(D- — ps" u = 0; 
therefore 
| | 
| 
b+1)(a- b+ 2) (a- c+1)(a- =; + 
pox 
c+2)(6- a+1)(0- a+2).1.2 


ES 1) ) (e- b+2). 


0 
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Ax" | 008 9 (04H) cos**'¢ dO do 
Cos {par cos@ cos@ sin(8 + $) + re b+1)0 


+ (a-c+1) + tan 


COs {ma cos 8 COs sin(0+ 9) +(6-ct 
+(b-a+1) - + tang)} 


Cos {ua cos @ cos@ sin (6 + ¢) +(c-a+1)0> 
| +(c-b+1)9- (tand + tang)} 


The symbolical form of this equation is 
Du - = 0, 
= a, + +. +(6, + bat ..) logez, 


| 7 


It will be necessary to discuss the first only of these series. 


We find 
2u"b, | 1 
a= - 1l+—-+—+...— 
-1)dv 
and ie we shall find | 
ope 


“12.9? 9? 1” 1? 9? 


which reduces the series to forms we have already con- 
sidered. 
| d*u du 
dz’ dz 


4 
a 
4 
Ee 
{3 
= 
ES 
eau» 
] 9 J 
Zz 
on 
4 
‘ee 
ww 
% 
“4 
ers) 
4 


Integration of Linear Differential Equations. ‘109 
The symbolical form of this equation is 
Dru - peru = 0, | 
+...) + logex(d, 


where 
I shall discuss the first only of these series. We shall find 
1 
l+—-+—+..+- 
1\" 
1+—-+—+..+- 
1 
ape” dv(v" 1) 


v- z—-1, 
3u"C, v2" — 1 
dv dz 
te 
and proceed as in the last example. 
3 
Let (204 3) t + 2ab - 2a- b+ 


=.0. 
The symbolical form of this equation is 
(D a} (D - u — = 0. 
The solution will be found to involve the series 


A,+ A+ +...... 
where 


, Bn + 2(a b) 
2(2+a-b) 


4 
dvd. 


4 
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3 3 3 
Now + + 


l+a-6 24+a-b 84+a-b n+a-b 
v-1 


2(2+a-b) 38(8+a-6) n(n+a-5) 


1) 2°" 
vz — | 


= | dvd: 


whence the rest is obvious. 


The preceding cep an are all included under the general 
symbolical form 


+ b(D) = 0 
to which the still more general symbolical form 
u+ao(D) + a,o(D) o(D-1) + &e. = 0 
can always be reduced. © 


I shall conclude this paper with two examples, whisk are 
well calculated to exhibit the power of the method I have 
been investigating. 


dx”. 
f ann | gintm) | 


3(n+m) 
+ - + &e. | 
)...(2N+2m)(2n+ 8m+1 )...38 


m+n) 


(m+2)..(+m+ 1 ) (m+2)..(n+m-+1 )(n+2m+2 )..(2n+2m+1) 


+ + 


r 2(men) 
(m+). (n+m+2)(n+2m+3). {2n+ 2m+2 3), 


+ &e. 
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nem 
zt 


x x ee dzdz dz) 
+ | - 


m+2 m+3 


z 


+A ‘| | 
eee 
-2 


m:3 m+ fsm,2 


(1 +izy"™ (1 1402") nem 


n-m 
Zz 


(1+is) 


+ &c., 
where the integral may be transformed by putting 


z=tan@, 2z =tan@. 


n-1 


= 1 + + 
 1.2.3...(2n-2).1.n 


2n-1 


x 
+ z+ ——— + 
{ 1.2.3...m.2 + 1) 


+ — 
1.2.3...(3% — 2).2(m+1).2n 


pe att + 
Yo 1.2.3...22.3.(m + 2) 


+ 1.2.3...(3” 1).3.(n + 2) (2n + 


+ &c. to (n- 1) terms, 


4 
oF 
| 
Let : 
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zx ar 
e"dz 


(1+2z)"" 

+ 

where p = (n- (1472z)""; 1, a, a’,... are the (nm —1) roots 
of the equation &*’-1=0, and each of the series contained 
within the brackets is continued to (n-1) terms. We may 
transform this expression by putting z=tan8. By the above 
process we shall obtain ( — 1) particular integrals only ; but 
when (mv - 1) particular integrals of a linear equation of the 


mn” order are known, the remaining integral can always be 


found. 


ON THE INTEGRATION OF LINEAR PARTIAL DIFFERENTIAL 
EQUATIONS. 
By W. H. L. Russet. 


In a paper which appears in the present number of this 
Journal, 1 gave a new method for expressing the sums of 
certain infinite series by means of definite integrals, and 
applied the results to the integration of a large class of 
linear differential equations. I now propose to investigate 
a similar method for the integration of a class of linear 
partial differential equations. If we express the solutions 
of these equations by means of series, we shall find in the 
cases which it is the object of this paper to consider, that 
these series are analogous to those which were discussed 
in the paper just mentioned, but that the terms are suc- 
cessively multiplied by the differential coefficients of an 
arbitrary function, the indices of differentiation receiving 4 
constant increment each term. Now an arbitrary function 
F(z) can sometimes be expressed by the integral 


Jc? dp, 
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and always by the integral 


2 consequently, i in both cases, the quantities under the integral 

sign in the successive differential coefficients of these integrals 

_ with respect to (z) are in geometrical progression. Hence 

_ the substitution of these integrals reduces the proposed series 

to forms already considered. In this paper I intend to use 

the first of these expressions, as it is the simpler of the two; 

the application of the second is to be conducted in a similar 

manner. Ihe method of summation I have employed in 

this paper, will be understood on comparing. it with the 
paper to which I have already referred. 


au d*u 
+ (be + ca + ab - a-b-c+1)zZ,  abeu = 2, 
dz, 
- The symbolical form of this equation is Sees 
(D-a)(D-6)(D-c)u- = 0. 
Hence, 
d 
% =. 1 
(a-6+1)(a-6+ 2)(a-c+1)(a-c+2).1.2 dz,’ 
l 
a+1).1 dz, 
e+1)(- o+2)(b- a+1)(b-a+ 2). dz he.) Fe, 
+ 
+ 1) (c-6+1).1 dz, 
| 


Fiz, = and similarly for F,z,, 
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cos{ pz, sin(0+9)+(c- -a+1) 04 (c-b+1)p-(tanO+tang)}. 


t 
‘Let dz, dz, 
The symbolical form of this equation is 


| Diu - = 0, 


2, +logex, (fx, +2, &e.) 

where 2, = de.’ ~ 2 da, 


I shall discuss the first only of these series, 


1+—+—+4...4-]. 
Let Fz, = T(p) <*edp, and similarly for f,z,; then 
P TI(p) 


0 


3 


a form which | have cea in the paper I have before 
mentioned. 


Let 
dz,dz,dz,...dz, 


xz, + dz’ F x, 
v-l Ly. + v-1 


dx F x + &e., 


U-1 


i? 
ub 
a 
a 
oF 
4 
om 
‘da 
% 
4 
U 
4 


+ &e. 


ow (x= E'(p)dp ; 


17 P) 


| | Pip dz dz...dz 
(1 + #z)(1 + 42')...(1 + 02%”) 


FP + 1z)(1 )...(1 + 22°) 
..(Lp2-P).. 


+ &e., 


— the integral may be transformed by putting z = tan8, 


= tan ng, &e. 


SOME THEOREMS ON CONFOCAL SURFACES OF THE SECOND 
ORDER. 


By the Rev. J. Booru, F.R.S., &e. 


Tue following demonstrations of some general theorems 
on Confocal Surfaces of the Second Order may be acceptable 
to such readers of the Journal as take an Interest in re- 
searches of this kind. 


THEOREM I. Three confocal surfaces of the second order 
intersect in a common point Q the vertex of a cone which 
envelopes a fourth confocal surface; to determine the equation 
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_ of this cone referred to the normals of the three surfaces, 
at the common point Q, as axes of coordinates. 


It is very generally known that confocal surfaces mutually 
intersect at right angles ;* the normals of the three surfaces 
will therefore constitute a system of rectangular coordinates. 


Let the equation of the fourth — an ellipsoid sup- 


pose, be 
2. 


and let a, (3, y be the coordinates of the point Q, the vertex 
of the enveloping cone. 


Let Y- B= (2), 


be the equations of a right line passing through the point 
(ay), and piercing the surface (1) in two points. If we 
substitute the values of z and y derived from (2) in (1), 
we shall have a resulting equation of the form 


4 2V 2+ Wee 


of which the two roots will express the values of the vertical 
ordinates of the two points in which the line pierces the 
surface. When the line becomes a side of the enveloping 
cone, the two roots become equal, and we get the well- 
known condition 


If we substitute the values of z and y derived from @) 
in (1), we shall have 


| ++ (5); 


and 7s substitution the equation of condition (4) will become 


alate 


or, putting for m and x their values 


y-B 


(7), 
* See Dupin’s Développements de Géométrie. 
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the equation of the enveloping cone — 


Bty - 8) 


a 


We shall leave the equation of the enveloping cone in this 
‘form, to facilitate its future transformation. 

Let the tangent planes at the common intersection Q 
of the three confocal surfaces be taken for the coordinate 
planes, to which the equation of the enveloping cone is 
to be referred, and let abc, a,b,c, a,5,,¢,, be the semi- 
axes of the three confocal surfaces. Moreover, let p, p,, 2, 
be the perpendiculars from the common centre of the sur- 
faces on the three tangent planes at the point Q. Now 
the normals, at the point Q, to the three surfaces being 
parallel to the perpendiculars p, p,, p,, make the same — 
with the original axes of coordinates. 

Let Apy, Ar'p'v', be the angles which the per- 
pendiculars Ps Py» respectively make with the axes of 
coordinates. ‘Then as each abscissa is equal to the projec- 


tions of the three new ones upon it, 


(8). 


2-a=2' cosd4 y' cosn’ + 2’ cosr’, 


y- cosp’ +z’ cosp”,)...... (9), 


but | cosA = COSA = ba 4 COSA” (10); | 


29 2 


finding similar values for p, and v, then sub- 
stituting the resulting values in (9), we shall have 


| od 


Substituting these values in (8), the equation of the « en- 
veloping cone, and eliminating the equivalent terms, we 
shall have, after some reductions, 
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be 


omitting the traits over the zyz as no longer necessary. 
Now, as the surfaces are confocal, let 


2 2 2 2 2 2 2. 


and as ay is a point on each of the three confocal surfaces, 
we shall have 


C+1k CFF 
2 2 2 


whence | 
2. (a 4 k*) (a? + 


1d). 


If we now perform the operations of multiplication, in- 
dicated in the equation (12) of the enveloping cone, we shall 


| ! 
z 
é 
da 
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find that the coefficient of the term zy will be as follows : 


Now if we eliminate from this expression the quantities 
a, 8, y, by the help of (15), the first term of the preceding 


expression will become 
— (c’- a’) (a - 
_ and this expression may be reduced to 


a’b’c’(b* — c*) a’) (a - 


Now the numerator of this fraction may be written in the 
form (0° c’) a’) 6°). Hence the first member of 


2 
) the coefficient of zy in (16) may be reduced to PF 


If in the same manner we calculate the iene ie 


2 

of (16), we shall find it to be - are - Hence the co- 
efficient of zy is 0. In the same way it may be shown 
that the coefficients of zz and yz are each = 0. 

We have now to determine the coefficient of z’ in the 
equation (12) of the cone. 

Collecting the terms by which 2 is multiplied in that 
equation, we shall find their sum to be 


If, in the first member of this expression, we substitute 
for aBy their values derived from ( 15), the transformed 
result will become | 


+k?) (G+ +k?)(e' +k, +k) 
p + + (0? + k*)|(...18), 
- (a (a +k7) (0+ +k +h) 


* 

¥ 

f 
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divided by the denominator yp 
- a’) (a’ - b°), 


a, 


_ Making like substitutions in the second member of (17), 
the resulting expression will become 


b°c?(b? — c*) (a? + k*) (a? + k*) Cs 
+ bt) (co? +h?) (c+ 2) (a? +R) 


divided by the same denominator as the undiin: eX- 
pression. 


If we add together the terms in (18) that are multiplied by 
a’c’, we shall find the result to be | 


and the corresponding term in (19) is 
adding these expressions together, the resulting expression 
will 
or, this expression, 
| Hence, if in like manner we develope and combine the 


remaining terms in (18) and (19), the whole coefficient of 2’ 
will be the sum of the following twenty-four terms, 


+ + 7k, ? 
+ + *+k + Bak 7k ? 
Beta‘ k7+k,”) - 7k,’ 
+ ab? + + 7k, 
- — 74k?) - 7k,” | 
divided by the denominator 
- c’) - a’) (a - 8). 


Now if we add the terms of this coefficient vertically, the 
sum of the first column = 0, the sum of the second is also =0, 


| 
| 
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} 
4 
4 
+ 
| 
4 
‘ 


Confocal Surfaces of the Second Order. 121 


and the sum of the terms in the third column may be reduced 
Hence the coefficient of z* becomes’ 


3 Ae (he -k 2 


27.27, 2 


The ayininctcical factor of this expression —;+-“ will appear 


a 


in the coefficients of y’ and z’, and may therefore be eliminated 


by division from the equation of the cone. Hence the co- 
efficient of z* may thus be reduced to 


p(k - (k? - 


a, 


Let A, B be the semiaxes of the section of the ellipsoid 


(abc,) conjugate to the diameter passing through the vertex 
of the cone, and we shall have, by a well-known relation, _ 


Hence (22) may now be reduced to 


From ( 15) it follows that 
and by a common theorem 
a+ + A? + B=a? 3h... . (26). 
Hence, combining (25) and (26), ; 


Now the confocal surfaces (a,).c,) and (a,b, <3 intersect in 
a line of curvature, and for the whole of this line A is 
constant, or when & and &, are constant A is constant; hence 


and the coefficient of x’ in the equation of the cone, namely 
k:*) - k,*) 

PAB 


becomes simply 
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By a similar — we shall find the coefficients of y* and 2 
to be ie and Hence we derive the following very 


simple equation ‘for the enveloping cone, 


If we turn to (15) we shall easily perceive that one of the 
factors in the numerator of the value of 8° must be negative. 
Let 4° therefore be taken with a negative sign, and let it be - 
greater than 6°. In order that the value of y’ may be real, 
since one of the factors of the numerator is negative, two 
must be negative, hence ‘," must be taken with a negative 
sign, and that there may not be two negative factors in the © 
value of 6°, &,* must be less than 6”. Now if a>6>c in the 

order of magnitude, we shall have 


Hence }* and ¢.* must be taken with negative signs. Since 
=o - =c’—k,’, must be taken with a positive 
sign and ¢,, with a negative sign. ‘Therefore the surface 
(abc) is an ellipsoid, the surface (a,b ¢,) is an hyperboloid 
of two sheets, and (a,,b,,¢,,) 3 is an hyperboloid of one sheet. 
(30) may now be written | 


2 


It is remarkable that the constants in the equation of this 
cone are independent of abc, the semiaxes of the surface 
enveloped. Hence, so long as the enveloped surface remains 
confocal to the three others, it may change in any manner © 
the ratio or magnitude of its axes without changing the 
species of the enveloping cone. 
When c = 0, we get the equation of the cone which stands 


on the ellipse (a, 6) as base, and whose vertex is at the 
point Q. | 


= 


II. If now with reference to the new system of coordinates 
as axes, and with the point Q as centre, we conceive a second 
group of three surfaces confocal to each other, and a fourth 
confocal surface whose semiaxes shall be k, k,,k,,, the squares 
of the semiaxes of the intersecting group being 
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respectively, these surfaces will intersect in the origin O of 
the first -gapin of coordinates, and the fourth confocal sur- 
face (kkk,,) may be enveloped by a cone whose vertex is 
at O and whose equation referred to the original axes of 
coordinates 


The original axes of coordinates Oz, Oy, Oz are normals to 
the second group of confocal surfaces, as Qz’, Qy’, Qz’ are 
normals to the first, and the sums of the squares of the nine 
semiaxes in each group will obviously be equal to each other, 
as also an axis in each pair of corresponding surfaces. It is 
also obvious, from an inspection of (15), that a, B, y, the 
coordinates of the point Q in the first system, become the 
perpendiculars from the point Q, the origin of the second 
system, on the tangent planes to the second group of sur- 
faces having their common point of intersection at O. 


IIT. Let two cones having their common vertex on a surface 


of the second order, an ellipsoid suppose, (ab.c,) envelop two 


confocal surfaces. The diametral plane of the surface con- 
jugate to the diameter passing through the common vertex of 
the two cones will cut off from their common side a constant 
length, independent of the sre of the common vertex of 
the two cones on the surface (abe 


Let a, b,c; a, B, y be the semiaxes of the confocal sur- 
faces. And, as in the preceding theorem, let (a,¢,), (a,2,¢,), 


(2b be the axes of three confocal surfaces passing 


through the vertex of the cones. Hence we shall have, 
as In (13), 


7.2 2 2 
2 2 2 2 2 pp? 


The equations of the cones will be, as in (30), 


2 3 2 , 2 2 2 

| 
pt pet pt 


or as these equations may manifestly be written, 
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Now the distance between the vertex and the diametral 
plane is p, and as p coincides with the new axis of z, we 


Let D be the length of the common side of the cones, then 

| 2. 
And if we find the values of z, y, z from the equations (34) 
and (35), we shall have 


2; 
DP a2a 


‘i (a, ) qa, a, ) (36) 


P : ) (a; a’) (a,° a”) 
In (28) it was shewn that aoe 


Now the numerator of (36) may be resolved. into the product 
of the three factors 


bag (a,,’ ) (a, a,,) and a; = a a, a” h’. 
Hence, making the substitutions indicated, 
abe 


Hence, as the value of D is independent of k, k, and of 
h, h,, it will therefore not depend on the two auxiliary 
confocal surfaces introduced, but the value will continue 
unchanged wherever the point be taken on the surface of 
the ellipsoid. Hence, D* varies inversely as the product 
of the squares of the coincident semiaxes, for 


= a” a’, }? = a? a 


When the enveloped surfaces become plane sections, c= 0, 
B=0, but 6’ =f? +h’, +k’; hence, in this case 
b*=h’, c? =k’, or D=a, 


IV. A cone whose vertex 1s on a surface of the second 
order envelopes a confocal surface. To determine the length 
of the axis of the cone between the vertex and the plane of 
contact. 


Let the equation of the locus of the vertex of the cone be 
2 2 
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(xyz) being the vertex of the cone. 


be the equation of the confocal surface. 
The equation of the polar plane of (xy,z,) with reference 
to this last surface is 
YY, | 1 | 40). 
The equations to the normal at the point (xyz) in (38) | 
are | | 


but 
Now A*=(x-2)+(y-y) 


or substituting in this expression the values derived from 
the preceding equations, 


arn + 2 2) (42). 4 


We must now determine the ae of z for the ear | a 
in which the axis of the cone meets the polar plane. For E 
this purpose, from the equation of the polar plane 


Lz, YY, 1, 


subtract the identity | 


2 2 2 2 2 2 


replacing 1 by its value 


2 2 2 


the result will be found 
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or putting for (x - z,) and (y-y,) their values derived from 
the equations of the normal (41), we find 


Z-2 
| | 


Whence combining this expression with (42), we find 


2 2 
a 


or as this latter ‘expression 1s equal to —3y Sealy: 


for any other confocal surface, the vertex of the cone re- 
maining unchanged, 


or 


V. To transform the equation of a ites of the second 
order, so that the axes of coordinates shall be the normal 
to the surface at a given point, and the two right lines in the 
tangent plane at this point, which are tangents to the lines of 
greatest and least curvature. 


Let the normal be the axis of z, then the axes of coor- 
dinates are the normals to three confocal surfaces passing 
through this point. Now if a, 8, y are the coordinates of 
this new origin on the surface, substituting the values of 
2, Y, 2 in the equation of the surface 


a” 2 


derived from (11), we shall find the following reeulting 
expression, 


a? 


=1, 
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Adding these terms vertically, the sum of the first column is 
manifestly = 1. ‘The sum of the terms in the second column 


is = . ne sum of the terms in the third column is 


P 
a” 


Now the cosines of sui angles A, w, v, which the axcs of 
coordinates make with the perpendicular p (let fall on the 
tangent plane through the point (ay) on the surface (ac ),) 


are and the cosines of the angles X, Vv 


which Pp, makes, the perpendicular on the tangent plane through 


pp py 


the point (ay) on the surface (a bd 


and as these planes are at right angles, 

CosA COsA’ + cosu Cosp’ + cosy cosy’ = 0. 
Hence the third column in the coefficient of y=0. Inlike 4 
manner the fourth column on the coefficient of z,= 0. The a 


fifth column is 3 
ae 2 
pe. + + 


Now as 


the coefficient of z* may be written 


cos“ 
+ 


2 2 Bas 

a, b 
This expression is = -;, if we denote by 7 the semi-diameter | 2. 
of the surface parallel to p. A 
| 
In hke manner the coefficients of y* and z” are — and — i. 
respectively; r, and being parallel to p and p . 
The coefficient of zy, is a 


multiply the- of this the equivalent 
factors =k dividing by 


, 
Ry 
i, 
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this latter, and the expression will be transformed into 


a*a,” 5%, 


the first of these groups is equal to and the second, 


age we have already shewn, is = 0; hence, the coefficient of 
In the same manner it may be shewn that the coefficient 
pk,” 
Let 7 and r, be the axes of the section parallel to the 
tangent plane at the point (aPy), then, as we have found 


Introducing into othe equation (44) the resulting expressions 
thus found, the equation of the apiece will at length become | 


of xz, 1s 


2p 


In this equation the coefficients are the perpendiculars 
P> P.» Pp, from the centre on the coordinate planes, and the 
three diameters of the surface which coincide with these 
perpendiculars. 

Let z = 0, then the equation becomes 


y=V(-1)z2 
which can be real only when one of the semiaxes 1, or 1, 
is Imaginary, or in other words, when the surface in a con- 
tinuous hyperboloid. Since 


These are the generatrices of the hyperboloid, and it may 
easily be shewn that they are also the focal lines of the cone 


_ whose equation is 
2 2 2 


0. 


VI. Along a line of curvature tangent planes are drawn 
to a surface of the second order. The perpendiculars from 
_ the centre on these planes generate a cone of the second order, 
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whose focal lines coincide with the optic axes of the surface 
or with the perpendiculars to tts circular sections. — 


Since a line of curvature is generated by the intersection 


of two confocal surfaces, let the equations of these surfaces be 


Let r, w, v be the angles which p meee with the axes, 


then 
cosh = cos = cosy = 


= 1...(46), 


2 


from these five equations eliminating zy z, ii p, and putting 


CosX cos | x 
for , their values =, the resulting equation 
cosy” cosy | 
will become 
+ + 
&+P 
Now the angles which the focals of this cone make with 
the internal axe are given by the equation 


(a 

b*(a* 

a result independent of k; hence, all the cones so generated 
are confocal. Hence, the supplemental cones to these have 
their circular sections parallel to those of the given surface, 
and therefore these supplemental cones are the intersections 
of spheres with the given surface. 


The angles which the optic axes make with the vertical 
axes are given by the same equation 


2 
tan’e = — (a 


- c*)’ 


O 


tan’e = 


or =&. 


NOTES ON MOLECULAR MECHANICS. 
By the Rev. Haveuton. 


No. III. Normal and Transverse Vibrations. 


In my last Note, Vol. vii. p. 159, I have given the 
general equations of motion of an elastic system, derived 
from the function of the second order of the differential 
coefficients of the displacements; together with the integral 
NEW SERIES, VOL. IX.—May 1854. 
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corresponding to plane waves. I shall now restrict the 
results there obtained, so that the vibrations shall be normal 
and transver sal, 

If, in equations (10), we substitute (1, m, n) for (cosa, 
cos 3, cosy), and eliminate ev’, we shall have the conditions 


necessary to express that one of the vibrations is normal — 


to the wave plane and the other two transverse ; the re- 
sulting equations are 


(Q'- R')mn + F?(n? - m?)+ H'ln - G'im =0 
(R'- P')nl + G?(P- + F'ml - H'mn =0)\...(24), 
(P'-Q')im+ H?(m’-?)+ Gnm - F'nl =0 


Introducing into these equations the values of P’, Q', &c., 
we find the following twenty-four conditions: 


(a,6,) = (a,¢,) = (6,¢,) = 0 
(a,b,) = (a,c,) = (6,¢,) = 0 
(b,c,) + (a,c,) + (a,¢,) = (b,c,) + (a,b,) + (a,b,) = 0 
(c,a,) + (b,a,) + (b,a,) = (¢,4,) + (6,¢,) + (6,¢,) = 0 
(a,b,) + (c,b,) + (¢,b,) = (a,b,) + (€,a,) + (ea) =0 
(a,a,) = (b,0,) = (¢,¢,) (a,b,) (25). 
(b,b,) = (¢,¢,) = (a,4,) (0,¢,) 
(c,¢,) = (a,a,) = (6,5) -(ae,) 
(a,*) = (b,") + (a,b,) + (@,b,) = (¢,") + (a,e,) + (@,¢,) 
(b,?) = + (b,¢,) + (b,c,) = (a,2) + (b,4,) + (b,a,) 
= (a,") + (0,74) + = + (¢,6,) + (6,5,)/ 
_ The general function V of the second order is 
2V = 3(a,")+ 2E(a,a,) + 23(a,8,) + 23(a,/3,) ...(26), 


and contains forty-five coefficients, which are reduced by 
equations (25) to twenty-one coefficients. 

It has been proved by Mr. Jellett that the coefficients of . 
the last term of (26), viz. = (a,/3,), will be equal in pairs, 
or reduced from eighteen to nine on the wesc chalsied sup- 
position : 


“Tf, ma “system of a the forces developed by 
the displacement of two molecules be a function of their 
relative displacements only, and tend to restore them to their 
original positions, the function V for such a system will con- 
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tain only thirty-six coefficients, the coefficients of %(a,(3,) 
being equal in pairs.” 

As such a supposition appears to be, @ priort, very proba- — 
ble, I shall adopt it in the investigations which follow in this 
note, and consider the consequences which follow from it. 

It supphes us with the following nine equations : 


(8,c,) (5,C,), CA, = a,b, a,b, 
(b,c,) = 6,4, = 6,4, a,b, = a,b, } ... (27). 
(6.c,) = (b,c), a,b, = a,b, 


Combining | these conditions with (25), and introducing 
them into (26), I find , 


2V=Ar+ BusCrv4 oDb + 2hy + 
+ P(X’-u,) + QC + R(Z*- w,) 
+ (v, + M{2XZ-(w,+u,)} 
+ N{2XY-(u,+0,)}) 
where D-(aa,), 
B=(6b,", E=(6,,), 

P=-2 (b.c,), L=- (6,¢,), 
R=-2(a6,), N=-(a,b,), 
b= 4,0,+ 6B, + 
+ X= + BB, + | 

v=a,+P,+y,, BB, + 


(28), 


X=£8,- 9, 
- %» 


It is not difficult to prove that i oe coordinate axes be 
changed in direction, the origin remaining the same, that 
the functions A, My V, d, x, ~ are transformed by the same 


equations as 2°, yz, xz, zy; and that w,, v,, w,, v,+ w,, 
W,+U,, U,+0,, are transformed by the same “equations as 
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a’, y’, 2, 2yz, 2xz, 2xy; and it is well known that X, Y, Z, 
may be transformed by the same equations as 2, y, z. | 
Hence the function V may be reduced to a function of 
nine coefficients in either of two ways, 1" by assuming for 

coordinate axes the axes of the ellipsoid 


4 By’ + Cz + 2Dyz + 2 + 1; 
or, 2™4, of the ellipsoid 
+ Qy? + Re + 2Lyz + + 2Nzy = 1. 


The position of the first set of axes of elasticity depends 
on the external conditions to which the body is subject, 
and the position of the second set of axes appears to depend 
' on the inherent structure of the body. 

If we suppose the axes chosen to be the axes of the 
second ellipsoid, so as to destroy the coefficients L, M, N, 
and seek the equation of the surface of Wave Slowness (12), 
we shall find, after some reductions, | 


2) + PRy’ + PQ2*) 
eof + (S-1) {(Q+R) x +(P+ +(P+ (30), 
+ (S- 1y 
where 
S= Az’ + By’ + C2 + 2Dyz + 2Exz + 2Fry. 


Equation (30) is composed of two factors; one of the second 
degree, to which the normal vibration corresponds, and the 
other of the fourth degree, to the two sheets of which the 
transverse vibrations belong. 

I am informed by Mr. Salmon, that this surface of the 
fourth degree has sixteen multiple points, and consequently 
that its reciprocal, or the wave surface, will be reduced 
from the thirty-sixth to the fourth degree. If we suppose 
S=0, the surface of the fourth degree becomes 


+2°) (QRa’+ PRy’ + PQ2) 
=U... 


which is the well-known equation of Fresnel’s Wave Surface. 
I shal] now proceed to shew that the supposition S=0 
is not an allowable one, and that consequently the wave 
surface derived from the function (28) can never become 
accurately Fresnel’s Wave Surface. 
Let us suppose the body to be homogeneous and un- 
crystalline ; which will reduce (28) to the following form, 


-2V=A(A+pty)t+ -u, - 0, - w,)...(32). 
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Hence we find 


AB, - (7, + 4) 

Ay, - + B,) 

P) 8, - 4Py, 

(A+ P) 


As these coefficients are the forces acting on the faces of 
the elementary parallelepiped (vol. v. p. 176), it is necessary 
that they should have opposite signs to those of the dis- 
placements and strains, by which they are produced, and 
consequently the right-hand members of these equations 
must be essentially positive. 

Hence, adding the first three together, we find 


A-FP>0O, 
and adding the last six together in pairs, we find 
| A+4P>0. 


These equations, taken together, prove that A must be 
positive and cannot be zero or negative; and that P may — 
have any value lying between +A and -2.4, which limits, 
positive and negative, it cannot exceed. From this investi- 
gation it appears that A cannot vanish without P vanishing 
at the same time in an uncrystalline body, and similar 
reasoning would apply to the case of a crystallized body. 
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The equations of motion deducible from (32) may be 
written thus: 


TE _ (TE PE 
E dy dt A. 2 
where @ = and — =f 


_ Equations (34) may be transformed into the falling 


d’w 


a. 
dé 

dx’ dz’ 


These are the equations of wave propagation, which are 
usually adopted and have been derived by different writers — 
from different principles. 


N and T in these equations denote the normal _ trans- 


verse wave velocities respectively ; and from the conditions 
of stability already found, we obtain 


from which we may infer that in a body such as is here 
considered, it is not necessary that the normal wave velocity 
should be greater than the transverse, and that the latter 
may exceed the former in the proportion of 72 to 1. 

The existence of a normal vibration has been denied by 
many writers on Physical Optics, on the ground that, if it 
existed, it would produce double refraction in a prism ‘made 
of glass or any other uncrystalline substance. This objec- 
tion has been answered in two ways; first, by assuming the 
velocity of the normal vibration to be equal to that of the 
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transverse vibration ; and secondly, by supposing the normal 
vibration to be evanescent. I have just shewn, that in 


a body constituted as I have supposed, it is possible 
for the normal velocity to become equal to the transverse ~ 


velocity, without endangering the stability of the system ; 
and I shall now inquire whether the normal velocity may 
be considered equal to the transverse velocity in the pro- 
blem of refraction. — 

Let the axis of z be perpendicular to the surface, the 
plane (2, z) being the plane of incidence, and let the incident 
vibration be confined to the plane of incidence. = (34), 
since VV = 7’, we have 


for the equations of wave propagation, and by comparing 
(33) and (5), (6), we find for the conditions at the limits 


E=£', €=¢', Aa,'= 
Let 7, 7,, 7, denote the incident, reflected transverse, and 


reflected normal vibration; and 7’, rT’ the refracted transverse © 


and refracted normal vibration; then (37) may be written thus: 
T cosa + T, COSA, + T,, COSA, = T Cosa’ + 7” cosa” | 
T COSY + T, COSY, + T,, COSY,, 


T Cosy +7 Cosy” 


/ 


COSY + — COSY, + — N,, COSY,, 


n" cosy ( 98), 


T’ 
= A'{—n' cosy’ + 
Xr 
A T 


ul 


= A' cosa + — n” cosa 


and the angles contained in these equations are connected 
with the angles of incidence and refraction of the respective 
rays in the following way: 


cosa = cost, m=- cost, =cosa,= 
cosy = sint, = 4%”, =CO8sy,= Cost 
cosa,= COSt, | 
cosy,=-sint, = sinz, =cosa’ sinr | 
cosa = COSr, Mm’ =Cosy’ =-cosr 
cosy = sinr, sinr 
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Introducing these values into’ equations (38), and remem- 
bering that the normal and transverse velocities are equal, 


we find 
(r+ cost +r, sin? = cosr+ sinr 
(r-7,) sin? + cost = 7 sinr cosr 


(r+ 7,) sin? cos? r, cos? 


= kw {7 sinr cosr cos'r} 
- r,) cos’ — r, sinz cos? 
= ky {+r cos + sinr cosr} 
where k = rt and yw is the refractive index = ——. 
| sinr 


If, to simplify the calculations, we make & = 1,* equations _ 
(40) may be reduced to the following: 


(r+ 7,) sin2¢ r, cos2i = 27’ sind cosr pr’ cos or, 
r,) Cos2¢ — sin 2¢ = cos2r + 2r” sind cosr, 
pt, 
hr", 
which may be converted into the following: 
(r+ 7) sin2¢ -(r- +r) sin2r = pr” (cos2i cos 2r), 
(r- 7) (cos2e-cos2r)  =ypr’ (sin2? + sin2r), 
from which may be derived the following : 


Q - tan(2 — 7) 
(41), 


where Q = tan(¢ + r) tan’*(¢- 7). 


Equation (41) represents the amplitude of the transverse 
reflected vibration, the incident transverse vibration being 
supposed to be unity. When the refractive index is small, 
and therefore the difference between 7 and 7 also small, 
the quantity Q, which depends on the square of the tangent 
of this difference, will diminish more rapidly than the 


* This assumption is one which has been often made, and supposes the 


velocity of wave propagation to vary inversely as the square root of the 
density. 
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second part of the expression (41), which depends on the first 
power of the tangent; and therefore when the refractive 
index is small, the numerical values of (41) will be —— 
represented by the formula — 


_ tan(z - 1) 
tan(¢@+r) 


which sinbiatden with the well- known law of Brewster and 
Fresnel. 


If the incident vibration be perpendicular to the plane 
of incidence, the conditions at the limits will be 


These equations give, assuming as before A = A’, 


THT OT 


(Tr - cost = cosr{ ( #) 


From which it is easy to find ~ 


27 cost = T(cos? + ‘cosr), 


| 27, cost = T (cos? — cosr). 

And finally 

| sin(? —7) 
T  sin(¢+7) 


which is the value given by Brewster and Fresnel’s law. 


Trinity College, Dublin, 
Nov, 12, 1853, 


SUR UNE PROPRIETE D’ UN PRODUIT DE FACTEURS LINEAIRES. 


Par Proresseur Francois BrioscuHi. 


Un mémoire de M. Cayley* publié le dernier cahier de ce 
Journal m’ a suggéré une remarquable propriété pour le 
produit d’ un nombre déterminé de facteurs linéaires. 


-* On the Rationalization of certain Algebraical Equations, May 1853. 
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En considérant deux éléments z, y, on voit tout de suite, 
que les seuls résultats essentiellement différents qu’ on obtient 
en les ajoutant |’ un a l’autre, sont donnés par les expressions 


2+Y, 
Or si |’ on suppose 


et on multiplie les termes de la premitre par 1 et par ry § on. 
obtient en observant les deux autres équations 


z+y=0, 


| bx +ay=0, 
et par conséquent 


A= = 0. 


1 1 
6 a | 
Si I’ on considére |’ équation 

z-y=0, 


et on fait sur elle des opérations analogues aux ‘supérieures 
on a | 


ve 1, A= 0. 
J’ observe que 1’ équation A=0 ason origine dans la x+y=0, 


par conséquent A sera divisible par z+y: et analoguement 
V sera divisible par z-y, et l’on aura 


(2+ y)(e-y)= A. 


Si lon considére trois éléments z, y, z, on aura quatre ex- — 
pressions différentes 


et en supposant 
2+y-2=0, L-yt+2z=0, -r+y+2=0, 
yob, 


on obtiendra en multipliant les termes de chacune par 
1, 22, LY, 


l c 6b 
a 
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et A sera divisible par z+y+2, x+y -2, &c., et on aura 
(w+ 


Si on représente avec 2, y,z les trois cétés d’un triangle, 
et avec A sa surface on aura 


(4.4), 
2.4 
et aussl 
1, 1,51) Aésignant les rayons des cercles inscrits et ex- 
inscrits aux triangle. Observons qu’on a évidemment 
oy . y 


Pour quatre éléments le nombre des expressions différentes 
étant huit, on aura les équations 


z-yt2+t=0, axt+y-z+t=0, 
a+y+2-t=0, -c+y+z2-t=0, -x+y-z4+t=0, ~z-y+z+t=0, 
desquelles en posant 
g=a, 2=c, fad, 
et en multipliant avec ordre par 


1, &, at, ty, 22, yx, aye, 


on aura 


et A sera égal au produit des premiers membres des équa- 
tions supérieures. 

Si z,y,z,¢ désignent les aires des quatre faces d’ un 
tétrahédre, V le volume, et 7, 7,,...7, les rayons des sphéres 
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inscrites et ex-inscrites, on aura 


et A réprésente la norme de +z+yizié. (Voir un me- 
moire de Mr. Sylvester dans le méme cahier).* On a aussi 


t y 
x 
t 
y t 
2:9 


Si en général on considére éléments 

en posant A. + 
et en désignant par 
| 2,...m) |, 


le produit des facteurs linéaires qu’on deduit de X, en 
changeant les signes 4 m des éléments z,, z,...7,; en aura 
pour ” impair 


X,| X,(1)| 2)... 


et pour ” pair 


ou le symbole 


dénote que dans ce produit I’élément z, entre toujours 
parmi les éléments auxquels on a changé de signe. Le 
déterminant A résultera de la multiplication successive de 
 équation X,=0 par l’unité, et par chacune des com- 
binaisons deux 4 deux, quatre 4 quatre ... (mn—1) a (m-1) 
si m est impair; m & si m est pair, des éléments z,, z,...2,. 


X,| 


* On the Relation between the Volume of a Tetrahedron and the 
Product of the Sixteen Algebraical Values of its Superficies, May 1863. 
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I] est évident que * nombre des facteurs linéaires du 
produit (1) sera | | 
(m 3) 


1\ n(n—1)... 

n(n 1) ( ) 


et le nombre des facteurs du cere (2) sera 


et que le nombre des équations qui découlent de 1’ équation i\s 
X,,= 0 sera, soit pour impair, soit pour 7 pair a 
n(n-1) n(n-1)... 8.2.1 


1+- oT. 
2 1.2. 3...(n — 1) 


I importe d’ observer que, en supposant que les éléments - 
Z,,Z,... soient des radicaux quadratiques, le produit A des 
fonctions linéaires de ces radicaux est rationnel. 

— lon désigne par 1, a, 8 les trois racines de Il’ équation 

- 1=0, les expressions 


ay, 2+ By, 


sont les seules essentiellement différentes qu’on peut former 
en combinant deux éléments z, y. Supposons 


z+y=0, z+ay=0, z+ Py=0, 


y=b. 
En multipliant chacune des équations snpéciquren par 
1, zy, zy’, on aura 
et puisque A, se réduit identique " A en multipliant la 
derniére signe, et la seconde colonne par a, et en diyisant 


la premiére signe et la premitre colonne par a; et analogue- 
ment en réduit 4, = A on aura 


(x + y) ay) (x + By) = A. 


n(n-1) \2 2 

1 \ ] 

| 
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Trois éléments z, y, z donnent neuf expressions différentes, 
| 2+ytaz| 2+ y + Bz 
a+ay+PBz| «+ay+2 | +By+ |....(8), 
| Br+yr+e 


chacune desquelles égalée a 26ro, et multipliée par 1,2 a; 


72, 2, 23,2 zyz donnera 


1 
1 b 
1 a 
1 1 a 
¢. @ 
ayant posé 


a, y=ab, Zac; 
et le produit des expressions (3) egalera +A. La valeur 
de A est remarquable pour sa forme; en effet on a | 
et il est remarquable aussi que les produits trois a trois des. 
expressions (3) soit 
a+b+c¢- 3zryz, 
a(a+b+c) - 3Bxyz, 
B(a+b +c) 8azyz. 
En considérant quatre éléments z, y, z,¢ on aura vingt-sept 
expressions ; c’est a dire |’ expression z+ y+2+¢; douze 
expressions analogues 4 la x + y + az+ Bt; les six | 
y + Bz+ Bt 
e+ay+2z2+at| By+ 
| By+Pzer+t 
et les huit analogues aux deux 


et+y+z+at, 


Ces expressions egalées 4 zéro, et multipliées respectivement 


A 
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par les vingt-sept quantités | 
A, F2P..., yat..., xyzt, 


donneront par |’ élimination un déterminant qui sera égal au 
produit des vingt-sept expressions supérieures. 

En général le nombre des expressions sera 3"" pour ” 
éléments; et l’on aura 8"' quantités par lesquelles on 
doit multiplier les équations qui en découlent; et par con- 
séquent le déterminant sera de l’ordre 3"*. Et si les 
elements seront des radicaux cubiques leur produit sera 
-rationnel. Cette loi s’ étend evidemment aux produit d’ un 
nombre déterminé de radicaux de |’ enniéme ordre. Nous 
ajouterons seulement le cas du produit des quatre expres- 
sions qu’ on obtient en combinant deux éléments avec les 
quatre racines de |’ equation w'-1=0. En désignant ces 
racines avec 1, a, 8, y on aura les équations, oe 


z+y=0, z+ ay = 0, z+ By =0, z+ yy = 0; 
chacune desquelles multipliée par 1, zy’, z°y, z’y’ donne 
| 
en posant 2*=a, y*=); et par conséquent 
(x + y) (x + ay) (2+ By) + yy) =- A, 


et on soit que si z,y étaient des radicaux biquadratiques, 
le produit serait rationnel. 
Nous ajouterons une derniére remarque sur une propriété 


des sommes des puissances égales de expressions supérieures. 
Par exemple le trinome 


Bet ay) + Byy = A, 


qui evidémment s’ annule pour 2 = 0, y = 0 sera divisible par 
le produit zy; et le quotient sera 3, 2; parceque le produit 


ry est répété trois fois, et chaque fois avec le coefficient 2. 
Par conséquent sera | 


HT = 3.2zy. 
Analoguement on peut démontrer |’ équation 
(c+ + (2+ By + az) 
(e+ ay + 2) + (ax + y + 
+ (2+ By +2) + = 8 .2.32ryz, 
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et ainsi de suite. Ces relations sont analogues 4 quelques- 
unes de celles que M. Cauchy* a trouvées en considérant 
seulement les deux racines de |’ équation w* - 1 = 0. 


Nott.—Pros. Sia=0, y=0 sont les équations 
des trois c6tés d’ un triangle 7, m, n, trois indéterminées on a 


a By = 0, 


y mi 


pour |’ équation d’ une conique inscrite. En égard a ce 
qu’on a démontré supérieurment cette équation pourra 
s’ écrire | | 

+ (Ja)}* + (mB)* + (ny}t = 0. 


Pour déterminer 7, m,n, }j’ observe que |’ ellipse maximum 
-inscrite dans un triangle touche les milieux de ces cétés. 
Or les équations des droites qui unissant deux 4 deux les 
points de contact étant en général : 


mB + ny — la = 0, ny+la-mB=0, la+mB-ny=0;3 


et dans ce cas ces droites étant respectivement paralléles aux 
cétés du triangle, on aura les équations 


msin(a-8)+nsin(a-y)=0, 
m -a)=0, 
sin (y a) + msin(y- 8) = 90, 
| d’ od l:m:nz=a:b: C, 


a,b,c étant les longueurs des trois cétés. Par conséquent 
l’ équation de |’ ellipse maximum inscrite sera 


+ (aa)? + (b8)* + (cy)t = 0. 


On trouvera |’ équation de |’ ellipse minimum circonscrite en 
observant qu’ elle est concentrique et semblable a ellipse 
maximum inscrite. 


Pavie, le 19 Juillet, 1853. 


* Ezercises d’ Analyse et de Physique Mathématiques, tom. 11. An, 1841. 
t Journal, May 1853. 
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ON A PARTICULAR CASE OF THE DESCENT OF A HEAVY. 
BODY IN A RESISTING MEDIUM. 


By J. C. MaxweE tt. 


Every one must have observed that when a slip of paper 
falls through the air, its motion, though undecided and 
wavering at first, sometimes becomes regular. Its general 
‘path is not in the. vertical direction, but inclined to it at 
an angle which remains nearly constant, and its fluttering 
appearance will be found to be due to a rapid rotation 
round a horizontal axis. ‘The direction of deviation from 
the vertical depends on the direction of rotation. _ 

If the positive directions of an axis be toward the right 
hand and upwards, and the positive angular direction op- 
posite to the direction of motion of the hands of a watch, 
then, if the rotation is in the positive direction, the hori- 
zontal part of the mean motion will be positive. 

These effects are commonly attributed to some accidental 
peculiarity in the form of the paper, but a few experiments 
with a rectangular slip of paper (about two inches long and. 
one broad), will shew that the direction of rotation is deter- 
mined, not by the irregularities of the paper, but by the 
initial circumstances of projection, and that the symmetry 
of the form of the paper greatly increases the distinctness 
of the phenomena. We may therefore assume that if the 
form of the body were accurately that of a plane rectangle, 
the same effects would be produced. | 

The following investigation is intended as a general ex-_ 
planation of the true cause of the phenomenon. | 

I suppose the resistance of the air caused by the motion 
of the plane to be in the direction of the normal and to 
vary as the square of the velocity estimated in that direc- 
tion. 

Now though this may be taken as a sufficiently near 
"approximation to the magnitude of the resisting force on 
the plane taken as a_ whole, the pressure on any given 
element of the surface will vary with its position so that 
the resultant force will not generally pass through the 
centre of gravity. 

It is found by experiment that the position of the centre 
of pressure depends on the tangential part of the motion, 
that it lies on that side of the centre of gravity towards 
which the tangential motion of the plane is directed, and 
that its distance from that point increases as the tangential 
velocity increases. 

NEW SERIES, Vol. IX.—May 1854. L 
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I am not aware of any mathematical investigation of this 
effect. ‘The explanation may be deduced from experiment. 


Place a body similar in shape to the slip of paper ob- 
liquely in a current of some visible fluid. Call the edge 
where the fluid first meets the plane the first edge, and 
the edge where it leaves the plane, the second edge, then 
we may observe that a 


(1) On the anterior side of the plane the velocity. of 
the fluid increases as it moves along the surface from the 
first to the second edge, and therefore by a known law in 
hydrodynamics, the pressure must diminish from the ‘first 
to the second edge. 


(2) The motion of the fluid behind the plane is very 
unsteady, but may be observed to consist of a series of 
eddies diminishing in rapidity as they pass behind the 
plane from the first to the second edge, and therefore 
relieving the posterior pressure most at the first edge. 


Both these causes tend to make the total resistance 
greatest at the first edge, and therefore to bring the centre | 
of pressure nearest to that edge. . 


Hence the moment of the resistance about the centre 
of gravity will always tend to turn the plane towards a 
position perpendicular to the direction of the current, or, 
in the case of the slip of paper, to the path of the body 
itself. It will be shewn that it is this moment that main- 
tains the rotatory motion of the falling paper. 

- When the plane has a motion of rotation, the resistance 
will be modified on account of the unequal velocities of 
different parts of the surface. ‘The magnitude of the whole 
resistance at any instant will not be sensibly altered if the 
velocity of any point due to angular motion be small com- 
pared with that due to the motion of the centre of gravity. 
But there will be an additional moment of the resistance 
round the centre of gravity, which will always act in the- 
direction opposite to that of rotation, and will vary directly 
as the normal and angular velocities together. 

The part of the moment due to the obliquity of the motion 
will remain nearly the same as before. 

We are now prepared to give a general explanation of the 
motion of the slip of paper after it has become regular. 

Let the angular position of the paper be determined by 
the angle between the normal to its surface and the axis of 2, 
and let the angular motion be such that the normal, at first 
coinciding with the axis of z, passes towards that of y. 
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The motion, speaking roughly, is one of descent, that is, 
in the negative direction along the axis of y. 

The resolved part of the resistance in the vertical direction 
will always act upwards, being greatest when the plane of © 
the paper is horizontal, and vanishing when it is vertical. 

When the motion has become regular, the effect of this 
force during a whole revolution will be equal and opposite 
to that of gravity during the same time. 2 

Since the resisting force increases while the normal is 
in its first and third quadrants, and diminishes when it is 
in its second and fourth, the maxima of velocity will occur 
when the normal is in its first and third quadrants, and the 
minima when it is in the second and fourth. | | 

The resolved part of the resistance in the horizontal 
direction will act in the positive direction along the axis 
of x in the first and third quadrants, and in the negative 
‘direction during the second and fourth; but since the re- 
sistance increases with the velocity, the whole effect during 
the first and third quadrants will be greater than the whole 
effect during the second and fourth. Hence the horizontal 
part of the resistance will act on the whole in the positive 
direction, and will therefore cause the general path of the 

_ body to incline in that direction, that is, toward the right. 

That part of the moment of the resistance about the centre 
of gravity which depends on the angular velocity will vary 
in magnitude, but will always act in the negative direction. 
The other part, which depends on the obliquity of the plane 
of the paper to the direction of motion, will be positive in the 
first and third quadrants and negative in the second and 
fourth; but as its magnitude increases with the velocity, 
the positive effect will be greater than the negative. | 

When the motion has become regular, the effect of this i 
excess in the positive direction will be equal and opposite + 
to the negative effect due to the angular velocity during 

| 


item: 


a whole revolution. 
The motion will then consist of a succession of equal and ye 
similar parts performed in the same manner, each part ; 
corresponding to half a revolution of the paper. 5 
These’ considerations will serve to explain the lateral 
motion of the paper, and the maintenance of the rotatory ij 
motion. 
Similar reasoning will shew that whatever be the initial 
motion of the paper, it cannot remain uniform. | 
Any accidental oscillations will increase till their amplitude 
exceeds half a revolution. ‘The motion will then become 
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one of rotation, and will continually approximate to that 
which we have just considered. 

It may be also shewn that this motion will be unstable 
unless it take place about the longer axis of the rectangle. 

If this axis is inclined to the horizon, or if one end of the 
slip of paper be different from the other, the path will not 
be straight, but in the form of a helix. There will be no 
other essential difference between this « case and that of the 
symmetrical arrangement. 


Trinity College, April 5, 1853. 


ON THE RELATION BETWEEN DIFFERENT CURVES AND CONES 
CONNECTED WITH A SERIES OF CONFOCAL ELLIPSOIDs. 


By Joun Y. A.M., Trinity College, Dublin. 


No. II. 
In a preceding number of this Journal we established 


a natural connection between a very interesting and im- | 


portant system of curves traced upon the surface of an 
ellipsoid; or, more generally, traced upon any central sur- 
face of the second order. ‘The present article seeks to 
complete that investigation, and by some additional ex- 
amples, not perhaps devoid of interest, still farther to 
illustrate the singular relations which exist in this portion 
of the geometry of surfaces of the second order. Let the 
equation of the ellipsoid referred to its centre be 


—— —— — = 


We have already seen that, an ellipsoid being given, we are 


given with it an infinite set of hyperboloids—each set con- 
sisting of three—which, when viewed through the medium 
of corresponding points, are fixed with reference to an 
infinite series of confocal ellipsoids and from which result 
the different curves and cones in question for each ellipsoid. 
In the present instance let the equation of one of the fixed 
hyperboloids be 
p’ 


b 


p being (according to definition) a semidiameter of the ellip- 
soid. This surface will intersect the ellipsoid in a line of 
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curvature. Its asymptotic cone will also intersect the ellip- 
soid in a curve, which, for convenience sake, we purpose 
calling the ‘ asymptotic correlative’ of the line of curvature. 
This asymptotic cone will intersect the surface of elasticity in 
an analogous curve: now any curve being given on the 
surface of elasticity, we can readily obtain its conjugate on 
the ellipsoid; this conjugate, in the present instance, we 
propose calling the ‘correlative’ of the line of curvature. 
We consequently see that, any line of curvature being given, 
we are given at the same time two correlative curves, 
which we may always discuss in connection with it. ‘The 
equations of the respective curves are 


+ p + = 0, 


a‘(a’- p’) - p”) 7 (¢ p’) 0, 
The first being the equation of the ‘asymptotic correlative’ 
line; the second of the line of curvature; and the third 
of the line ‘correlative’ of the line of curvature. | 


Now let the complete differential equation of any surface — 
referred to ordinary rectangular coordinates, be 


Pdz + Qdy + Rdz = 0 


| Q 

making X = R and Y= RP 
Geometers have called X and Y the normal coordinates of 
any point upon the surface ; and it has been remarked, that 
X and Y being given, the point upon the surface may be 
determined by the equations Xx, Y, and the equation of the 
surface F(z, y, z) = 0. 

It is easy to see that the equations of the preceding curves, 
expressed in normal coordinates, are 
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These are now the equations of sphero-conics traced upon 
a sphere whose radius is unity, by tangent-planes parallel to 
the planes tangent to the ellipsoid along the respective curves 
under consideration; (&)is therefore the sphero-conic derived 
from the asymptotic correlative line, (7) the sphero-conic 
derived from the line of curvature, and (f) the sphero-conic 
derived from the correlative line of the line of curvature. 
From the mere fact of these curves being of the second order, 
it follows that a tangent plane at any point makes angles 
whose sum or difference is constant with two fixed planes, 
viz. the planes tangent to the sphere at their respective foci. 
It is well known that the equation of a sphero-conic, referred 
to its principal diametral arcs for arcs of reference, 1 is 

tan’a 


_ where and 8 denote the distances from the origin» of the 
points in which the curve meets the X and Y ares of refer- 
ence. the foci are of course determined by the equation 


tan*a tan’B 
and the cyclic ares by ~ equations 


tan’? y= 


2 | 
cos' = = 


where ¢ denotes the ake between one of the cyclic arcs 
and the greatest diameter. Let us now apply these expres- 
sions to equations (2), and we shall have for (&) 


‘tan’a = (a p’) tan’@ = (6° 


for 
| 

and for 


We consequently have the curious relations 


tana.tana’ =tan’a’, tan8.tan” = tan’@’; 


i.e. the tangents of the arcs (a, a, &c.) are in continued pro- 
portion. We also have 


tana tana 


tana” tana’ 
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The ratios, therefore, of the tangents of (a, a’, &c.) are in- 
dependent of the semi-diameter of the ellipsoid (p), and are 
identical for all the derived curves of the form (2) traced 
upon the surface of the sphere. Again, for (&), we have 


for 
and for (£) | 
= 


we consequently have 
tany tana’. 
tany” tana’ 


and since tany and tany’ are independent of (p), it follows 
“that all the curves of the sphere corresponding to the lines | 
of curvature on the ellipsoid are biconfocal,’” the same 
theorem holding also for the spherical curves corresponding 
to the lines ‘correlative’ of the line of curvature. We also 
perceive that the two last-mentioned conics of the sphere 
are, for any given value of (p), biconcyclic. From the values — 
found for tany, tany’, and tany’” it follows, that the foci of 
the conic (£) correspond to the points upon the ellipsoid, 
at which the tangent planes are parallel to the circular 
sections (of the cone) of the line of constant curvature ; 
2.e. the curve-locus of the points at which the measure of 
curvature of the ellipsoid has a constant value. ‘The equa- 
tion of this curve, as has been shewn in the paper to which 
we have already referred, is ue 

where (p) denotes the constant perpendicular from the centre 
upon the tangent plane to the ellipsoid at any point upon 
the curve. ‘The tangent planes to the ellipsoid, therefore, 
along the asymptotic correlative line of the line of curva- 
ture, make angles whose sum or difference is constant with 
the circular sections of the corresponding line of constant 
curvature. ‘The foci of the curve (7) evidently correspond 
to the umbilics of the ellipsoid; we have therefore a proof 
of the well-known theorem, “ Zhe tangent-planes to the 
ellipsoid along a line of curvature make angles whose sum 
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or difference is constant with the planes of circular section.” 
This pleasing proof was first given by Professor Graves. 
The foci of the conic (€) correspond to the points upon 
the ellipsoid at which the tangent-planes are normal to the —~ 
asymptotes of the focal hyperbola, and consequently the 
- tangent-planes to the ellipsoid along the line correlative 
of the line of curvature make angles whose sum or difference 
is constant with the planes normal to the asymptotes of the 
focal hyperbola. We also evidently have the interesting | 
theorem, ‘‘ The curves upon the sphere which correspond to | 
the lines correlative of the line of curvature, when considered 
upon an infinite serves of confocal ellipsoids, are all bicon- 
focal.” From what has been stated it is easy to see that 
the tangent-planes to the ellipsoid along: the asymptotic cor- 
relative of the line of curvature form by their ultimate 
intersections a developable surface, of which the ‘arétes’ 
are parallel to the sides of a central cone (¢.e. which has 
its vertex. at the centre) intersecting the surface of the 
- ellipsoid in the line of constant curvature. Also, as is well 
known, the tangent-planes to the ellipsoid, along the line 
of curvature, form by their ultimate intersections a develop- 
able surface, the ‘ arétes’ of which are parallel to the sides 
of a central cone intersecting the surface of the ellipsoid 
in a sphero-conic. In like manner, the tangent-planes to the 
ellipsoid, along the line correlative of the line of curvature, 
form by their ultimate intersections a developable surface, 
the ‘arétes’ of which are parallel to the sides of a central. 
cone that intersects the surface of the ellipsoid in a curve, 
_which in our former paper we have named the curve of ‘ refer- 
ence’ of the sphero-conic. The last-mentioned cone we have 
also shewn to be the reciprocal of the asymptotic cone of the 
fixed hyperboloid. Hence follows the curious theorem— 
“« The tangent-plane to the ellipsoid at any point upon the 
line correlatwe to the line of curvature is normal to a side 
of the corresponding asymptotic cone ;” or, in other words, 
that the different normals to the ellipsoid along the line cor- 
relative of the line of curvature are parallel to the sides of 
the corresponding asymptotic cone. ‘The equations of this 
new system of curves are 7 
@-o 


(a? p*) 2+ (B= py" pt) 
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The first being the equation of the line of constant curva- 
ture, the second of the sphero-conic, and the third of 
the sphero-conic’s curve of reference. The equations of 


the corresponding curves upon the sphere whose radius 
is unity are 


(§,) p*) X*+ (0° p*) Y*+(c* p*) = 0 
a°(a’—p’) Y*+ p*) = 0) ... (4). 
The first is the equation of the conic corresponding to the 
line of constant curvature, the second of the conic cor- 


responding to the sphero-conic, and the third of the conic 
corresponding to the sphero-conic’s curve of reference. 


For the equation (£,) we have 


—- 
tan’a, = tan’B, = 
for (n,) we have 
and for (€) we have 


From which we obtain the following relations, — 
tana, tana,” =tana,”, tan§8, tan8,” = tanf,”. 


So that the tangents of the arcs (a,, a,', &c.) are in continued 
proportion. Also | 


tana.tana, = tana.tana, = tana .tana, = 
2 
tan8,tan§, = tan’. tan8,' = tanf’. tanf, 
tan’a, tan’a” = tan’, = 1. 


We in like manner perceive that the ratios 


tana, tana, tan8, tanB!' 2b 
tang, oc tana, tang, tang, 


are the reciprocals of the analogous ratios which we have 
already found for the equations (2). The foci of the conics 
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(£,, are determined by the equations 


| 


a-p b+ + ct — + 
we also have cos’, = tan*y’. 


The preceding relations between the system of six conics 
upon the auxiliary sphere of radius unity are sufficiently 
interesting to repay attention. Since the preceding values 
for tany,, tany,, &c. all include (p), we perceive that no 
one of the conics represented by equations (4) is biconfocal 
for the system of conics derived from the corresponding 
system of curves upon the surface of the ellipsoid obtained 
by the variation of (p). We at the same time, however, 
perceive that the sphero-conics (¢, &,) are identical for their 
corresponding curves derived upon an infinite series of con- 
focal ellipsoids from one and the same fixed hyperboloid. 
The conics (¢) and ( é,) are in fact the reciprocals one of the 
other; z.e. the equation of one being : 


Xx’ 
| tan’a 
the equation of the other is 
tan’a + tan*B Y’ = 1. 


Let us now return to the equations (3) on the surface of 
the ellipsoid, and, as we have stated in our former paper, 
we can easily prove “the tangent planes to the ellipsoid, — 
along the line of constant curvature, form by their ultimate 

_ mtersections a developable surface, the ‘ arétes’ of which are 
parallel to the sides of a central cone, viz. the asymptotic cone 
the fixed hyperbolord ; consequently, each ‘ aréte’? makes 
angles whose sum or difference 1s constant with the asymptotes 
of the focal hyperbola.” Also, each tangent plane to the 
ellipsoid, along the line of constant curvature, makes angles 
whose sum or difference is constant with the circular sections 
of the fixed hyperboloid. Again, the tangent planes to the 
ellipsoid, along the sphero-conic, form by their ultimate 
intersections a developable surface, the ‘ arétes’ of which 
are parallel to the sides of a central cone intersecting the 
ellipsoid in a line of curvature. The tangent planes, also 
to the ellipsoid, along the curve of reference of the sphero- 
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conic, form by their ultimate intersections a developable 
surface, the ‘ arétes’ of which are parallel to the sides of a ~ 
central cone intersecting the ellipsoid in the line correlative 
of the line of curvature. If we look for the focal lines of 
the last-mentioned cone, we can easily see that the tangent 
planes to the ellipsoid at the points in which the focal lines 
pierce the surface, make with the axis of (z) angles, the 
tangents of which bear a constant ratio to the tangents of 
the angles + y," or - y,’ for the infinite series of confocal 
ellipsoids ; the curve on each ellipsoid being of course con- 
sidered as derived from one and the same fixed hyperboloid. 
An analogous theorem holds for the tangents of the angles 
made with the axis of (z) by the planes tangent to the. 
ellipsoid at the points in which the focal lines of the cone. 
of constant curvature pierce its surface and the tangents 
of the angles +y or —vy. Let the tangent planes in the 
first instance make with the axis of (x) the angle (+ 6’), in 
the second instance the angle (+ 8); we shall then have | 
tan’@ tan’y,’ c’-p* 
tan*y tan’@’ a’-p* 


Let (2’'y'z’) denote any point upon the sphero-conic, traced 
upon the surface of the ellipsoid by the sphere-cone of radius 
(p); then if we write | | 


x 
—=COst, == — = Cost, 
a b C 


we shall have determined a corresponding side of the cone 
of reference, such that if a plane be drawn normal to their _ 
side and tangent to the ellipsoid, the perpendicular intercept 
measured from the centre will equal (p), and the point of 
contact of the tangent plane with the ellipsoid will of course 
be a point upon the line of constant curvature. Any side 
of any one of the three preceding cones being given, we 
have indicated in our former paper a geometrical construc- 
tion, by means of the ellipsoid of reference, to determine 
the two corresponding sides upon the two remaining cones ; 
the ellipsoid of reference being such that the original given 
ellipsoid is with respect to it the reciprocal polar of the 
auxiliary sphere of radius unity. Similarly, let (z,, y,, 2,) 
be the coordinates of a point upon the line of curvature ; 
if we then refer the radius vector drawn to this point to 
its line of reference, we shall obtain a side of the fixed 
asymptotic cone; and a tangent plane drawn normal to this 
side will touch the ellipsoid in a point upon the curve 
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correlative to the line of curvature. The same geometrical 
construction to which we have alluded, by means of the 
ellipsoid of reference, will enable us, any side of any one 
of the three preceding cones being given, to determine the 
two corresponding sides upon the two remaining cones. 

So far we perceive that, resulting from one and the same 
fixed hyperboloid, there are upon the surface of the ellipsoid 
giz curves and six cones which have a natural and intimate 
connection ; while at the same time there are six derived 
sphero-conics upon the surface of the auxiliary sphere of 
radius unity. We next perceive that, since when viewed 
through the medium of corresponding points, the asymptotic 
cone is fixed with reference to an infinite series of confocal 
ellipsoids, as also its reciprocal cone, the cone of reference 
of the equiradial cone of radius (p), there are two systems 
of parallel developable surfaces which envelope the entire 
series of confocal ellipsoids; viz. the developable surface 
along the line of constant curvature, and the developable along 
the line correlative of the line of curvature. In fact, when 
the ellipsoid degenerates into a point, the first-named de- 
-velopable surface degenerates into the asymptotic cone, and 
the second into the asymptotic cone’s reciprocal or supple- 
mentary cone. Let the ellipsoid be one of revolution round 
its mean axis suppose, and we shall have for the developable 
surface, circumscribed to the ellipsoid along the line of con- 
stant curvature, the equation 


and for the developable surface circumscribed along the line 
correlative of the line of curvature, the equation 


p”) on - p”). 


Now the tangent planes to the fixed hyperboloid and at 
the same time normal to any one of the infinite series of 
confocal ellipsoids, will trace upon that one by the normal 
points, the geodesic line or lines which touch the pair of 
opposite lines of curvature, made by the intersection of the 
fixed hyperboloid with the ellipsoid in question ; while at the 
same time the developable surface circumscribed to the 
ellipsoid along the geodesic line, will have as locus to its 
‘aréte de rebrousment,’ the reciprocal polar of the fixed 
hyperboloid taken with respect to the ellipsoid circumscribed. 
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The equation of this locus surface will be of the form 
2 | 2 | 


2 ome 


the asymptotic cone of which we perceive to be the central 
cone which intersects the ellipsoid in the line of constant 
curvature. If we now consider the two semi-diameters of 
the ellipsoid conjugate with (p), we shall have two more 
fixed hyperboloids, the consideration of which will give us 


the previously enumerated curves and cones in sets of three, © 


as well as the derived sphero-conics upon the auxiliary 
sphere of radius unity. In our former paper we have stated 
the curious relations which connect any two of these three 
fixed hyperboloids with the third; it is needless therefore 
to repeat them here. 


Professor Chasles, in the notes to his admirable history 
of Geometry, has demonstrated the very beautiful theorem, 
“Given in magnitude and position any three conjugate semi- 
diameters of an ellipsoid, construct the surface.” ‘This 
theorem in a remarkable manner completes our theory ; for 
we see that if any three conjugate semi-diameters ‘of an 
ellipsoid be given in magnitude and position, we can con- 
struct the surface; while at the same time we have three 
hyperboloids fixed with reference to an infinite series of 


confocal ellipsoids, the consideration of which gives on each | 


ellipsoid of the series the remarkable and interesting system 
of curves that we have enumerated in the present paper. 
To avoid needless repetition, we have hitherto restricted our- 
selves to the consideration of the ellipsoid; the reader can, 
however, without difliculty extend the preceding theorems to 
all central surfaces of the second order. ‘The modifications 
which they undergo in the case of the paraboloids may be 
also bad, by remembering that instead of the semi-diameters 
(p), we must consider the parallel bifocal chords. Let us 
now consider the line of curvature 


2 


2 / 2 wae *) + 
upon the surface of the fixed nine The equation 


of its derived curve upon the auxiliary sphere of radius 
unity then 1s 
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we consequently have 


2 ( 2 2 2 2 2 
Cc 
p 


from which we perceive that this curve is the reciprocal 
of the conic (7), and that it is biconfocal with the conic (&). 
From the value of cos@¢ it is manifest that the conics derived 
from the lines of curvature upon the fixed hyperboloids, 
formed by the intersection of any one ellipsoid, are all bicon- 
cyclic; we have already seen that the conics derived from 
the lines of curvature, when considered upon the -ellipsoid, 
are all biconfocal. The tangent planes to the fixed hyper- 
boloid, along the line of curvature, form by their ultimate 
intersections a developable surface, the ‘ arétes’ of which are 
parallel to the sides of a central ‘equiradial cone, the equation 


which is 
the reciprocal of the equiradial cone already found for the 
ellipsoid. ‘The equation of its derived conic is 


a’(a°— p*) X*? + - p*) + p*) = 0, 
which is identical with the equation (7,), from which we 
perceive that the tangent planes to the ellipsoid and the 
fixed hyperboloid along their respective related sphero-conics 
are parallel, and make angles whose sum or difference is 


constant with the same pair of fixed planes. 
Let two confocal hyperboloids, the equations of which are 


2 2 2 


x 


intersect the surface of the ellipsoid in the point (2’y’z’), and 
in each surface let the right line of reference corresponding 
to the radius vector (p’) be found; then, if we draw perpen- 
dicular to each a plane tangent to the surface to which it 
belongs, the points of contact will be corresponding points, 2.e. 


where (z, y,, &c., 2, y., &c.) represent the points of contact 
on the respective surfaces. Let us next consider the cor- 
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responding points to (z’, y’', z) on the series of confocal 
ellipsoids. It is well known that the curve of intersection of 
¢ and w will be the locus of these corresponding points ; 
consequently, if we repeat the preceding construction for 
each corresponding point on the several ellipsoids of the 
series, the points of contact of the several tangent planes to 
the surfaces g and , will give on each a locus of corre- 
sponding points. ‘The respective equations of these loci on 
the surfaces @ and o, are 
It is easy to see that these equations represent on each 
surface the lines correlative to the lines of curvature indi- 
cated by the equation 
2 2 
pve 
This results from the fact that the asymptotic cone of one 
of two intersecting confocal surfaces of the second order is 
the cone of reference of the central cone, which passes 
through the line of curvature on the other formed by their 
Intersection. In the ellipsoid, since the right line of reference 
of (p’) lies at once on the asymptotic cones of ¢ and a, it is 
evident that this right line must be one of the four sides 
of intersection of the two asymptotic cones; if then, perpen- 
dicular to either of these sides, we draw a plane tangent to 
the ellipsoid at the point (z,yz,), and if A denote the double | 
of the triangle formed by the perpendicular intercept from 
the centre, the radius vector (p,) and its - Projection on the 
tangent plane, we 


A’ = (p> + + v'”). 


So that this area is scsi for the infinite series of confocal 
surfaces. This expression for an area, which in the theory 
of rotation has an important physical signification, will not 
be found in the solution of many questions devoid of utility. 

Let (7, 7,, 7) be the angles formed by a side of intersection 
of the asymptotic cones with the axes of (z, y, z), and we 
shall have 

uv? py? 
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cos’ cos 7, (a) 
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Since however, if with the point (z'y'z') as centre we con- 
struct the three confocal surfaces intersecting in the centre — 
of the original ellipsoid, the equations of which referred to 
the three normals at the point (2'y’z’) as axes of (&, 7, €), are 


then the four sides of intersection of the two asymptotic 

cones of ¢ and o are the four bifocal chords, which can be © 
drawn from the centre of the original ellipsoid through the 

focal curves of the newly constructed system, we shall have, 
as I have elsewhere demonstrated, 


we therefore have the known equations for the coordinates - 
_ of the point of intersection of three confocal surfaces 


Now, if we suppose the point (2'y'z’) fixed in space and 
the surface w given, it is manifest that this latter surface 
is the locus of the centre of the original ellipsoid; it is easy 
to see that this amounts to saying, “ If we have given in 
position the three points in which any three conjugate diameters 
of an ellipsoid terminate, together with its semi-major axis, the — 
locus of the centre will be a surface of tie second order.” If 
two of its principal semi-axes be given, 2.e. (suppose) the 
surfaces w and @, the locus of the centre will evidently be the 
line of curvature made by ther intersection. These ver 
beautiful theorems were first demonstrated by Prof. Chasles. 
If, as in the first case, we suppose the point (2'y’z’) fixed in 
space, the surface # given and the ordinate (z') constant, the 
locus of the centre will be a line of constant curvature upon 
14 


the surface ~, the constant measure of curvature being ——_ . 
| 
In this case the bifocal chords of the auxiliary hl 
(w, #, w ) will make a constant angle with the major axis 
of the constructed ellipsoid. ‘lhis theorem is, so far as I am 
aware, stated for the first time. 
In general, since, if P be the perpendicular from the 


centre of a surface of the second order upon the tangent 


12 19 19 
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_ plane, and (a) the semi-major axis of the surface, we have 
| 
= —, 
a 


where (r) denotes the stuie which the bifocal chord draw 
from the point of contact of the tangent plane makes with 
the normal to the surface at that point; it follows, that along 
the line of constant curvature, the bifocal chord makes a con- 
stant angle with the normal to ihe surface. 


DEMONSTRATION OF A THEOREM OF JACOBI, RELATIVE TO 
FUNCTIONAL DETERMINANTS. 


By PROFESSOR W. F. Donxin. 


THE following proposition is of fundamental importance in 
Jacobi’s general theory of multipliers of a system of differen- 
tial equations. | 

Let w,,u,,...u, be functions of the variables z,, 2,,...2,3 


and let A be the determinant (of n’ terms) formed with the 
differential coefficients | 


du, du, du, du,  du,. 

If we put | 

A du, V,+ du, du, 

Vi» V, will be m minor determinants obtained by 

leaving out the first horizontal row in A, and then, succes- 

sively, each vertical row in the remaining terms. The pro- 

position in question is expressed by the equation 


dy, dy, 


(It will be observed that w, does not appear in this equation - 
at all; it has been introduced merely for the sake of sym- 
metry and clearness.) 

This theorem may be very simply demonstrated by the 
help of the following property of determinants. 

If the first term in each vertical (or in each horizontal) 
row be equal to the sum of the remaining terms in that row, 
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the determinant vanishes.* For it is plain that the deter- 
minant (of terms) | 


Bt Gy tert Gy Bt 


1s the product of two determinants, namely, 
0, By 


3 


of which the first vanishes, since its first vertical row is 
composed wholly of zeros. 
Returning now to the determinant A, it is evident that 
it may be represented in the form | i 
| D.UjU, Us 


where D is an operation performed upon the product 
u,u,...u,, and defined by the equation 


d d 
de? de 
de. 
dz,’ dz,’ dz. 


in which each symbol of differentiation is operative only 
upon that one of the functions u,, u,, &c., which has an 
index the same as that of d. He 

But if in the above expression for D we leave out the 
index 1 of d in each term of the first horizontal row, so 
that the symbols of differentiation in that one row may be 
unrestricted in their effect, and call the operation represented 


* This might be assumed without a special demonstration, since it is 
obvious, from first principles, that if one and the same linear (homogeneous) 
function of the terms in each row vanish, the determinant vanishes. 
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by the determinant thus modified E, then it is also plain that — 


Uys 


will represent. precisely the expression on the left of the 

equation (J.) | | 
Now it follows from the form of the subject of operation 

(u,u,...U,) that we may substitute for the unrestricted 


symbol -—, the expression 


dz; 
d, + d, + 4 d, 
de: 


But by this substitution the determinant Z is transformed 
into one in which the first term in each vertical row is the 
sum of the remaining terms in that row. Consequently £ 


vanishes identically, and the equation (1) is established. 
Oxford, Feb. 27, 1854, 


ON A THEOREM OF M. LEJEUNE DIRICHLET’S. 


By Artuur Cay.ey. 


Tue following formula, | a 


is given in Lejeune Dirichlet’s well-known memoir “ Re- 
cherches sur diverses applications, &c. (Crelle, tom. xXI. p. 8). 
The notation is as follows :—On the left-hand side (a, 8, c), 
(a’, b’, c') ... are a system of properly primitive forms to 
the negative determinant D (2.e. a system of positive forms) ; 
Z,Yy are positive or negative integers including zero, such 
that in the sum 2g", ax’ + 2bry + cy’ is prime to 2D, e 
and similarly in the other sums; g is indeterminate and the | e 
summations extend to the values first mentioned, of z and y. 4 
On the right-hand side we have to consider the form of D, a 
viz. we have D= PS” or else D=2PS", where S’ is the 
greatest square factor in D and where FP is odd: this 
obviously defines P, and the values of 6, €, which are 
always +1 (or, as I prefer to express it, are always +) are 
given as follows, viz. eaemney 
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D=PS*, P=1(mod4), 
D= PS’, P=38(mod4), 6,¢e=-+ 
P=1(mod4) 
D=2PS’, P=8(mod4), 


m,n are any positive numbers prime to 2D, 4 is Le- 


-gendre’s symbol as generalized by Jacobi, viz. in general 
if p be a positive or negative prime not a factor of nm, then 
= + or according as is or is not a quadratic 
residue of p (or, what is the same thing, p being positive, 
| 

n 


=n* (mod p)), and for P=pp'p”... 


and the summation extends to all the values of n, n’ of the 
form above mentioned. In the particular case D =- 1, it is 
necessary that the second side should be doubled. The 
method of reducing the equation is indicated in the memoir. 
The following are a few particular cases. motes 


n—l 
De-1, om, 
or (1 + 2g* + 2g"? + 2g" 4+...) (Gt 
1-q¢g 1-4¢° 1-9" 
or (1 + 29° + 29° + 29”...) (gt t+qe+...) 
| 3 5 7 
an example given in the memoir. 


or (gt (1+ 2g” + 29% + 29...) 


1-¢° 1-g¢* 1-9” 
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I am not aware that the above theorem is quoted or 
referred to in any subsequent memoir on Elliptic Functions, 
or on the class of series to which it relates, and the theorem 
is so distinct in its origin and form from all other theorems 
relating to the same class of series, and, independently of the 
researches in which it originates, so remarkable as a result, 
that I have thought it desirable to give a detached state- 
ment of it in this paper. | 


2, Stone Buildings, Lincoln’s se 
March 8, 1854. 


MATHEMATICAL NOTES. 
To the Editor of the Mathematical Journal. 


In a note appended to a paper which appears in the 
recently published number of the Journal (No. xxx1v. p. 76) 
the late Mr. Weddle has kindly pointed out slight errors in 
the form in which two geometrical theorems are given by me 
in a paper published in the seventh volume of the Journal. 
The modifications in their enunciations necessary to rectify 
these errors, which Mr. Weddle has suggested, are at once 
seen to be proper; and I can only attribute to the haste with 
which these two special applications of a general theorem 
were written, my oversight of the correct method of deducing 
them. My object in addressing this note to you is that of 
briefly showing how these two theorems, as corrected by 
Mr. Weddle, are to be deduced agreeably to the method 
employed in my paper alluded to. 

I conceive a surface S of the second order to be cut in two | 
small conics by the planes L, L’, and a cone to be described 
passing through the two conics. By the general theorem on 
which the method of the paper is founded, the rectangle of 
segments of a secant of the cone parallel to a circular section, 
drawn from any point in S, will bear a constant ratio to the 
rectangle of perpendiculars let fall from the same point on 
the planes Z, Z’. Then, supposing the planes Z, LZ’ moving 
parallel to themselves to become tangent planes, and the 
cone to degenerate into one of infinitesimal aperture, the first 
of the two corrected theorems will be true; the fixed plane 
to which the line drawn to meet the chord of contact is. 
parallel, being one parallel to the ultimate direction of the 
circular section of the cone. Again, if a second surface S’, 
likewise of the second order, be conceived to touch the 
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planes Z, L’ in the same two points as S, the rectangle of 
_ the perpendiculars let fall from any point in S upon the 
_ planes will bear a constant ratio to the segments of any chord 
(or secant) of S’ drawn from the same point parallel to a 
fixed line; and by compounding ratios it will follow that the 
rectangle of the segments of a chord (or secant) of S, drawn 
from any point in S parallel to a fixed line, will bear a con- 
stant ratio to the square of a line drawn from the same point 
to the chord of contact parallel to a certain fixed plane. 


Writing on a geometrical subject, I am induced to send 
you the following remarks on two geometrical interpretations 
of which the equation to the circle is capable in its general 
form. ‘They occurred to me some time back, and perhaps 
you might think them not out of place among your Mathe- 
matical Notes, as the first of the two ought, I conceive, to 
find a place in all elementary treatises on analytic geometry. 


_ The particular values of the coefficients of the terms z’, 

zy, yin the general equation of the second order when it 
represents a circle express two well-known metrical pro- 
- perties of that curve, the opposite sides of an inscribed 


tetragon being chosen as axes of coordinates. To show the 


former of these it is necessary to premise the following: 


Lemma. If the equation 
Az’ + Bry + Cy’ + Ey + F=0.........(@). 


represent two right lines, and @ be the angle at which the 
axes of coordinates are inclined, the rectangle of perpen- 
diculars let fall from a point 2'y’ on the two right lines will 
be given by the formula 


+ Ba'y' + Cy” + + Ey' + F)sin’p | (b) 
{(4-Cy-2B(A+C) cosp + B’+4AC cos}? 
For if ax + By and a'z+B'y+y’' represent the two 
factors of the first degree into which the left-hand side of 
the equation (a) may be resolved, the perpendiculars will be 
respectively, 
(az' + By' + y) sing s (a'z' + B'y' + y') sing 
(a* — cosp + (a? — 2a'3' + 


The product of the denominators of these fractions is 
+a” 4 4 {a3 (a” 4 
+ a'(3' (a’ + B")} cos + 4aa'B’ cos}. 


Ag 
| 

Z 
oY 
% 

> 

; 

ate 

aS 
oa 
£ 

3 

; 

7 
oy 
3 


Mathematical Notes. 167 


‘But from comparing the product of their numerators with 
the expression 


(Aa? + Bay + Cy’ + Dz + Ey + F) sin’g, 
it appears that | 
A, BB'=C; + = B’- 2AC; | 
a3 (a! + 8”) + + B*) = (aa! + BB’) + a'B)=(A+ C)B, 
whence the product of the two fractions may be easily iden- 
tified with the formula (8). | 
If in the equation of the two right lines we suppose 
that the two right lines are subcontrary one 
to the other with respect to the axes,) the expression for 
- the rectangle of perpendiculars from z’y’ becomes 
+ Br'y'+y" + Dz' + Ey' + F) sin’¢ (c) 


Suppose now the axes of coordinates to be the opposite 
sides of a tetragon inscribed in a circle, and B to be a certain © 
constant quantity; the equation of the circle may easily be 
thrown into the form | 


(2° + Bey + + Dz+ Ey + F) sin*¢ 
B - 2 
Let B now be assumed equal to either of the expressions 


DE + {(D’ - 4F)(E’- 4F)}} 
2F 3 


and the equation (d) will at once be seen to express the 
equality of the rectangles of the three pairs of perpen- 
diculars let fall from any point in a circle on the three pairs 
of opposite sides of an inscribed tetragon. | 

In the same case, supposing 2'y’ to be the point of inter- 
section of a pair of opposite sides of the tetragon, it is easily 
shown that Dz’ + Ey’=-2F. Let / be the length of the 
line drawn from the origin to zy’, and ¢, ¢ the lengths of 


tangents drawn from the same points; then 
+ = 4+ 2cosp2'y' + y” + Da’ + F 
| =x" + 2cosgz'y' + F=P- 


= sin’g...(d). 


the upper or lower sign being used according as z'y’ is with- 
out or within the circle (the origin being without), in which 
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latter case ¢’ must be considered as half the chord drawn 
through z’y’ so as to be bisected at that point. This is 
another well-known metrical property of the circle. | 
By pursuing a very similar method of investigation, this 
theorem may be slightly generalized thus: Suppose a circle 
and any central conic to circumscribe the same tetragon; the 
sum of the squares of tangents drawn to the circle from the 
point of intersection of a pair of opposite sides of the 
tetragon, and from the centre of the conic is equal to the 
difference between the square of the line joining those 
points and the sum of squares of the semi-diameters of 
the conic which are parallel to that pair of opposite sides 
of the tetragon. 


3 JOHN WALKER. 
Dollymount, near Dublin, 
Feb, 27, 1854. 


| SOME FORMULZ IN FINITE DIFFERENCES. 


Since log(1 + A)= 5 ; therefore, 


d 
and clearly, when y = 0, the only term in the development 


of (2 + which does not vanish, is 


dy 


therefore = + log(1 + A)}o". 


Putting z=0 and using Maclaurin’s series, we obtain 
Herschel’s theorem. 7 let 


= B+ Ber +...+ Bx +.. 


= {z+ log (1 + A)} W(0). 
Whence it easily follows that 


F(A) ¥(0) = -¥( 5) Fe when z= 0. 
Let 
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therefore = value of 
(0) +...4+ y°(0) (C, +...+ C,z’...) when z= 0, 


The following results are consequences of this formula. 


S, = + 1) =F yoy 


=~ (33) when n= 0, 


where S, = 1? +...4(n- 1). 


2u-] | | 


B,,_, being one of Bernoulli’s numbers. | 
| ARTHUR COHEN. 


Tue following proof of Legendre’s theorem (here very 
briefly given) may be worth attention, if it be not already 
known. The notation is as usual; accented letters being 
the angles of the plane triangle. By common substitution 
for sin.A, cos.A, &c. | | 


2 V(sins.sins—a.sins —4.sins 


sing sind sin’c 


2V(s.s—a.s—b.s-c) a’-B 


(cosb-cosa)(1+cosc), 


sin(.A’~B’)= 


2” 


Hence, using &c., and expanding 


sin(.A B) : sin(A'- B’), 


we find for this ratio the product of nine series of the form 
14 term of second order + term of fourth order + &c., the 
nine terms of the second order being 
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the sum of which vanishes. Hence, so far as terms of the 
second order, the ratio of the sines, and that of the angles, 
is a ratio of equality, or A- A’ = B- B = (by similar 
C- whence Legendre’s theorem immediately 
ollows 


A. DE MORGAN. 


‘LaGRranGe, in a paper on spherical triangles (Jour. Ec. 

_ Polytechn., vol. 11., translated in Leybourn’s Repository, 
vol. 1.) notes that the dependence of the area on the spherical 
excess, first announced by Albert Girard, in 1629, was not 
demonstrated by him, but was first demonstrated by Cavalieri, 
in his Directorium, &c., published in 1632. Lagrange there- 
fore considers that the theorem belongs rather to Cavalieri 
than to Albert Girard. ‘This transfer, however, cannot be 

| made. It is a matter of fact that Girard discovered the 
theorem, and Cavalieri the demonstration ; it is also a matter 
of fact, that for one who can discover, there are hundreds 
who can demonstrate, when they know what is to be demon- | 
strated. At the same time, looking at dates and countries, 
it is most probable that Cavalieri was an independent dis- 
coverer. 

As the Invention Nouvelle, &c. of Albert Girard is the 
rarest of all the works in which mathematical discovery has 
been announced, a short statement of what is there found 
may be acceptable. Girard considers the surface of the 
sphere as composed of 720 equal superficial degrees; and 
then announces and exemplifies the theorem, or scvence, “ in- 
cogneué jusques a present, si ce n’est devant le deluge,” that 
every spherical polygon has as many superficial degrees as the 
sum of all the angles contains degrees more than the sum of all 
the angles of a corresponding rectilinear figure. This he first 
proves, easily of course, of a semilune, or fibulle, as he calls 
it. He then proceeds to the case of a right-angled triangle 
having each side less than a quadrant ; and this case he does 

not attempt to prove except en conclusion probable. The 
triangle being ABC, right-angled at C, he shows that if a 
small circle be drawn having A for its pole, and cutting | 
the circles AL, AC in M and N, so that the area AMN 
may be equal to the semilune which has the same spherical 

excess as ABC, then M falls within AB, and N on AC 
produced, so that MN cuts BC, say in P. If he could 
show MPB, CPN to be equal, the theorem would be 
proved; and here he stops, calling the theorem manzfeste 


4 
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et probable. In the steps which follow this assumption there 
is nothing to notice. It should be remarked, that what 
Girard does prove is very much more difficult than the 
general theorem. Had he thought of the manner in which 
three circles divide the sphere into eight triangles, the 
demonstration given by Cavalieri would not have been 
concealed for one minute from the geometer who could © 
demonstrate that MN cuts BC. 

-A. DE MORGAN. 


To z, y, from 
ax +by +Xr(ax + By) =9, 
ax+by + Py) =0, 
+ b"y + + = 0. 
1+Apm=0, then &, 7 being arbitr 


Ex + ny + + pny) = 


And eliminating x,y, Ax, dy from the ae equations, there- 
fore 


E  pE pm|=9, 
2 
a’ ot B' 
a!’ B" 


an equation which may be written 
AE + Bn + CuéE + Dun 


and the equation being true, independently of the values 
of &, 7, we have 


A+ Cp = 0, 
B+ Dp = 0. 
. Or, eliminating p, | 
AD- BC=0, 


which is the result of the elimination of z,y, from the 
given equations, or, what is the same thing, the result of 
the elimination of z, y from the equations 

+ by a'x+ by a'x+b'y 


ax + By Bly 
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Clairaut’s Theorem, 
number of the Journal, I think it right to state, that the © 
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To the Editors of the Cambridge and Dublin Mathematical Journal, 
GENTLEMEN, 


I request the insertion of the following statement in 
the next number of your Journal. 


Having read a paper by Mr. Matthew Collins “On 
” which appeared in the February 


substance of that communication has been taken, without: 


acknowledgment, from a series of Lectures delivered by 
the late Professor MacCullagh in the University of Dublin, © 


in Hilary and Michaelmas Terms, 1846. 
I attended the Lectures alluded to, in company with 


Mr. Collins amongst others; and a memoir containing an 


account of them has been prepared by me for the Royal 
Irish Academy, and was published some months since in 


its Transactions. 


In the course of last year Mr. Collins published a pam- 


phlet absolutely identical with the paper which appeared 


in the Journal. He sent several copies of this pamphlet 
to distinguished members of the University of Dublin. 
I have now before me one of these copies, on the title-page 


of which Mr. Collins has written the following acknowledg- 
- ment— Extracted from manuscript notes taken at Mac- 


Cullagh’s Lectures.” 
I have the honor to be, intlinsen’ 
Your obedient Servant, | 
Grorce J. Attman, LL.D., 


Professor of Mathematics, Queen’s College, Galway. 
April 10, 1854. 


SUR LA THEORIE DES FONCTIONS HOMOGENES A DEUX 
INDETERMINEES. 


Par M. Hermite. 


Mes premigres recherches sur la théorie des formes a 
deux indéterminées, ont pour objet la démonstration de 
cette proposition arithmétique élémentaire, que les formes d 
coefficients entiers et en nombre infini, qui ont les mémes 
invariants, ne donnent qu’un nombre essentiellement limité 
de classes distinctes. 
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| 
| 


Théorie des Fonctions _ a Deux Indéterminées. 173 


Une notion générale sur les invariants s’est offerte dans 
ces recherches, amenée par une considération purement 
arithmétique, la réduction des simples formes quadratiques | 
définies, et l’application trés facile que J ai pu faire pour 
les formes cubiques et biquadratiques, m’a donné leurs in- 
variants obtenus déja par M. Cayley, en suivant une toute 
autre voie. Mais a partir du cinquiéme degré |’ application 
de cette méthode devenait si pénible, que j’ai du renoncer 
& Vespoir d’en tirer explicitement les expressions de leurs 
invariants, et & plus forte raison celle des invariants des 
formes des degrés plus élevés. Ramené demiérement a 
ces questions, j’ai été conduit 4 les envisager sous un point 
de vue nouveau, et )’ al pu enfin aborder les formes du 
cinquiéme degré, qui n’avaient pu étre traitées par ma 
premitre méthode. Les circonstances singuliéres, que )’al 
rencontrées dans cette recherche, me semblent ajouter encore 
a Pinteret de la grande théorie que MM. Cayley et Sylvester 
ont déja enrichie de tant de découvertes. Mais j’ai eu 
surtout en vue la théorie arithmétique, dont j’ai ainsi trouvé 
les véritables éléments, comme l’on verra par la suite de mes 
recherches : dés 4 présent néanmoins on pourra reconnaitre 
que la théorie des formes binaires, dans toute sa généralité, 
est étroitement liée a la composition des classes quadratiques, 
résultat singulier et qui ouvrera des nouvelles perspectives 
dans |’étude des propriétés les plus cachées des nombres. 
La loi de réciprocité dont M. Sylvester a bien voulu déja 
annoncer la découverte, étant le point de départ de mon 
analyse, je dira d’abord en peu de mots en quot elle consiste. 


Section I.—Loi de Réciprocité. 


Elle est contenue dans le théoréme: A tout covariant d’ une 
forme de degré m, et qui par rapport aux coefficients de cette 
forme est du degré p, correspond un covariant du degré m 
par rapport aux — d’une forme du degré p. 


Soit, 
y) = 4 ay) aly)...e + = Norme (x + ay), 


une forme du degré m décomposée en facteurs linéaires, 
et ¢(z,y), un covariant de cette forme du degré p quant aux 
coefficients, et d’un degré quelconque en z et y. 

Si nous faisons 


F =a Norme (X+aYia@Z+...+ 
les coefficients de F, seront des fonctions entitres de degré p, 
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des coefficients de f, et on démontrera facilement ces deux 
lemmes. | 


1°. Toute fonction entiére et du degré p des onal de St 
s’exprime linéairement par ceux de la forme F. 


2. Les coefficients de F ne sauraient étre liés par aucune 
relation du premier degré dont les coefficients seravent nu- 
mériques, c.a. d. indépendents des coefficients de f. Dou 
résulte qu'une fonction du degré p de ces coefficients n’ est 


absolument susceptible que d’une seule expression linéaire par 
ceux de F. 


Cela étant, voici comment du covariant (2, y) qui se 
rapporte a la forme f, du degré m, se déduit un covariant 

olt 


m.m — 

fe, y) = ax™ + + 
de sorte que les constantes a, b, c.... soient ce que nous 
avons appelé les coefficients de t; nous leurs donnerons 


une désignation plus expressive, en les représentant de 
cette maniére 


+ etc. 


ainsi l’expression de f(z, y) deviendra par la suppression 


des parenthéses la puissance 


(xz, + 


aT) 
en convenant apres le developpement de la puissance d’écrire 
respectivement au lieu de 
x-'yY,, X°’y, ete, 


ce qui sera une désignation commode des coefficients de F. 
Cela posé, d’aprés le premier des lemmes ci-dessus, on 
pourra, et d’une maniére seulement, exprimer linéairement 
les coefficients du covariant $(z, y), par les quantités 


(4,°" ete.; 
or il se présente cette conséquence remarquable, 
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Ayant exprimé $(x, y) par les quantités 
(X,"" Y), ete., 


congevons que l’on supprime les parenthéses, on arrivera 
par la a une fonction du m’ degré par rapport aux quantités 


Or cette fonction sera un covariant de la forme suivante de 
degré p, | 
Xa? + pY 4+ + + Ty’. 

Rien d’ailleurs ne vient ici changer le degré des indéter- 
minées z et y, dans cette métamorphose que subit la fonction 
(x,y), ainsi ce sont des covariants de méme degré par rap- 
port aux indéterminées, qui se trouvent liés l’un a l’autre par 
la loi de réciprocité. Mais il y a une seconde maniére de 
passer ainsi d’un covariant se rapportant 4 une forme d’un 
certain degré, 4 un covariant se rapportant 4 une forme 
d’un autre degré. L’analyse précédente conduit en effet, 
et trés aisément, a ce second théoréme : 


Etant donné un covariant quelconque du m’ "degre par 
rapport aux coefficients de la ee me | 


pY 2° 'y + +... + 


| Si lon transforme en expression de ce covariant, 
les quantités X,", X,"" Y, etc.,... en les remplacant respec- 
tivement par ( x” , (X. “ Y), etc., coefficients de la forme F, 
ce covariant se transformera en un autre se rapportant ad la — 
forme f(x,y), et du degré p, relativement aux coefficients 
de cette forme. 


Section II.—Conséquences de la Loi de Réciprocité. 


- Nous considérons en premier lieu les invariants qui sont 
un cas particulier des covariants, lorsqu’on suppose leur 
degré nul par rapport aux indéterminées z et y. La con- 
naissance compléte que nous avons des invariants des formes 
du second, troisiéme, et quatritme degré, nous donnera alors 
immediatement pour des formes de degré quelconque, les 
invariants qui sont du second, troisiéme, et quatriéme degré 
par rapport aux coefficients de ces formes. Ainsi les formes 
quadratiques 


f = ax’ + + cy’ a'y), 
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ont pour expression générale de leurs invariants, la fonction 
de 


donc toutes les de degré 2u posstédent un invariant 
quadratique, que nous allons calculer. Soit pour cela 


en représentant forme, suivant notre 
convention par | 


on trouvera bien aisément | 
( a aia’, | 
2(X,X, = (a'as + 
Maintenant il viendra par le developpement de la — 
A | 
+ al) — + aa) + + a’)-etc.], 


en et a les termes équidistants des extrémes, et nom- 
mant pour abreger ,, u,,..- les coefficients binomiaux. Cela 
fait on peut immediatement introduire les coefficients de F, 
et il viendra 


A= 2(X,X,)- 2p + 9X, "X ete., 


le dernier terme qui seul ne contient pas en evidence le 
facteur 2, étant 


Or tel est l’invariant quadratique de la forme 
dont M. Cayley le premier a fait la isis 
Les formes cubiques 
= ax’ + 3bz*y + Sexy? + dy’, 

ont pour invariants la fonction de degré 4p, 

A =(a'd’ - Gabcd + 4b°d + 4ac’), 


donc toutes les fonctions du degré 4p et celles-la seules, 
possedent un invariant du troisitme degré. Le théoréme 
conduirait si l’on ne le connaissait pas déja, a |’ invariant 
cubique des formes biquadratiques 


Sf = + 4bz*y + + adzy? + ey*, 


4 ‘ 
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Nous avons d’ailleurs, l’invariant quadratique 


A= ae - 4bd + 3c’, 
et sl nous posons | 


A’ = ace + - ar - = 06, 


LP expression. générale des invariants des formes biquad- 


ratiques, sera la fonction de degré 2m + 3n, 
| 
comme I’a démontré M. Sylvester. Donec toutes les formes 


de degré «= 2m + 8n, possédent des invariants du quatriéme 
degré en nombre égal a celui des solutions entiéres et 


positives de cette équation w=2m+ 3n. C’est la encore 


un des beaux résultats obtenus par M. Cayley dans son 
mémoire sur les hyperdéterminants. Mais les conséquences 


de la loi de réciprocité, dont j’aurai besoin principalement | 


dans la suite, se rapportant aux covariants, j’y arrive im- 
mediatement en omettant beaucoup de remarques suxquelies 
les résultats précédents donneraient lieu. 

Considérant d’ abord les formes quadratiques 


f = ax’ + 2bhzy + cy’, 


nous avons cette expression générale de leurs covariants 
savoir, 


=(b*- ac)"(ax*+ + cy’ a 


de degré 2u+v par rapport aux coefficients de f. Donc 
faisant 

nous aurons autant de covariants du second degré par rapport 
aux formes de degre m, qu'il y a de solutions entiéres et 
positives de cette équation. D/ailleurs le nombre 2y repré- 


sente le degré de chacun de ces covariants en x et y. 


Dans le cas ou m est impair, et dans ce cas seulement, on 
peut faire y=1, on est alors conduit 4 un covariant du 
second degré en z et y, dont nous allons donner I’ expression 
générale a cause de son importance. A cet effet posons 


m= 26 +1, = Ax’ + Bry + Cy’, 
de sorte que | 
C= | 
il s’agira d’exprimer ces diverses quantités au moyen des 
coefficients de la forme 


Foa™ X+aX'+a' Xtal X' 
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coefficients dont nous avons précédemment employé les valeurs _ 
§ 


Or on trouve immediatement A et C, par le méme calcul 
qui nous a donné [invariant quadratique des formes de 
degré pair, savoir | 


Ao - ou ( + XX") ete., 

C= - + X,'")- ete., 
quant a B, aprés quelques réductions trés faciles on obtiendra 

B= 2(X,™X,) - 2(u,-1)(X" 

+ 2(m, .X,") ete., 
la dernier terme étant oe 
2( Pay) 
Pour les formes cubiques, 
f ax’ + + + dy’, 

‘nous avons le covariant quadratique 
(b° - ac) +. (be - ad) zy + (ce bd) y’, 


que donneraient les formules précédentes, mais en le multi- 
pliant par une puissance w de l’invariant du 4° degré, on 
obtient un covariant du degré 4~+42 par rapport aux co- 
efficients de f; donc toutes les formes de degré 4 + 2 ont 
un covariant quadratique en z et y, et du troisitme degré 
par rapport a leurs coefficients. Cette conclusion a laquelle 
il eut peut-étre été difficile de parvenir par une autre voie, 
nous révéle ainsi l’existence d’un covariant quadratique 
pour toutes les formes dont la degré n’est pas un multiple 
de 4. Ces derniéres comme nous pourrons |’établir plus 
tard, possédent elles-mémes un covariant quadratique, du 
5¢ depré par rapport 4 leurs coefficients, les seules formes 
_ biquadratiques exceptées. Les considerations dans lesquelles 
nous allons entrer, vont montrer la grande importance de ces 
covariants quadratiques. 


Section III.—Des Formes Canoniques. 


Soit f(z, y) une forme pour laquelle on ait reconnu 
l’existence d’un covariant du second degré en = et y, 


p(x, y) = Ax’ + 2Bry + Cy’. 
Posons A = B’- AC, il existera comme on sait une infinité 
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de substitutions, au déterminant wm, propres a faire dis- 
paraitre les coefficients des carrés des indéterminees, et a 
réduire a l’expression suivante 


AY.VA. 
Soit 


l’une quelconque de ces substitutions, toutes les autres s’en 
déduiront comme on sait, en la faisant suivre de celle-ci 


on w est une quantité arbitraire. Cela posé, nous définirons 
comme forme canonique de f(z, y), la transformée qui en 
résulte par la substitution (1). Cette forme canonique con- 
tiendra essentiellement dans les coefficients une quantité 
arbitraire qu’on mettra en évidence si l’on veut, en y 
faisant la substitution (2). 


Mais posons d’abord 
+ BY, yX+8Y) = F(X, ¥), 


nous aurons cette proposition fondamentale: Toute fonction 
entiere des coefficients de F, qui se reproduit tdentiquement 
dans la transformée obtenue par la substitution (2), est une 
fonction rationelle des coefficients de la proposée f(x,y), le 
dénominateur de cette fonction étant une puissance de A, 
et la numérateur un invariant de f. En second leu, toute 
fonction qui se reprodutt au signe pres, redonne st on la 
multiplie par VA, le méme expression que les précédentes. 

Voici donc la principe d’une nouvelle méthode pour la 
recherche des invariants, puisque tout invariant de la 
forme f(z, y), s’exprime par une fonction semblable des 
coefficients de la transformée F, qui possédera evidemment 
la propriété mentionnée dans notre proposition. Nous allons 
en faire |’application aux formes du cinquiéme degré. 


Section IV. 
Recherche des Invariants des Formes du Cingquiéme Degre. 


Nous représenterons la forme proposée par 
5 


(a, y) = ax’ + + 10cx*y? + 10e'x*y’ + 5b'ry* + ay’. 
Le covariant quadratique, par 
= (ab’- 4be'+ + (aa'~ 8bb'+ 2cc') xy + (a'b- 80") y’, 
N2 
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et enfin la transformée canonique par 


— Cela posé, puisque le covariant quadratique de F, se reduit 
par hypothése a l’expression X YVA, nous aurons entre 
les coefficients de F, les relations suivantes, 


AB -4BC +38C*=0, AA'-3BB +2CC' «VA, 
A'B-4B'C+ 3C"=0, 
| et c est sous ces conditions, qu’il nous faut obtenir ? expres- 


sion la plus générale d’une fonction entitre des coefficients 
de F, qui ne change pas en y faisant la substitution 


Une analyse plus longue que difficile, et que je n’al pas 
encore assez simplifi¢e pour exposer ici, m’a donné les 
propositions suivantes. 


1°. Toute fonction entitre des coefficients A, B, C, etec., 
qui ne change pas quand on transforme F, par lu substitution 


- 


l 
X=on, Y=-—&, 
3 
est nécessairement de degré pair. 


2°. Désignant par mw ce degré, si Pon a “w=0 (mod 4), 
P eapression la plus générale @ une telle fonction sera 


I= O(AA’, BB, CC' ) 
© étant homogeéne et de degré Au. 


3°. Stlon a p= 2(mod 4), Pexpression la plus générale sera 
I=(ACB’- AC 0(AA', BB’, CC’), 
©, étant une fonction homogene de degré hp - 2. 


De cette derniére proposition découle immédiatement |’ ex- 
istence d’invariants de degré impairement pair, pour les 
formes du cinquiéme degré ; ; en effet si nous considerons _ O 
Pexpression ACB’ - A'C qui change de signe par la 


substitution X= a7, Y=- —£, il résulte du théoreme établi 
dans la 3° §, qu’en is malted par VA, le produit sera 


| I 
nécessairement de la forme ar) I étant un invariant de 


4 
¥ 
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I y), on a donc 
I= A'VA( ACB’ - A'C'B’) 
=(AA'- 3BB'+2CC CB? A'C'B*), 


ce qui est une fonction de degré impairement pair, quel que 
soit l’entier 4, par rapport aux coefficients de F, et par 

suite par rapport & ceux de f, comme on la reconnait avec 
une legére attention. Mais il nous faut encore approfondir 
la nature de ces quatre quantités, 


BBY, CC', ACB"- A'C'B’, 
qui viennent s’ offrir comme éléments simples dans |’ expres- 


sion générale des invariants des formes du cinquiéme degré. 
C’ est l’objet des considérations qui vont suivre. 


Section | V.—Des Covariants Similaires. 


Revenant au cas général des formes de degré quelconque 
F(z, y) qui ont un covariant quadratique, soit comme plus 
haut 


F= 4 mBX™Y 4. + Y + AY", 


la transformée 4 laquelle nous avons donné le nom de forme 
canonique. Par définition méme, le covariant quadratique 
de F sera simplement XYVA, cela posé, nous réunirons 
par la dénomination commune de covariants similaires de f 
ceux qul jouissent de cette proprieté, qu’en y faisant la 
substitution par laquelle f devient F, leurs coefficients 
reproduisent toujours 4 un facteur numérique prés, les quan- 
tités A, B,...b', A’, multipliées par une puissance de VA. 
Cette définition dépend essentiellement du covariant quad- 
ratique en z et y, qu'on prend pour base de la réduction 
a la forme canonique, de sorte qu’on parviendra 4 un groupe 
différent de covariants similaires, en employant pour la 
réduction 4 la forme canonique, un covarlant quadratique 
en x et y, mais d’un autre degré par rapport aux coefficients. 
Pour fixer les idées, nous ne considerons que les groupes 
se rapportant aux covariants quadratiques dont nous avons 
en commencant établi l’existence par la loi de réciprocité, 
) et nous en donnerors une premitre série, en nous fondant 
sur ce théoréme : 
Soient ¢(z, y) et ~(z, y) deux covariants quelconques 
de f, le degre du second étant supposé non-inférieur a celui 
du premier, en faisant 


= ax? + +...+ pBay?'+ay’, 
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le forme 


any 


sera encore un covariant de f.* ee | 
Pour appliquer ce théor’me, nous prendrons ¥ ef, et 


hous supposerons une puissance du covariant quadratique, 
il viendra alors cette série 


qui aboutit 4 un invariant, si le degré de F est pair, et 
& un covariant linéaire si ce degré est impair. Ce covariant 


linéaire s’évanouit identiquement dans le cas des formes 
cubiques, car on a alors 


F= AX*+ 
mais ce cas excepté, il existe bien effectivement. Prenons 
pour exemple les formes du cinquitme degré, le covariant 


sera alors A(CX +C'Y), et en supposant C=0, C’'=0, 
on ne satisfait plus aux deux relations : 


AB -4BC'+8C’=0, A'B-4BC+3C"%=0, 


qui seules existent entre les coefficients de F.. J’insiste sur 
ce point en raison de la grande importance des covariants 
linéaires pour la théorie arithmetique des formes de degrés 
impairs, dans laquelle si comme j’ essayeral de le faire voir, 
ils jouent un réle capital. Mais jusqu’a présent nous n’avons 
obtenu qu’un petit nombre de covariants similaires; par le 
lemme suivant nous verrons qu’il en existe une infinité. 
Nommons comme précédemment y) et y) deux co- 


variants quelconques de la forme proposée f ; quelque sovent 
les constantes U et V, la forme suivante 


sera de nouveau un covariant de f. 


VA 


Nous ferons usage de ce lemme en supposant @ lun 
quelconque des covariants similaires préecédemment obtenus, 
et prenant pour le covariant quadratique. Désignant 
alors par o(X, Y) le transformée de @ par la substitution 


* En supposant ¢=W=f, x 8 ‘évanouit identiquement si le degré de f 
est impair, et si le degré est pair Il’ invariant quadratique de 
M., Cayley, que nous trouvons ainsi par une yoie nouvelle et trés simple. 


\ 
| 
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canonique, celle du covariant quadratique y¥ étant dans le 
méme cas X YVA, on voit que les coefficients des termes 
- en U et V, dans la forme | 


@{X(U-VvA), Y(U+Vva)}, 


seront effectivement d’aprés notre définition des covariants 
similaires. Maintenant chacun d’eux par l’application 
petée du méme principe et de celui qui est fondé sur la 
differentiation, donnera évidemment naissance & une infinité ~ 

_@autres, tous compris dans la méme forme analytique 
simple, que nous allons indiquer d’une maniére plus précise. 
Soit pour abréger l’écriture, d’aprés la notation ingénieuse 

de M. Cayley, 

B,C... B, A)\(A, YY, 

de sorte que la premiére parenthése renferme dans leur 
ordre, les coefficients de la forme; donc les covariants simi- 


laires du méme degré que F et qui résultent des méthodes 
précédentes, seront de la forme 


= V(A*") (2.4, BB, yC,... -yC', -BBY, -a4')(X, YJ, 
ou de la suivante | | | | | 
®, = BB, yC,... yC', BB, aA’) (X,Y)", 


les quantités a, 8, y, etc., étant des constantes numériques. | 
Les autres de degrés m-2, m-4, etc.... sont de la forme 

aX‘dY*’ dX‘dY* 
slon que prennent par la substitution canonique une multi- 
tude de covariants de la forme f, qu’il eut été impossible | 
d’obtenir jamais en fonction explicite des coefficients de 
cette forme, justifient ce me semble, l’idée nouvelle des 
formes canoniques que j’introduis ici. 


Cette remarquable simplicité d’ expres- 


Section VI.—Recherches ultérieures sur les Invariants des Formes du 
Cinguiéme Degré, | 
Notre point de départ, sera ce théor®me auquel con- 
duisent immédiatement les considerations précédentes: soient 
@ et », les covariants de f, qui deviennent respectivement 
par la substitution canonique les expressions deésignées ci- 
dessus par ® et ®,, ces covariants étant du méme degré 


d 
on obtiendra un invariant en mettant dans ¢(y,,- 2), 


au lieu de z'y"*, d’apr’s un théoréme enoncé plus hau 
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Cela étant, cet invariant exprimé par les coefficients A, B,C... 
de la forme canonique, sera 


T= AA’ - mB’ BB + ete....). 


De la se tire une méthode tres ak dont nous allons faire 
P application aux formes du cinquitme degré pour exprimer 
les quantités 4A’, BB, CC’, etc., au moyen des coefficients 
de la forme proposée. Posons 


=(a, b,c, ¢, a’) 


le covariant quadratique, dans le méme systéme de notation, 
sera 


(ab’ - 4bc' + aa'— 2cc', u'b - 4 30”) (x*, zy, 
et en faisant 


les diverses formes ete. seront un groupe de co- 
variants similaires, que nous allons employer a la composition 


de trois invariants J, J,, Z,, & savoir 


I, en employant f avec f,, 


Ces invariants seront respectivement des degrés 4, 8, 12, 
car il est aisé de voir que les covariants f,, f rs sont 
des degrés 3, 5et 7. Cela posé, nommons F. leurs 
| transformées respectives par la substitution canonique, on 
aura trés facilement ces expressions, 


= (A, B, O, C’, BY, YY, 
; = (A, 3B, 40, -40', - 3B, - A’) (X,Y} VA, 
F, = (A, - 4B, - 40, 4C’, 4B, - 4’) (X,Y) va’, 
F, = (A, - B; C,-C’, B, - A’) (X, YY va’, 
d’ot lon déduira 
I, = 2VA(AA' - 3BB + 2CC’)= 24, 
(I) = 2VA*(AA' + BB’ - 2CC’), 
= 2VA°(AA' + 5BB' + 10CC’). 


Voici oS un moyen d’obtenir explicitement par les co- 
efficients de f, les trois qnantitte AA, BB, CC’, car le 


| 
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déterminant relatif aux équations précédentes, est différent 
de zéro, et égal & 2°. Mais les expressions générales données 
§ 4° contiennent en outre le quantité ACB" - A'C'B’, que 
nous obtiendrons de la maniére suivante. Considerons les 
covariants similaires ayant pour transformées canoniques 


VA yay * 


en formant le cube du dernier, on parviendra aux deux 


formes 
VA(B, C, YF, 

et CC", C”) (X, Y)’, 

d’ot l’on tire toujours par le méme principe, l’invariant du. 

18° degré que nous nommerons J,, 
I, = 4°vA(BC" - BC”), 

“Mais par les relations fundamentales 

AB -4BC'+ $C" 60, + 8C" = 
on obtient facilement 
3(BC” - = ACB” - A'C'B, 
ACB” - A'C'B’ = 8 

Voici donc, d’aprés les formules du § 4°, la conclusion de 
notre théorie pour les formes du cinquiéme degré. 


d’ot enfin 


LT’ expression la plus générale des Invariants de ces 
peaks dont le degré w=0 (mod. 4) est 


I, 
F (vA, AVA’ 


F étant une fonction homogéne du degré $m. 


2°. L’ expression la plus générale des Invariants dont le 
degré yw = 2 (mod. 4) est 
F étant une fonction homogene de degré 4p - 2. 


Ainsi un invariant quelconque, ou au moins son produit q 
par une puissance de A, est une fonction rationnelle et entire 
des invariants fondamentaux A, I, J, J,, des degrés 4, 8, 12, 
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et 18. Car les fonctions F et F, étant ——e on peut 
écrire | 
I, 


Nous voyons par la se révéler un caractére essentiel des 
formes de degré superieur au quatri¢me, et qui consiste en 
ce que les invariants ne peuvent en général s’ exprimer 
en fonction rationnelle d’un certain nombre d’entre eux 
supposes algébriquement indépendants. M. Cayley, M. Syl- 
vester, et moi avions long-temps pensé qu’en général les 
invariants des formes de m*® degré devaient s’ exprimer par 
des fonctions entiéres de m-— 2 d’entre eux, et c’est méme 
ce qui & empéché M. Sylvester de chercher a démontrer 
la loi de réciprocité dont il avait aussi présumé I’ existence, 
une contradiction necessaire s’étant manifestée entre cette 
loi et celle du nombre des invariants fondamentaux. Peut- 
étre cependant, s'il m’est permis d’emettre une conjecture 
sur un sujet si profond et si difficile, doit-on penser qu'il 
sera possible d’obtenir pour les formes d’un degré donnée, 
un petit nombre de groupes d’ invariants fondamentaux, 
types d’autant de séries générales dont l’ensemble com- 
prendrait tous les invariants possibles. C’est ainsi par 
exemple que [invariant du 18° degré que nous venons 
d’obtenir pour les formes du cinquitme degré s’offre comme 
le type de tous les invariants de degré impairement pair 
de ces formes. Sur ce sujet nous allons encore présenter 
quelques observations. 


Section VII.—Recherche particuliere sur Invariant I, du 18° Degré. 


Je me propose de faire voir que le carré de J, est non 
seulement une fonction rationnelle, mais méme une fonction 
entiere des trois invariants nommés A, J, et [. Soit a cet 
effet A*=24J, et [,- j adopterai pour 
invariants fondamentaux i et J, au lieu de J, et L, pour 
la commodité des calculs, et les. équations (J) du g 6° don- 
neront ces expressions trés simples 


Cela posé, nous partirons de la rélation suivante, 
16(ACB” - A'C'B’y 
=(AA’BB -16BB'CC -9C°C") 24° BB'C°C”, 


d 
2, 
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qu’ on trouvera identique, en vertu des équations fonda- 


mentales qu’on a entre les coefficients de la forme canonique 
savoir 


AB '- 4BC' A'B-4BC+3C" =0 
On peut effectivement d’ abord l’écrire ainsi, 
24° BB'C’C® 

=(AA BB -16BBCC' - CB” A'C'B’y, 
ou en de composant en produit la différence des carrés, 
24° 

={AA'BB -16BB'CC -9C°C"? + A'C'B’)| 
{A A' BB -16BB'CC' - 4( - A’ C'B)}- 
Maintenant les équations 
8C’=4BC'- AB, 8C°=4BC- A'B, 

donneront si on les multiplie membre 2 membre, | 

90°C” = = 16BB'CC'’ + AA'BB - 4(ACB”" + A'C'B’), 


et en substituant cette valeur de C*C” dans chacun des 
facteurs, on verra le premier devenir 


8.4 CB” - 32BB'CC' = 8B’ C(AB - 4BC’)=- 24BC, 
. et le second se réduire d’une maniére semblable a 
8A'C' - 322.BB CC =8BC( B-4BC')=- 24BC”, 


d’on suit l’identité annoncée. L’expression du carré de 
ACB" - A'C'B’, étant alors ramenée a ne plus dependre 
que des quantités 4A’, BB, CC’, on trouvera par la sub- 
stitution des valeurs de ces quantités, un fonction des in- 
variants A, J,, J,, et en chassant le dénominateur 


16a" A CB” - A'C' By 
= 2J,A*+ 23, ~24°J, 4 
Or il arrive que le second membre contient en facteur A’, 4 
de sorte qu’en supprimant ce facteur il viendra 
16A’(ACB” - A'C'B’Y = = + | 


ce qui est une fonction entiére des trois invariants fonda- 
mentaux, A, J,, et J;. 
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SECONDE PARTIE. 


que la premitre partie de ces recherches a 
terminée, encouragé par la manitre si bienveillante dont 
elles ont été accueillies par mon ami M. Sylvester, j’ai 
repris avec une nouvelle ardeur |’étude algébrique des 

_ formes du cinquiéme degré, et je vais y consacrer cette 
seconde partie de mon “travail, en réservant en dernier 
lieu, les considérations arithmétiques que j’al annoncées 
dans l’introduction. C’est sur une notion analytique 
nouvelle, celle des formes-types, qui sera tout-a-l’heure 

; expose en détail, que se fondent les résultats nouveaux 
que j’al obtenus. Cette: notion est essentiellement propre 
aux formes de degrés impairs, avec la seule exception des 

formes cubiques qui y échappent comme un cas singulier. 
Pour les formes de degrés pairs il existe quelque chose 
d’analogue, mais qui jusqu’a présent ne s’est présente a 
moi, que d’une manitre plus compliquée. Aussi en par-— 
lerai-je seulement pour remarquer que les formes biquad- 
ratiques font alors exception, de sorte que les formes des 
premiers quatre degrés, pour des raisons diverses, doivent 
étre considerées comme présentant des cas singuliers dans les 
théories générales qui ont pour objet les fonctions homo- 
génes a deux indéterminées. C’est donc au seul point 
de vue algébrique, un champ plus vaste et plus fécund de 
recherches, qui s’ouvre a partir des formes de cinquiéme 
degré, ot l’on voit apparditre le réle curieux d’éléments 

-analytiques, qui n’existent pas pour les formes de degrés 
inférieurs. D?’ailleurs c’est dans les méthodes simples et 
faciles qui se présentent dans cette étude, ot est l’avenir 
de la science algébrique, car elle seule peut donner les 
éléments qui distinguent et caracterisent les divers modes 
d’existence des racines des équations générales de tous 
les degrés. J’espére que cette dernitre considération re- 
cevera sa sanction de ce que nous allons développer en 
particulier sur les formes du cinquiéme degré. 


Section [.—Des Formes-types. 


La notion des formes-types repose sur l’ existence des 
covariants linéaires, dont il a été déja fait mention pré- 
cédeimment, et qu’on obtient de la manitre suivante. Soit 
en employant la notation de Mr. Cayley, 


> 

4 
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une forme de degré impair, 
= -(m-1) be'+..., aa’ -(m- 2) bb'+..., 
ba' -(m— 1) b'c+...} (a’, zy, y’), 
le covariant quadratique de et A invariant de Nom- 
mons S le substitution au déterminant wn et aux variables 
X, Y, qui transforme den VA.XY, cette méme substitution 


faite dans la proposée f, donnera ce que nous avons nommé 
la canonique 


= (A, B,C,...C', B, A)(X, ry. 


Ainsi le caractére essentiel de la forme canonique F, est 
que le covariant © a se réduise VA XY; 
les coefficients A, B, etc. ... sont donc liés par les relations 


1) BO +... = 0, A'B-(m-1) BC+... 


Ceci rappelé, voici comment s’obtient un covariant linéaire A 
de la forme f. Elevons @ a la puissance 4(m- 1), ce qui 
donnera un covariant du degré m-1 en z et y, puis mettons 
y et -« au lieu de z et y; cela fait, en remplacant un — 


_ terme quelconque x*y?, par on obtiendra, comme 


dz*dy 
on sait, encore un covariant de f, et ce covariant sera bien 
du premier degré. Mais il est essentiel d’établir qu’il ne 
s’évanouit pas identiquement. Soit a cet effet A, la trans- 
formée de 2, par la substitution S, on aura 


d™ -] F 
supposant donc 


dake dy 


A ne pourra s’évanouir identiquement qu’autant qu’on aura 
G=0, G'=0, mais ces relations ne vérifient pas les équa- 
tions (1), sauf le cas des formes cubiques. Dans ce cas en 


effet, ayant F=(4,B,B,A’)(X,Y)’, A sera 3VA(BX+B'Y), | 


mais les relations (1) 
| AB -B=0, AB-B"=0, 
exigeront que B=0, B=0. On en deduit effectivement 
 AA'BB' = B’B”, 
d’ou BB(AA' - BB) = 0. 
Si donc le produit BB’ n’est pas suppose nul, il faut qu’on 
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ait 4A’ - BB' = 0, ce qui conduit a la — absurde 
que invariant 


(AA' - 4(AB' - B) (A'B - 


de la forme cubique est égal a zero. Les covariants linéaires — 
n’ont donc d’existence effective i & partir des formes 
du cinquiéme degré 


f =(a, b,c, 6, a’) (2, y), 
mais pour ces formes il y en aura un nombre infini, dont 
les degrés par rapport aux coefficients a, 6, c, etc. seront 
la série des nombres impairs 5, 7, 9, ete. 

Le covariant du 5° ordre sera celui que nous venons 
d’obtenir et dont la transformée par la substitution S est. 
10A(CX +C'Y), le covariant du 7° ordre resultera du 

| précedent, en y remplacant @ et y, par 7 et - = d’ autres 
pourront s’obtenir en multipliant les précédents par des 
invariants de f. En se bornant a prendre pour multipli- 
cateur une puissance de A, on obtiendra ainsi des covariants 
linéaires dont les degrés par rapport aux coefficients de f, 
seront les nombres 47 +5 et 4n +7, c.a.d. la série des 
entiers impairs a commenger par cing. Nous en concluerons 
par la loi de réciprocité que toutes les formes dont les 
degrés sont des nombres impairs a partir du cing, possédent © 
un covariant linéaire du cinquitme degré par rapport a 
leurs coefficients, et il est trés facile d’établir qu’elles n’en 
possédent pas dont les degres solent au dessous de cette 
limite. Mais pour abréger j’omettrai ce détail, et j’arrive 
immediatement a la définition des formes-types. Soient a _ 
cet effet A et A, deux covariants linéaires distincts pour 
une méme forme J; designons par & la substitution 


et par ® la transformée de f en & et 7. Je dia que les 
coefficients de cette forme ®, seront tous des invariants 
de f. 

Pour le démontrer voyons ce deviennent les opérations 
précédentes en prenant pour point de départ une forme f’, 
transformée de f par une substitution quelconque S. Soit 8 
le déterminant relatif 4 cette substitution S, » et A,’ les 
covariants analogues et A,. En multipliant par ordres 


puissances convenables de Dp. ex. et 6°, chacune des 
équations 
q 


A, = %, 


A 
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il résulte de la nature méme des covariants, que les premiers 
membres pourront alors ¢tre censés provenir du résultat de la 
substitution S dans A» et X’. Ainsi par rapport aux quantités 
la substitution analogue &, sera = XS, et 
son inverse qu’il faudra effectuer dans 7 sera = 
Or on voit qu’en effectuant en premier la substitution S$”, 
fi redevient J; et qu’ en faisant ensuite la substitution = 
on est ramené, précis¢ment a la forme 9, par rapport aux 
indéterminées 87£, 6°n. De la résulte que les coefficients 
des formes ¢, relatives a f, et & une transformée de f, ne 
différent que par des facteurs qui seront des puissances 
du déterminant de la substitution, ces coefficients seront 
donc des invariants de f; et c’est pour cette raison que 
nous donnons a @ le dénomination de forme-type. 


Section II.—Calcul de la Forme-type du Cinguiéme Degre. 


La définition que nous venons de donner, ne spécifie pas — 
les covariants linéaires qu’il faut employer dans la sub- 
stitution qui conduit aux formes-types, il suffit que ces 
covariants soient bien distincts c. a. d. que le déterminant 
relatif 4 la substitution effectuée soit different de zéro. Mais 
dans le cas des formes du cinquiéme degré, que nous allons 
étudier nous ferons choix des deux covariants linéaires les 
plus simples, qui sont respectivement du cinquiéme et du 
septieme degré par rapport aux coefficients de la forme 
proposée. En effectuant dans ces covariants la substitution S 
qui transforme f dans la forme canonique F, ils deviendront 


10A(CX+C'Y), 10AVA(CX -C'Y), 


expressions trés simples, qui nous conduisent a faire le calcul 
de la forme-type, en operant sur la transformée canonique F, 
ce qui est permis, puisqu’on parviendra identiquement au 
méme résultat, en prenant pour point de depart toute trans- 
formée de f, par une substitution au déterminant un. Cela 
posé, 


nous ferons en supprimant un facteur numérique, 
A(CX+C’'Y)=£ AvVA(CX-C'Y) 
et si nous représentons la transformée en & et 7 par, 


il viendra ces expressions, 
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1 

(2CC'Ay Va 


@OCAFA { AC*+ A'C*+ BCC"+ 40°C}, 


1 
(2CC'Ay 
1 
(200 ay 

1 
(20C' Ay {40*- 


D’apres les théor’mes au commencement de ces 
recherches, on reconnait tout de suite qu’elles sont bien 
comme nous l’avons annoncé, des invariants de la forme pro- 
posée f, et qu’elles s’ ‘exprimeront rationnellement par les fonc- 
tions que nous avons nommées A, J,, Jy, et par )’ invariant 
du 18° ordre [. Mais ici se présente cette circonstance 
importante, qu’elles contiendront en dénominateur le seul 
invariant J,, sans qu’on y voie figurer A, comme on pouvait 
s’y attendre d’ aprés la théorie générale. Pour le faire voir, 
rappelons d’abord ces rélations qui existent entre les in- 
variants et les coefficients ” la forme canonique savoir : 


3 
AA' = (J,+3AJ,+ 


{AC*+A'C*+ 5 BCC" + 5 200°C}, 


{ AC" A'C*+ 8BCC"- 3B'C'C'}, 


A'C*- BCC"+ BOC}, 


A= 
Be= 
C= 
B' = {AC"+ A'C*- 83BCC"- 40°C"), 
A’ = 


S5BCC"+ 


1 


ACB?- A'C' B=, 
Nous en déduirons les valeurs des quantités 4C”+_A'C* 
et BC*+ BC", qui figurent dans les coefficients A, B, etc., 
par les €quations suivantes: 


36(AC"+A'C’) 
BB CC'-9C’C”)-644 A'BB'CC,, 
12(BC"+ BC’) =- AA’ BB + 16BB'CC'+9C°C", 
9(AC" A'C’) = (16CC' 4A’) - A'C'B?), 
3(BC” - BC’) = ACB’ - A'C'B’. 
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Ces équations deviennent effectivement identiques, en 
vertu des rélations fondamentales qui lient les coefficients 
de la forme. canonique savoir, 


AB -4BC'+3C"=0, A'B-4BC+ 3C"=0. 
Quant a la méthode trés facile par laquelle on les obtient, 
je pense pouvoir la supprimer pour abréger, car elle se pré- 


sentera d’ elle-méme au lecteur qui se sera bien penetré des 
principes de ces recherches. On en déduit 
9A’ = A A 12 


A? 4+ 3J, 3 
95 J, 
1 


90 = (18CC" - AA’) (ACB” _A'C'B') 
8AJ, 127, 


= 75 2 
"J, 


9B = (25CC" - (ACB*- A'C'B) 


ic CC 
A‘+ 3A°J,- 2447, 


Le calcul des trois autres coefficients est un peu plus 
difficile et — pour resultats, 


(- 810°C? +.112BB 9.4.4'C°C" 
_ 23.4.A'BB'CC' + BB’) 


36C' = (- 261 + 304BB'C°C"- 9.4.4'C?C" 
- 35AA'BB'CC'+ 
(A°J, + + 27A°U,J, - - 3J,°) 
(7110°C'" + 496 -9AA'C°C? | 
- 47A.A'BBCC'+ A*A"BB’) 
(A'J, + + - 39AU,J, 9A(6T, 
126A°U,J + 288AJ,J," + 1152J7,°). 


Ainsi il est démontré par le calcul, que les coefficients de 
NEW SERIES, VOL. IX —Nov. 1854. | 
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la forme- -type, deviennent des fonctions entidres des quatre 
invariants fondamentaux lorsqu’on les multiplie par J,’, et 


c’est la une remarque qui nous conduira plus loin a des 
conséquences importantes. 


Section IIT.—L’ equation generale du Claguidne Degré est ramenée a ne 
dependre que de deux Parametres. 


Ce résultat suit immédiatement de l’expression de la 
| forme-type que nous venons d’obtenir. Qu’on fasse en effet 


K = a” K' = me) et on pourra écrire 


A,, B., ete., désignant respectivement ce que deviennent 

les numérateurs dans A, B, ete., quand y remplace A, J,, J,, 
par 1, A, K’. Nommons de méme f, ce que devient alors 
P invariant I, il est clair qwil suffit de mettre nl VA, au 
lieu de 7, pour ramener |’équation ¢ = 0, A contenir seule- 
ment les deux paramétres A et K’. Et s'il arrive que A 
soit une quantité négative, la réduction sera aussi bien 
obtenue, en remplagant n par v(-A), c’est la seule quantité 
irrationnelle qui figure dans la substitution, et il est aisé— 
de voir que l’irrationnelle [VA disparaitra dans |’ équation 
transformée, de sorte que K et i’, entreront rationnellement 
dans le résultat. L’équation a laquelle nous méne ainsi 
la notion des formes-types, n’a pas la simplicité apparente 
de la réduite de l’équation du cinquiéme degré qu’a obtenue 
Jerrard, mais elle met in évidence les fonctions des co- 
efficients dont dépend essentiellement la nature des racines, 
et tandis que lingenieuse découverte du géométre Anglais, 
est restée jusqu’ici stérile, nous allons pouvoir immédiate- 
ment tirer d’importantes conséquences de notre transformée. 


Section IV.— Les Invariants de tous les Degres des Formes du Cin- 


quieme Degre, sont des fonctions enticres des quatre invariants 
fondamentauz A, J,, J,, et I. 


Dans la premivre partie de ces récherches, }’ai obtenue 
pour les invariants dont le degré est =0 ou = 2 (mod. 4) 
les expressions générales 
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ott entre en dénominateur une puissance de A, mais on 4 
peut aller plus loin et parvenir 4 des expressions entitres, 4g 


par la considération de la forme-type. En effet, étant 
une transformée de f, par une substitution linéaire au déter- « 
minant of? comme il est aisé de le voir, tout invariant de f, 4 
s’ exprime au moyen d’une fonction semblable des coefficients &§ 
de ¢, multiplié par une certaine puissance de J, Mais ces = 
coefficients de la forme-type, sont comme nous l’avons établi, _ 
des fonctions entitres des invariants fondamentaux divisés 4 
par une puissance de J,, donc déja, tout invariant de la a 
forme proposée est une fonction entitre des invariants fonda- a 
mentaux, au moins une pareille fonction divisée par une 4 
‘puissance de J.. Distinguant maintenant les deux cas ou a 


le degré des invariants est = 0 ou = = 2 (mod. 4), nous recon- 
naitrons bien aisément que |’expression générale 


£4, J, Jy 


| 
ou F est une fonction rupee se réduit dans le premier, 
a la forme et dans le a la forme 
IH (A, J, 


Js) HT, et H, étant pareillement des fonctions 


J, 
entidres. Cela suit en effet de ce que le carré et les 
puissance paires de l’invariant J du 18° degré, s’expriment 
en fonction entitre de A, J,, et J,. Voici donc, par exemple, 
pour les invariants dont le degré est multiple de 4, deux 
expressions differentes, qui doivent étre égales 


O,(J,, , (A, J, »» 
AM 
or les trois quantités a: J,, J,, qui y figurent, n’ont entre 


elles aucune rélation, et Aotvent étre considerés comme 
absolument indépendantes, égalité 


HA, J, »» Js) AJ,, =) 


A“ ? 
| entraine donc que H, est divisible par J” et © par A", : 
c. a. d., que les invariants en question, s’ expriment en fonc- f 


tion entitre de A, J,, et J,. Quand au second cas ou le 
degré est =2 se traite tout-d-fait de méme, 
cas il conduit a |’ égalité 


IO(J, _ IH(A, Jy J.) 
Ne 
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qui aprés la suppression du facteur J, coincide avec celle 


-qu’on vient d’obtenir, ainsi donc en général, tout invariant 


d’une forme du cinquieme degré, dont le degré par rapport 
aux coefficients est = 0 (mod. 4), est une fonction entiére 
de A, J,, J,, et tout invariant dont le degré est = 2, est la 


produit ‘d'une pareille fonction multipliée par invariant I 


du 18° degré. Les expressions suivantes 
Sa. 


ou les quantités a sont numériques, représentent donc tous 
les invariants des formes du cinquiéme degré, d’ot 
voit qu’il existe autant d’invariants linéairement indépen- 
dants, d’un degré donné m, qu’il y a de solutions entidres 
et positives de l’une or autre de ces -équations 


40 + 80 4+ 127" =m, 
18 + 4¢ + 82 + 122’ =m. 


On en conclut par la loi de réciprocité, que les formes 
d’un degré quelconque m, ont autant d’invariants du cin- 
quitme degré par rapport a leurs coeflicients, qu "il y a 
de solutions entitres et positives des mémes ¢quations. 
Ainsi parmi les formes dont le degré est impairement pair, 
il faut aller jusqu’au 18° degré pour rencontrer un invariant 


cinquiéme ordre. 


Section V.iRecherche particulicre sur le Discriminant des Formes du 


Cinquieme Degrée. 
MM. Casles et Sylvester nomment, comme on sait, discri- 


x 
minant d’une forme I le résultat de l’élimination de -, 


d 
obtient ainsi pour une forme de degré m un ane de 
degre 2(m- 1), qui égalé a zero exprime que f a un 
facteur linéaire elev¢ au carré. Dans le cas des formes 
du cinquiéme degré, le discriminant est done un invariant 
du 8° ordre, et qui d’aprés la théorie précédente doit étre 
de cette forme aJ, + aA’, a et a’ étant numériques. Mais 
nous allons en former expression par une méthode par- 
ticulitre et sans supposer les résultats généraux ¢tablis 
dans le précédent §, dont nous voulons offrir ainsi une con- 
firmation dans un cas spécial tres important en lui-méme. 
A cet effet, nous nous proposerons gén¢ralement d’ obtenir 


entre les deux ¢quations homogtnes 4 = 0, of 0. On 
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les valeurs des invariants fondamentaux, lorsqu’il existe 


un facteur linéaire élevé au carré dans la forme proposée, 
c. a. d., lorsqu’on peut lui donner cette expression 


f =(0, 0, a, b, 6, d)(#, 


En observant qu’on peut mettre x+y, au lieu de z sans 
que les deux premiers coefficients cessent d’étre nul, dis- 
posons de cette quantité 4, de manitre a faire évanouir le 


coefficient de zy, dans le covariant quadratique #. Nous 


aurons ainsi une transformée 


J, = (0, 0, a,, 6,, d,) (2, 
et il faudra que les nouveaux coefficients vérifient la condition 
a,b,=0. Comme nous ne voulons point admettre de facteurs 
linéaires & la troisiéme puissance, il faudra faire 5, = 0, et si 
!’on écrit ainsi f, sous la forme 


le covariant @ sera 


ce qui nous conduit a iia encore — = et a par X et Y. 


Nous trouverons de le sorte cette eatianaie des formes 
4 facteur lineaire double | 

pY’+q(8X Y*+ 
ou p et q sont des constantes quelconques, et qui a pour 
covariant quadratique 


(X? - Y?). 


Cela étant, il suffira ss mettre X + Y et X- Y, au heu de 
X et Y, pour obtenir la transformée canonique, qui sera 
F= p(X 8(X+Y)'}, 
= 
= -P-% P-$9 


Voici donc en fonction des deux indéterminées p et q, les 


valeurs suivantes, propres au cas d’un facteur linéaire élevé 


au carré dans la forme proposée, savoir, 
AA' =-p + 1219’, BB =-p + CC' =- 
ACB" - A'C'B' = *$pq(2p* + 
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On en tire 


d’ ot cette conclusion importante, 
A’ + 2'J, = 


Le discriminant des formes du nihnen degré est donc 
obtenu, puisque nous avons un invariant du 8° ordre 
A* + 2'J, qui s’évanouit lorsqu’on suppose deux racines 
— égales dans ces formes, et il se présente bien sous la forme 
valide d’aprés notre théorie générale. Exprimé par les 
coefficients de la forme canonique, il a cette valeur, 


discriminant = A’ + 2’J, = VA*(AA' + 125BB' - 126CC’), 


de sorte qu’on a un procédé arithmétique facile, pour 
calculer dans un cas donné cette fonction si importante. 
encore avant d’aller plus loin, la quantité 


25A* — 2"J, 


qui s évanouit si la forme proposée contient deux facteurs 
linéaires différents élevés chacune au carré. Si l’on cherche 
en effet, la discriminant de la forme cubique 


on la trouvera oe een faite d’un facteur numérique égal 


a +q°) et d’aprés les relations préccdentes, cette valeur 
ainsi 
25A* 


20 A? 


Dans un instant nous allons reconnaitre le rédle important 
que joue cette quantité.* 


Section VI. 


Expression par les Invariants Fondamentaux, du nombre des racines 
reelles et imaginaires de toute équation du Cinquieme Degre. 


La possibilité d’un pareil résultat est une conséquence 
immédiate de ces deux propriétés de la forme-type, d’étre 
une transformée par une substitution réelle de la forme 


* Dans le cas d’une forme contenant au cube un facteur linéaire, tous 
les invariants s’évanouissent, comme cela resulte d’un théoréme générale 
donné par mon ami M. Cayley dans le Journal de M. Crelle. 
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proposée, et d’avoir pour coefficients des invariants. Mais 
on sent combien il y a loin d’une telle possibilité 4 un 
résultat effectif, aussi dépuis l’époque ou je communiquais | 
pour la premiére fois cette vue & mon ami M. Sylvester, 
avais-je désesperé d’aller plus loin, l’application du théoréme 
de M. Sturm n’étant pas praticable sur l’équation littérale 
et compliquée qui aurait la forme-type pour son premier 
membre. 

_La méthode suivante a laquelle je ne suis parvenu qu’ apres 
bien des efforts, me semble peut-Ctre meriter un instant 
d’attention, car elle offrira si je ne me trompe, une étude 
algébrique compléte des racines de l’équation générale du 
cinquiéme degre, sous la point de vue de la distinction 
de ces racines comme quantités réelles et imaginaires, 
lorsqu’on attribue aux coefficients toutes les valeurs réelles 
-possibles. Je ferai précéder cette recherche de quelques 
lemmes, afin de ne pas interrompre par la suite |’ ordre des 
raisonnements. 


Lemmes Préliminaires. 


Lemme 1. Le produit des carrés des differences des 
racines d’une Cquation de degré quelconque fx =0, est 
positif, ou négatif, selon que le nombre des racines imagi- 
naires de cette ¢quation, est = 0 ou =2(mod.4). Supposons 
cette proposition vraie pour une équation d’un degre déter- 
-miné fz =0, nous allons démontrer qu’elle subsiste pour 
la nouvelle équation 


Fr a) (x - 8) fr = 0 


Soit en effet D et D, les discriminants, ou pour plus de 
précision, les produits des carrés des différences des racines 
des équations F'= 0, f= 0, on trouvera sans difficulté 


D = f(a) D. 
D’ou l’on voit qu’en supposant réelles les racines a et £, 
D et D seront de méme signe, tandis qu’ en les supposant 
imaginaires conjuguces, D et D seront de signes contraires, © 
car 1a produit f(a) f(8) sera positif, et le facteur (a - 6) 
négatif. La proposition annoncée se vérifie donc a oo 
de Véquation si elle a leu pour Péquation f= 0 
ainsi elle est générale, puisqu’elle est vraie dans le cas du 
second degré. Les exemples suivants montreront déja un 
usage de cette remarque. 
Considérons une forme 


(a, b, c,b',a@) (z, y) = a(x ay) (x - By) (x - yy) (2 - dy), 
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soit 7 Vinvariant du second ordre 
ae | a — 4bb' + 3c’, 
et D le discriminant : 
a(a- B)(a-yy... (y—- 


Je dis qu’en supposant I< 0, la forme proposée aura deux 
ou quatre racines imaginaires, suivant D sera négatif ou 
positif. 


On a en effet, ce qui se vérifie trés aisément, 


donc l’hypothése I< 0, exclut le cas ou toutes les racines 
sont réelles, et le lemme précédent suffit pour distinguer 
Pun de l’autre les deux autres cas seuls possibles ot le 
nombre des racines imaginaires est deux ou quatre. Quelque 
chose d’analogue a lieu aussi pour le cinquiéme degré, nous 
allons l’indiquer, bien que nous n’ayons pas 4 nous en servir 
par la suite. Soit, 


yy =a(x—ay)(x- By) (x- yy) (2- dy) (xz-ey), 


D le discriminant, a(a- 8)... et A, invariant qui figure 
nos recherches, savoir, 


(aa + 4(ab’ — 3bc' + ab 4 30"), 


on trouvera, | 


la signe se rapportant aux termes qu’on déduit de celui 
que nous avons écrit, par les permutations des racines. 
Il s’en suit qu’on supposant A positif, la forme aura des 
racines imaginaires, et comme précédemment, elle en aura 
deux ou quatre, suivant que D sera négatif ou positif. 

En passant remarquons encore cette relation, 


Lemme 2°. Il a éte remarqué §2, que les coefficients de 
la forme-type avaient pour commun dénominateur (2J,)’, 
d’aprés cela et pour plus de commodité nous considérons 
par la suite au lieu de 9g, la forme (2J,)"9, ¢. a. d. nous 
ferons 


= (A, B, C, C’, B, A’) 0); 


les coefficients n’offrant plus J, en dénominateur, et ayant 
ainsi pour valeurs, 
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364 = AV, + + - - 
~ 126A°J, J, + 288AJ/J, + 1152J,’, 
86C = + + J, - - 3J,’) 
| - 90AS,J, + 
= A'S, + A‘, + - - 8A(10J2 - 
540, J? ; 
= — I(A*+ 8A°J, - 24dJ,), 
=- I(A*+ -12J,), 
9A’ I(A’ + 3J,). | 
Cela posé, on aura ces relations remarquables, 
AB - 4BC' + 3C’ = 
(1) -4BC+ =- 16/,, 
AA'- 3BB +2CC' =0 
(2) 2AC + = 32J7,, 
+ A’A' =0. 
les premitres résultent de expression du covariant quad- 
ratique de ¢, qu’on obtient bien aisément. Effectivement, 


cette forme ¢ provient, par le fait de la suppression du 


dénominateur (2J,)’, de la transformée canonique F, par 
la substitution | 


A(CX +C'Y)=2,£, AvVA(CX - C'Y)= 
done son covariant quadratique, proviendra par la méme 
substitution du covariant VAX Y rélatif a F, multiplié par 
la quatriéme puissance du déterminant de la substitution, 


c. &. d. par (2J,)’. Cela donne pour le covariant pantrangne 
| i la forme-type, cette expression remarquable, : 


gh 

d’ou l’on tire de suite les équations (1). f 
En recherchant de la méme manitre le covariant linéaire —S-_ 
du cinquiéme ordre de la forme-type, on obtiendra la valeur 


10(2J,)°€, mais d’aprés le loi générale de formation (§ 1°) 
ce covariant sera, 


3 


= 2°J,.°10{(A -2AC+ A’B’) E+ (B- 2A0'+ 
d’ou |’on conclut les rélations (2). 
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Il serait trés important pour la théorie des formes du 
cinquitme degré, de calculer comme nous venons de la 
faire, les valeurs d’un plus grand nombre de covariants de 
la forme-type, on recueillerait ainsi des élements précieux. 
d’ observations qui pourraient éclairer la nature des rapports 
de ces covariants avec la forme dont ils tirent naissance. 
Pour le moment nous né pouvons nous empécher d’appeler 
attention du lecteur, sur la simplicite des €quations que 
nous venons de trouver entre les coefficients si compliqués 
de la forme-type, elles vont nous donner une démonstration © 
facile de la proposition suivante, qu’il importe d’établir 
pour la recherche spéciale que nous avons en vue dans ce §. 


Lewin 3°, L’é equation 4° par rapport a J, qu’ on 
forme en égalant 4 zéro invariant du 18° ordre, a toujours 
deux racines rcelles, et deux racines imaginaires. : 


D’apres la valeur que nous avons obtenue pour J’, cette 
équation est. 


= + + + — 18A°S,7J, 
+ 8S, 24(2S,° + = 0, 
ou en ordonnant par rapport a //,, 
9Ad,* + 6(A*— 124.) + 18A%,) 
+ (2A°U, - J, + - 48J° = 0. 
Elle est comme on voit assez compliquée, pour qu’on puisse 
hésiter y appliquer le théortme de M. Sturm, mais heureuse- 
ment elle admet une transformée tres simple. Effectivement 


pour une valeur de -/, qui satisfait 4 cette @quation, les co- 
eficients A, C, B’, donnent en vertu des équations (1) et (2), 


AB' + 8C’ = 16AJ°, 
BC = 4J,, 
A - 2AC+ A’B = 


puisque B, C’, A’, contenant J en facteur, s’annullent. Or 
en éliminant A et B, on trouve 


30° + 128°C - = 0. 


Ce résultat paraitra bien remarquable, si l’on a égard a la | 
complication de la valeur de C’ exprimé en fonction de J,; 

quoiqu’il en soit cette fonction étant rationnelle et entidre 
par rapport 4 /,, il suffira de raisonner sur |’équation en C, 
et d’établir qu elle a bien deux racines réelles et deux 
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racines imaginaires. Or la premier point résulte de ce que 
le dernier terme est essenticllement négatif, et le second, 
de ce qu’en faisant 
BAS C* + 128S,°C = 16A*S," = (a, b,c’, a’) (C, 1)", 
invariant du second ordre, | 

aa — 4bb' + 8c’, 
ala valeur négative, 

— (Lemme 1.) 


Des limites entre lesquelles se trouve towjours renferme invariant J,, 
de toute forme du cinquieme degre a coefficients reels. 


La forme-type a laquelle nous avons ramené la forme 
générale du cinquiéme degré par une substitution linéaire, 
ne contenant plus que trois paramétres, A, /,, /,, on est 
naturellement conduit 4 étudier les racines de cette forme 
considerées comme fonctions de ces paramétres, tandis qu’on 
n’aurait jamais songé 4 se proposer la méme question sur 
les racines elles-mémes de la forme primitive, considerées 
comme fonctions de cing quantitées arbitraires. Mais de 
abord de cette recherche, se présente une circonstance 
importante. En considérant pour les coefficients de la forme 
proposée, des valeurs réelles, les paramétres de la forme- 
type, qu’on ne devra pas déj& supposer imaginaires, ne 
peuvent méme recevoir toutes les valeurs réelles possibles. 
Il entre en effet dans la forme-type, invariant J du 18° 
ordre, qui doit étre aussi essentiellement réel, de sorte que 
(étant algébriquement indépendantes) les quantités A, /J,, 
en tant qu’elles proviennent d’une forme réelle, sont as- 
sujeties 4 cette condition de rendre positive la fonction 


= + 6(A* - + (A’ - 18A°/,) 
+ - 72477) J, + - 


Or quels que soient A et -/,, nous avons démontré que I’ équa- 
tion J’=0, en prenant J, pour inconnue, avait toujours 
deux racines réelles et deux racines imaginaires. Nommant 
donc 7 et 7’ ces racines réelles, il est aisé de voir qu’en 
supposant A positif, les valeurs de J, qui rendront la fonc- 
tion J réelle, seront nécessairement au dehors de I’ intervalle 
compris entre 7 et j’, tandis qu’en supposant A négatif, ces 
valeurs seront comprises au contraire dans le méme inter- 
valle. Une observation trés simple confirme cette con- 
clusion que J, est nécessairement limité quand A est négatif ; 
si l’on suppose en effet /, trés grand, on trouvera en 
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employant les expressions données précédemment des co- 
efficients A, B, etc., que la forme @ devient sensiblement 
proportionnelle a (EVA+%), de sorte que les cing racines, 
se présenteraient toutes. Comme imaginaires, en devenant 
égales a la limite, tandis qu’on sait.bien que leur commune 
valeur doit étre réelle. Ces limites que nous venons de 
trouver pour les valeurs de /,, vont encore se présenter 
dans une circonstance importante, comme on va voir. 


Des limites entre lesquelles les racines de la forme-type sont des 
fonctions continues de J,, consideré comme une variable reelle. 


Nous nous fonderons pour cette recherche, sur ce theor¢me 
si important dans toute l’analyse, que Villustre géométre 
M. Cauchy a démontré sous un point de vue plus général 
dans les Nouveaux Exercis:s de Mathématiques (tom. 11. p.109), 
‘Les racines d’une équation algébrique dont les coefficients 
contiennent sous forme rationnelle un paramétre, sont des 
fonctions continues de ce paramétre, tant qu’en variant 
suivant une loi donnée, en restant toujours réel par ex- 
emple, il n’atteint pas une des valeurs particuli¢res qui font 
des racines égales a équation proposce. Mais la 
quantité J,, que nous considérons comme un paramétre 
vailible entrant dans l’équation que nous voulons etudier, 
savoir, 


(A, B, C, C’, B’, A’) (z, 1) = 0 


sous un radical carré J, nous ferons y = fs ce qui donnera 
l’équation en y, 


(A, IB, I°C', (y, = 0, 


dont tous les coefficients sont rationnels, puisque B, C, A’ 
contiennent déja J en facteur. Cela posé, nous allons pour 
appliquer la théoreme de M. Cauchy, calculer son discrimi- 
nant. Or le discriminant D, de la forme primitive 


= (4, b, ¢, a) (a, y)’; 


se reproduisant dans toute transformée, multiphé par la 
20° puissance du déterminant de la substitution, on trouvera 
d’abord (2-/,)”.D pour le discriminant de @, et (2/,)". 1”. D, 
pour celui de l’équation en y. Par la nous voyons que les 
valeurs de J, pour lesquelles les racines y deviennent dis- 
continues, sont données par les equations 


D=A’+2'J,=0 


Et comme le radical carré J, est aussi fonction continue 
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de J,, entre les limites déterminées par |]’équation J = 0, 
la relation y = Jz, montre qu’on peut regarder les racines z 
elles-mémes, comme fonctions continues de J,, tant que cette 
variable, que nous supposons réelle, n’atteint pas la valeur 
-2'A’, ou l’une des quantités nommées précédemment 7 


et 7’. Peut-étre devons nous faire observer, que nous ne. 
considerons pas un autre genre de discontinuité, le passage 
a Vinfini d’une racine, lorsque le coefficient A s’annulle. 


Le raison en est, que dans le voisinage d’une valeur réelle 
de J,, qui donnerait A =0, les inverses des cinq racines, 
sont certainement des fonctions continues, et ne pourront 


passer du réel a l’imaginaire, ou de l’imaginaire au réel, 


lorsque J, aura atteint et dépassé la valeur particuliére en 
question. On voit donc qu’aucun changement dans la mode 
d’existence des racines de la forme-type, comme quantités 
réelles et imaginaires, ne correspond a cette discontinuité 
-particuliére qui provient du passage par |’ infini, et qu’ainsi 
elle n’est pas 4 considerer dans notre recherche.* | 


Sur les valeurs des racines de la forme-type, lorsque J, est égal a 
| la limite ou a la limite 7’. 
Nous avons précédemment distingué avec soin, dans |’en- 
semble des valeurs réelles de J,, les intervalles entre lesquels 


cette quantité peut étre regardée comme provenant d’une 
forme 4 coefficients réels. Franchir les limites assignées, 


sera donc considerer ce que deviennent les racines de la 
forme-type, pour un ¢tat imaginaire des coefficients de la 


forme primitive. Cependant, si nous supposons toujours J, 
réel, ces valeurs imaginaires qui viendront nécessairement 
s’offrir, ne seront point entiérement arbitraires, et seront 
soumises & des conditions spéciales. Or on va voir combien 
est utile la considération de ces valeurs limitées comme nous 
le disons, de maniére que les invariants du 4°, du 8° et 
du 12° ordre restent réels, invariant du 18° étant seul 
affecté du facteur vV(- 1). Effectivement nous allons pouvoir 
suivre de la manitre la plus facile et la plus claire, comment 
les racines de la forme-type changent successivement de 


* Cette consideration des inverses des racines, sert aussi a établir, 
quand on recherche la distribution en systemes circulaires des racines », 
d’une équation de la forme Nv” 4+ Pv" +...=0, X, P, ... étant des 
polynomes entiers en z, que ces systemes subsistent sans altération, lorsque 
la contour décrit par la variable z, vient a comprendre un nombre quel- 
conque de points, auxquels correspondent des racines de l’ équation N=0, 
- Voyez a ce sujet le N°. 37 du mémoire de M. Puiseux, intitulé ‘ Recherches 
sur les Fonctions Algébriques,’ (Jowrnal de M. Liouville, tom. xv.). 
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| nature en passant du réel a Pimaginaire ou de imaginaire 
au réel, lorsque J, varie de -2 4+, et par suite établir 
ce que sont ces racines dans une intervalle donné, résultat 
‘important, auquel nous n’aurions pu parvenir en renoncant 
a ces valeurs de paramétre variable qui supposent néces- 
sairement imaginaires les coefficients de la forme proposée. 
Voici pour cet les derniéres propositions preliminaires 
que nous avons & démontrer. Je dis d’abord qu’en sup- 
posant D=0, on aura | 


2°]? = (25A° - 3.2"S,) 2" 
—C’est une conséquence immédiate de la formule 


donnée §5. On trouvera en effet le résultat annoncé en 
élevant au carré et remplagant p et q par leurs valeurs 
en J, et A, telles qu’elles résultent des formules de ce §. 
Il s’ensuit que pour D=0, I sera réel ou imaginaire, 
‘suivant la signe de la quantité 25A* - 3.2"/,, et par con- 
séquent, le discriminant s’évanouira dans Vintervalle des 
valeurs admises ou des valeurs exclues de //,, suivant que 
3.2"/,, sera positif ou negatif. Cela pose, je vais 
pnb que si la discriminant ne s’évanouit qu’en dehors - 
des limites J, = 7, J, les racines de la forme-type pré- 
senteront pour ces deux limites, un méme nombre de 
quantités réelles et un méme nombre de quantités imagi- 
naires. Deux cas sont a distinguer suivant que A est 
positif ou neégatif. Dans l’un et l’autre, les racines de 
la forme-type seront certainement entre les limites 7 et 7” 
des fonctions continues de /,, mais dans le premier il faut 
exclure les limites car en s’annullant le radical J passe 
alors brusquement de l’imaginaire au réel, et devient dis- 
continue ; dans le second au contraire, les limites sont 
comprises, car le radical est réel avant de s’évanouir, et 
ne devient discontinue en passant a ’imaginaire, que si 
l’on franchit les limites 7 ou jy’. C’est donc seulement pour 
ce second cas que notre proposition se trouve immédiatement 
établie, et sous ce point de vue, le premier exigerait une 
discussion que la méthode suivante évite, car il n’y figure 
plus de considérations de continuité. 


Lorsque J=0, nous avons trouvé préccdemment les re- 
lations 


(1) AB'+3C*=16A/", BC= A-2AC+ A’B = 32/7, 
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et aussi une équation ne contenant que C, et que nous 
présenterons sous cette forme 


(2) + (C? - 4AJ°) = - 128/,°C. 


| Cela posé, il s’agit d’en déduire les valeurs des quantités 

qui déeterminent par leurs signes la nature des racines de 
équation 
(A, 0, C, 0, B, 0) (x, 1)° = 

Or ces quantit¢s sont 25C* - 5AB’, en premier lieu, puis 


les rapports > her mais en leur place il sera préferable 


de prendre les suivantes 5C*- AB’, AB’, AC, ou méme 
celles-ci 


SC 
- AB, 


et BC, ce qui est permis comme on le verra bien facile- 
ment. Mais par l’équation (1), on trouvera 


- AB =8(C" - 2AJ,), 
5C°- C?- 


et 


ce qui nous conduit a déterminer la nature des racines de 
notre équation, par ces deux fonctions trés simples, 


302? 


C’ - 


car il est inutile de considerer la troisitme B'C, qui conserve 
absolument la méme valeur pour J, = 7, J, 


Or en ¢levant au carré les deux membres de |’ équation (2), 
on introduira partout le carré C’, et une elimination facile 
alors, donnera 


(3) (u- = 1285 
(4) A(30v+ 5)'(2v- 1) = + 1) (30 + 1). 


-Chacune de ces équations aura comme l’équation en C, 
deux racines imaginaires et deux racines réelles qui cor- 
respondent respectivement a J, J, =7', done pour Pune 
et pour l’autre, les racines re ‘elles seront de mémes signes 
ou de signes contraires, suivant que le dernier terme sera 
positif ou négatif. Or le dernier terme de (3) est 


| 
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le dernier terme de (4), | 
25A°* 3.2", 
25A* 


et que A soit positif ou négatif, il est aisé de voir que ces 
quantités sont positives. En effet, pour A>0, elles le 
sont évidemment si J, est négatif, mais si J, est positif, la 
condition 25A° - 3. > 0, qui est V’hypothese, entraine 
2"J,> 0, et notre proposition est vérifi¢e, Enfin 
pour A>0 ‘elle est évidente si /, est positif, mais si J, est 
négatif, ’hypothése qui est alors 250° - 3. a 0, entraine 
(250° - 2"J,< 0. Done aux deux limites 7 et J, les trois 
quantités qui déterminent la nature des racines de la forme- 
type, ont individuellement les mémes signes, et ces racines 
présentent dans ces deux cas un méme nombre de quantités 
réelles et imaginaires. 


12’ 


Ce que deviennent successivement les racines de la forme-type lorsque - 
J, variede-nm d+@. 


Nous distinguerons quatre cas principaux dans cette re- 
cherche, que nous traiterons dans |’ordre suivant: 


Premier Cas: A>0O, 25A°- 3.2"/, > 0. 


ad, > 0. 
Troisiéme : A>0, 25A°- 3.2"/, < 0. 
Quatritme: A<0, 25A°- 3.2"), < 0. 


Premier Cas. 


Les valeurs admises de J, forment alors deux séries, l’une 
de -2 a7, la seconde de 7’ 4 +, (en nommant 7 la plus 
petite des quantités 7 et 7’) et la condition 25A°— 3.2"A*> 0, 
signifie comme il a été dit plus haut, que le discriminant 
s’évanouira necessairement, pour une valeur de J, comprise 
dans l’une des séries indiquées, nous admettrons pour fixer 
les idées que ce soit dans la premiere. 

Cela posé, faisons croitre J, par degrés Siieeiithon ') a partir 
de -a ; tant que le discriminant D = A? + 2'J,, ne viendra 
pas a s’annuller, les cing racines resteront des fonctions 
continues, et aucun changement ne survicndra dans leur 
nature. Mais pour J, =- 2A’, deux d’entre elles et deux 
seulement deviendront égales, de sorte que dans le voisinage 
de cette valeur, elle pourront passer du reel a l’imaginaire 
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or de l’imaginaire au réel, en devenant discontinues, tandis 
que les trois autres resteront au contraire des fonctions con- 
tinues de 

En raison de cette circonstance essayons d’en déterminer 


la nature. Pour cela nous nous placerons précisément dans 
ce cas particulier ou D=0. Divisant la forme-type par 


le facteur linéaire qu’elle contient alors au carré, nous 
obtiendrons une forme cubique, dont il faudra calculer le 
discriminant. Mais dans ce but, nous pouvons remplacer 
la forme-type ®, par la transformée canonique F’, puisqu’elle 

s’en déduit en faisant une substitution au déterminant réel 
20. Alors un calcul trés facile qui a été exécuté §5 (in finem) 
conduit abstraction faite d’un facteur positif & la fonction 
deja consideré plus haut 


25A° - 4 
Il a été remarqué qu’elle était positive dans ce premier cas 
ou nous nous trouvons maintenant, ou l’on a les conditions 


A> 0, 254°+ 8.2". > 0. 


Ainsi de ces trois racines fonctions continues de /,, entre 


les limites J,=-0, J,= =j, une seule est réelle. et les 
deux autres sont imaginaires. Cela posé, il s’agirait de 
reconnaitre pour des valeurs de J,, infiniment voisines de 
- 2A", la nature des deux autres racines qui sont égales 
pour J in -2°A’. Cette question centre dans les principes 
connus, mais nous pouvons |’éviter en rapellant le premier 
lemme ou il a été établi que la seule condition D > 0 assurait 
existence de deux racines imaginaires et de trois racines 
réelles. Puisqu’il y a dans |’équation deux racines imagi- 
naires quelque soit /,, il faudra que les deux racines qui 
—deviennent égales quand le discriminant s’évanouit, soient 
réelles, tant qu’il est négatif, et passent en devenant dis- 
continues l’imaginaire, lorsqu’ apres s’éetre annullé le 
discriminant devient positif. Maintenant /, continuant 4 
croitre, la forme-type offrira toujours quatre racines imagi- 
naires et une racine réelle jusqu’ 4 ce qu’on parvienne a la 
limite J,=7, 4 partir de laquelle on entre dans Il’ intervalle 
des valeurs exclues du paramétre. Alors les coefficients 
qui contiennent en facteur le radical carré deviennent dans 
tout cet intervalle, imaginaires, cependant nous allons encore 
suivre les racines en les faisant dépendre d’une équation 


* J’ai pris suivant l’ usage, re discriminant d’une forme ‘cubique, de 
signe contraire au produit des carres des différences des racines de cette 
forme. 
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4 coefficients réels. Pour cela, faisans dans la proposée 
(A, B,C, C’, BY, A’) (2,1) =0, y=2v(- 1), 


nous aurons dans l|’intervalle compris entre 7 et 7’, la trans- 
formée a coefficients réels 


{.A, 1), B, -C, -V(-1) C’, BY, 4} (y, = 


- Dans cet intervalle, et les limites comprises les cinq racines y, 
seront fonctions continues de J/,, ainsi leur nature dépend de 
leurs valeurs initiales, par ex. pour J,=7. Mais il est bien 
& remarquer qu’ alors, les quatre racines qui sont imagi- — 
naires, peuvent avoir leurs parties réelles nulles ; deux cas 
differents peuvent donc se présenter, les valeurs initiales 
des racines y, seront toutes réelles, ou bien quatre d’entre 
elles seront imaginaires et une seule réelle. 

C’est une question curieuse et délicate, de reconnaitre si 
les deux cas sont possibles, ou lequel peut seulement avoir 
lieu. Pour le résoudre, je remarquerai que |’é équation en ¥, 
pour /, =7 par ex. est de cette forme, 


(A, 0, C, 0, B, 0) (y, 1) 0, 


et que la quantité Zest nécessairement positive. En effet 


si elle etait négative, on voit bien aisément que cette équa- 
tion aurait nécessairement deux racines imaginaires. et trés 
racines réelles. Et la meme chose a lieu pour J,=)', d’ou 


il suit que la signe commun aux deux racines ‘réelles de 
équation en 


_1 AB 


sera celui de la quantité 5C*— AB’, aux deux limites. Or 
Péquation en v, a ses deux racines positives, car son premier 
membre, comme nous l’avons vu, est positif pour v= 0, et 
par la substitution ou la trouvera négatif au contraire pour 
v = 4, donc nous avons une racine comprise entre zero et 4, 
et l’autre racine qui est nécessairement de méme signe, sera 
donc aussi positive. tant ainsi assurés de signe des deux 
quantités 6C°- AB, considérons en qui a 
pour racines 


u=}(5C’ - AB’) = 
Cette équation est 


(8u+ (wu - = (128 + 2A/,"), 
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or ou faisant = AJ,’ U, elle deviendra 
A*(3U + 10) (U= 2y = (128) + 2), 
ou A’(3U + (U - 2) - (1287 J,(U + 2) = 0. 


Mais dans cette transformée, le premier membre est positif 


pour U=0, puisque par hypothése on a 
25A* — 2"J,>0, 


et pour U = 2, il sera négatif. Donc les deux racines réelles 
et de méme signe de cette transformée sont positives. Or 
pour qu’il en soit de méme, comme nous avons trouvé 


~@ailleurs des deux racines = AJ,’ U, la quantité J, doit 


étre positive. C’est la donc une conséquence nécessaire de 
la supposition faite, que le discriminant s’évanouit entre 
les limites J, =- ©, J,=7, et on en déduit par l’équation 


BC= 4]. que la est positif. Donc enfin I’ équa- 


tion en y, pour J,=7 et J,=7", a ses racines toutes réelles, 


et le premier des deux cas dont nous avions admis le pos- 
sibilité a seul lieu. 


Au de la de la limite a =) les coefficients de  équation 


en z, redeviennent reels, et dans cette seconde série des 
valeurs admises de paramétre, jusqu’é J,=+0, les cing 
racines restent indéfiniment des fonctions continues, et 


offrent toujours une quantité réelle et quatre quantités 


imaginaires, dont les valuers initiales sont les produits du 
facteur v(-1), par des quantités réelles. 

Enfin considérons le cas ou Te discriminant s > évanouit 
entre les limites J, = + 2, J, =,’", et faisons alors de croitre 
la parameétre variable, de a&+0. ‘Tout-a-fait comme 
précédemment, nous trouverons dans l’intervalle compris 
entre les limites, + 0 et’, trois racines qui seront fonctions 
continues de J,. Deux d’entre elles seront imaginaires et 
la troisiéme réelle, cause de la condition — 2" > 0. 
Quand aux deux autres qui deviennent égales quand > 
discriminant s’évanouit, elles seront imaginaires tant 
le discriminant D restera positif, et passeront état réel 
en devenant discontinues, lorsque D apres s’étre annulé 
deviendra négatif. Nous parvenons ainsi la limite J, =)’, 
avec deux racines imaginaires et trois racines réelles. Pour 
suivre ultérieurement les racines, dans lintervalle des 
valeurs exclues, de J,=7' & J,=7, nous ferons encore 
y=xv(—1) et la transformée \ coefficients réels, aura dans 
toute cette étendue ses racines fonctions continues de J, 
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Quand a leur nature, elle résulte cette fois sans ambiguité 
des valeurs initiales, qui offrent trois quantités réclles, et 
deux quantités imaginaires, produits du facteur yv(-1), mul- 
tiplié par des quantités réelles. Seulement nous observerons | 
que J, doit étre nécessairement dans ce cas, negatif; cela 
résulte tres facilement de la discussion faite précédemment 
et nous pensons inutile de nous y arréter. Enfin lorsque 
la paramétre décroit de la limite 7 4- ©, nous rétrouvons 
pour les cing racines des fonctions continues, parmi les 
quelles deux sont imaginaires et les trois autres réelles. 


Second Cas. 


Les valeurs admises. de J, forment une seule série de 7 
a7’, et la condition 


25A* - 3.2"J, > 0, 


signifie que le discriminant s’évanouit dans cet intervalle. 
Faisant donc croitre /, par degrés insensibies a partir de la 
limite 7, tant qu’on n’atteindra pas la valeur pour. 
la quelle D s’annule, les cing racines demeureront des 
fonctions continues, et aucun changement ne surviendra 
dans leur nature. Mais pour D=0, deux d’entre elles 
présenteront alors une discontinuité en devenant égales, 
tandis que les trois autres resteront des fonctions continues 
jusqu’a la limite 7’. En raisonnant comme dans le cas 
précédent, on verra que la nature de ces trois racines 
dépend encore de |’expression 25A*- 2".J,, qui maintenant 
peut-étre positive ou négative. Supposons le d’abord posi- 
tive; c’est admettre dans |’intervalle compris entre 7 et 7’, 
existence de deux racines imaginaires et d’une racine 
réelle. Donec tant que le discriminant avant de s’évanouir 
restera négatif, les deux autres racines de |’équation seront 
réelles, est lorsque D deviendra positif aprés s’¢tre annulé, 
elles passeront en devenant discontinues 4 |’état imaginaire. 
Ainsi donc dans ce cas, deux racines imaginaires et trois 
racines réelles 4 l’origine J, = 7, et quatre racines imaginaires 
avec une racine réelle 4 la limite supérieure J, =7". Main- 
tenant si nous faisons encore y=zv(-1), pour arriver 4 
une transformée 4 coefficients réels entre les limites J, = J, 
d'une part, J,=7', J,=+0, de l’autre, il est 
elair que dans ces deux intervalles les racines y, ne pré- 
senteront plus aucune discontinuité, et demeureront respec- 
tivement ce qu’elles sont aux deux origines. Or pour J, = 7 
nous savons avoir sur les cinq racines z trois quantités 
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réelles et deux imaginaires, donc il en sera de méme pour 
les racines y. Et puisqu’il en est ainsi, ’expression 
5C?-— AB' est positive, alors nous en concluerons qu’elle 
sera négative pour J,=7', car la dernier terme de |’ équation 
en wu, étant 


a’ cause de A<0O, les deux racines wu, sont de signes con- 
traires. Donc les racines z présentant quatre quantités 
imaginaires pour J, =", il en sera de méme des racines y. 

Supposons en second lieu, oe 

J, « 0; | 

c’est admettre trois racines réelles comme fonctions continues 
de 7 4 7’. Alors les deux autres racines qui sont égales” 
quand YD s’annulle, seront imaginaires pour D<0, et de- 
-viendront réelles quand D passera a état positif. Ainsi 
comme tout-a-l’heure, deux racines imaginaires et trois 
racines réelles a l’origine, J,=j, mais cing racines réelles 
a la limite J/,=7'. Pour ce qui comme les quantités 

y=av(- 1), de J,=j J,=- elles seront fonctions 
: continues, et dans tout cet intervalle présenteront comme 
al Porigine, deux quantités imaginaires, et trois réelles. De 
elles seront encore continues, mais une 
seule sera réelle, les quatre autres imaginaires, et ayant 
pour valeurs initiales les produits du facteur v(- 1), multiplié 
par des quantités réelles. 


Troisiéme Cas. 


Les deux derniers cas peuvent se ramener par la con- 
sidération suivante au deux premiers. 

Concevons que dans la forme-type, en change A et J, 
en —A et -J,, en conservant J, avec son signe, on vérifier 
que les coefficients A, B, C, C’, B', A’, deviendront re- 
spectivement 4, 1), -C 1), -B, A 1); 
donc en mettant a la place de 2, xv(-1), et ‘multipliant 
encore la transformée par v(-1), on trouvera exactement 
le méme résultat qu’en changeant les signes des invariants A 
et J, Or les conditions caractéristiques des deux derniers 
cas savoir, 


A>0, 25A°-3.2°.<0, et A<0, 25A°-3.2"J, <0, 
reproduisant par le changement de signe de A et J,, celles 


des deux premiers. Ainsi du second, nous allons déduire 
la troisitme, et du premier la quatriéme, avec ce seul 


» 
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changement, que tout ce qui a été dit des quantités xz et y, 
devra étre transporté aux quantites y et z, x €tant toujours 
l’inconnue de |’équation proposée, et y désignant z v(- 1). 
Cela donne les conclusions suivantes, en comment par le 
3° cas. Alors les valeurs admises du paramétre, formant 
les deux series dey L+H. 

Dans la premitre, des cing racines z, deux sont imaginaires 
et trois réelles, dans la seconde, quatre sont imaginaires, 
une seule est réelle, et d’ailleurs dans les deux séries elles. 
restent toutes fonctions continues du paramétre. Pour les 
racines y, c’est dans l’intervalle compris de 7 47° qu’elle 
dépendent d’une équation a coefficients réels, et deux cas 
sont a distinguer suivant que 25A°- 2"/, est négatif ou 
positif. Dans le premier, sur les trois racines qui sont 
fonctions continues de 7 a 7’, une est réelle, et deux sont 
imaginaires. Quand aux deux autres racines qui deviennent 
discontinues pour D=0, elles sont réelles si D est négatif 
et imaginaires lorsque D est positif. Enfin si 25A’ - 2"J, 
est positif, les trois racines qui sont fonctions continues 
sont réelles, et les deux autres sont imaginaires pour D<0 
et réelles pour D>0. | 


Quatrieéme Cas. Résumé. 


En nous bornant pour abréger aux racines x, on voit 
qu’elles seront toutes fonctions continues du paramétres dans 
l’intervalle des valeurs admises, qui de a 
-Maintenant et d’aprés ce qui a été dit du premier cas, 
toutes ces racines seront réelles si J, est positif, deux seront 
imaginaires et les trois autres réelles si J, est négatif. Ici 
on ne voit plus figurer le discriminant, cependant il est 
bien facile de vérifier encore que pour - positif ila une 
valeur positive et pour J, négatif, une ‘valeur négative. 
_Effectivement, cette condition J,>0 signifie comme nous 
avons demontré dans le premier cas, que le discriminant, 
s’évanouit entre les limites, J,=- 0, J, = nS or pour des 
valeurs croissantes du paramtre, il passe en s’évanouissant, 
du négatif au positif, et arrive a l’état positif dans l’inter- 
valle des valeurs admises. Au contraire si J, est négatif, 
il s’évanouit entre les limites J,=7', J,=+, et a con- 
séquemment une valeur négative dans T'intervalle compris 
entre 7 ct 7. Dans le 3° cas, le discriminant ne se trouve 
pas non plus immédiatement en évidence, mais comme il 
s’évanouit alors dans |’ pansrbeoned compris de 7 a 7’, il est 
clair quwil est négatif de J,=-» a J,=¥7, et positif de 
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a J,=+%. Ces remarques faites, nous pouvons 
maintenant rapprocher les divers résultats que nous venons 
d’obtenir ; nous formerons ainsi le tableau suivant, qui offre 
expression par les invariants fondamentaux, du nombre 


J, 


des racines réelles et imaginaires de |’équation génerale — 


du cinquitme degré. 
+24. < 

trois racines réelles, deux racines imaginaires. 
{&<0, 264°- 3.9". <0, 

ne Cing racines réelles, 
A<0, 25A°- 3.2"J,>0, 25A°- <0. 
2 J,'>0 | Cing racines réelles, 
A > 0, ...Une racine réelle, quatre imaginaires, 
A<0, 25A*- 3.2"J,>0, 25A°- 2"J, > 0 

| Une racine réelle, quatre imaginaires. 


~ 


On comprend facilement, comment dans certaine cas la 
nombre des conditions a pu se réduire. Par exemple, avec 
A’ + 2'J,>0 et A>O, on trouve une racine réelle et quatre 
racines imaginaires, lorsque - 3.2"J, est positif, et aussi 
lorsqu’il est négatif, on peut donc ne conserver que les deux 


premiéres conditions. Enfin nous remarquerons, dans l’un 


des cas ou il y a cing racines réelles, que les conditions A<0, 
J, >0, entrainent la suivante, 3.2"J,< 0, qu’on pourra 
supprimer si l’on veut. La simplicité de ces résultats ne 
semble-t-elle pas indiquer que la théoréme de M. Sturm, 
si beau dans sa généralité, est loin de fournir |’ expression 
définitive, des conditions de réalité des racines des équations 
algébriques ? 


Section VIT. 
Sur la reduite du 6° degré de 0 equation générale du 5° degré. 


Lagrange a fait voir que la résolution par radicaux de 
’équation du 5° degré, dépend lorsqu’elle est possible, de 
la détermination d’une racine commensurable, d’une équa- 
tion du 6° degré dont les coefficients dépendent rationnelle- 
ment de ceux de la proposée. Mais jamais le calcul de 
cette réduite du 6° degré n’a été effective en général. 
La raison en est que les fonctions du cing lettres les plus 
simples qui n’ ont que six valeurs, étant au moins du second 
degré par rapport a l’une de ces lettres, les coefficients de 
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la réduite se présenteriont comme des fonctions des cing 
coefficients de |’équation proposée, montant jusqu’au 12° 
degré, et contiendraient par suite plusieurs certaines de_ 
termes. Or on va voir qu’on peut vaincre cette difficulté 
a aide des résultats que nous avons obtenus sur les in- 
variants des formes du 5° degré. Faisons en effet 


f= (a, b, C; a')(x, yy =(x-ay)(x- By) (x-ryy) (a- by )(x- ey), 
et considérons la fonction suivant des racines | 

J = a‘(a- BY (B- (y- (8- sf (e- a) 

(B- (6- af (e- By, 

on reconnaitre bien facilement qu’elle est susceptible seule- 
ment de six valeurs, et en second lieu qu’elle est un 
invariant de la forme f. Il en reésulte que les coefficients 
de |’équation du 6° degré en ¢, seront des fonctions ration- 
nelles et entitres de cas invariants fondamentaux, A, J,, J,,_ 
car invariant du 18° ordre n’y entrera pas, les degrés 
par rapport aux coefficients de f ¢tant multiples de 4. 

Ainsi qu’on représente cette équation en ¢ par 


+ (2) + (3) 0+ (4) (5) t+ (6) =0, 


(1), (2), etc. seront respectivement des fonctions linéaires des 
quantités plancces en regard, dans le tableau suivant: 


4 
(8) dd, 


(6) A: ak. 

On voit done qu’on est ainsi amené a un calcul relative- 
ment tres facile, et que je me reserve de développer dans 
une autre occasion. J’exposerai alors les propriétés de 
cette Equation en ¢, qui sont analogues a celles de |’équation 
modulaire pour la transformation du 5° ordre, sous ce point 
de vue que les fonctions non symétriques des racines qui 
s’expriment rationnellement par les coefficients, varient ou 
ne changent pas dans les deux cas par les mémes permuta- 
tions de ces racines. Cette Gquation en ¢ est également 
intéressante en ce qu’elle offre la type d’une classe d’ équa- 
tions du 6° degré rédutibles au 5°. La propriété distinctive 
et caractéristique de cette classe d’équations, consiste en ce 
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que l’une des valeurs de ces fonctions des racines qui sans 
étre symétrique par rapport a cing d’entre elles n’ont 
-cependant que six déterminations possibles, est alors néces- 
sairement rationnelle. 

Je ne terminerai pas ces recherches sur les formes du 


cinquiéme degré, sans rappeler que mon ami M. Sylvester, 


avait obtenu avant moi, dans son beau mémoire sur le calcul 
des formes, la notion des invariants du 4°, du 8°, et du 12° 
ordre. En donnant aux formes du cinquiéme degré, cette 
expression élégante, oe | 

ax’ + by’ + cz’, 
sous la condition z+ y+2z=0, M. Sylvester a trouve pour 
ces invariants les valeurs | | 


a'b’+a’c’ + b’c’- 2abe(a+b+ec), a’b’c'(ab+ac+be), 
qui sont des fonctions symétriques trés simples des trois 
éléments a,b,c. Enfin l’invariant du 18° ordre qui joue 
un role si important dans ma théorie, s’est aussi présenté 


dans ses recherches, élevé au carré et indiquant lorsqu’il 
s’évanouit, l’impossibilité de la réduction a la forme citée, 


ax’ + by + ce’. 
Exprimé en a, d, c, il a pour valeur 
abc’ (a—b)(a-c)(b- 0), 


expression encore bien simple, et qui montre sous des points 
de vues tres différents comment on est conduit aux mémes 


notions analytiques, dans cette vaste et féconde théorie des 


formes. 


ON THE SEPARATION OF THE VARIABLES IN DIFFERENTIAL 
EQUATIONS OF THE FIRST ORDER. 


By W. H. L. Russe tt, 


Tue method of solving differential equations of the first 
order by separating the variables, was introduced soon after 
the invention of the infinitesimal calculus. John Bernoulli 
applied it to the integration of homogeneous equations. ‘The 
process underwent great improvement in the hands of Euler. 
One of the equations he treated was the following: 


ydx(c + nx) - dy(y+a+t bx + nz’) = 06, 
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in which the variables are separated by putting 


_ 2(a +bx+cx 


Since his time Jacobi has given the complete integral of the 
differential equation 


(4+ + A 'y) (a dy - ydz)-(B+ Bat B'y) dy | 
(C4 Cr+ dz = 0, 
by a very elegant process which will be found in Crelle’s 
Journal. I propose in the following paper to investigate 
more completely than has hitherto been done, a method by 


which we may ascertain how far such equations are in- 
tegrable by the assumption 


_ Pit Pe + pet 
Let the differential equation be a 
U y = V, where U and V are functions of (2) and (y). 


Let y = where p, q, 1, are functions of (2). 


dz dz 
— (p+ 2) 
@ dp dq dr ds) 


dq ds\ 2. dz 
+ (s -9 + (rg sp) 
Let Ty? where (v) and (w) are rational and entire func- 
tions of (z) and (z). Then the equation becomes 


dr ds dp dq) ds 
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We may expand (v) in terms of (z), ascending in powers 
of (z), and put | 
0, +024 0,2 + 0,2 + &e. 


Now in the transformed equation the variables are to be 
separated. Hence it must be of the form QXZ= QX'Z’, 
where Q is a function of (z) and (z); X, X’ are functions 
of (x) only, Z, Z are functions of (z) only. Consequently 
we shall have : 


u=w(r 82) (C, + + + KC.) (1). 
or u=w(r+ sz) (c,+ 062+ 6,2 + (IT), 
or else W(C, + + + (IID), 


where (w) is a function of (z) only. Let us take the form (I). 
Then the equation becomes oes 


dz dr. 


= X,+ X,2+ X,2°+... when X,, X, ... are functions of (z). 
Hence the condition that the variables be separated in the 
second member of the equation in easily seen to be 


A,X, = A,X, = A,X, =... when A,, A,... are any constants. 


Since X,, X,, X, are rational and entire functions of (z), 
we may put | 


| 2 
+... 


Hence we see that the conditions of separation are 


I need scarcely remark that the variables are already 
separated in the first member of the equation. Hence these 
equations contain the solution of the Problem, under the 
condition implied by equation (I). In cases (II) and (III) 
the investigation will be exactly analogous. | 4 

I shall now proceed to some examples. For the present |_ 
I shall assume p, 9,7, 8 to be of the first degree and to be 
given by the following equations: 


p=uatbe, s=m+n'z. 


eee 
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Let the differential equation 


{9 (w+ pr) gs - Px) (rq + sp) + 2(p" + rpby 
+ + pr) - (w+ rs + y’. 


Then the variables are separated by assuming y 


provided that 
p'+an'-mb 


and the transformed equation is 


o(rg - =(w+na-mb + px) pzt 
Let the differential equation be 
(q - sy) (rg sp) = pg 


{2ugs - w'(rg + sp) + 2p"rp} y + w'rs + 


Then the variables are separated by the same assumption as 
| _ before, provided that | 


pm+na-mb + bm'- mb’ 


pen pn + 
p'm' 4 Mm + a'n' b'm' m’ 
pen’ 4 | n’ 


and the transformed equation is 


pn (rg — Sp) = (um + na mb + £nz) | 


{yn + + pin) + (pin! + wn) 2 + 


As instances of this transformation, I take the following 
particular cases of the equation which was mentioned at 
the commencement of this paper as treated by Jacobi. 


dy 


Let y= ei, and we have 
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Again, let (1+ xy) +’. 


| 14 22 - 
Let y = ——— , and iro have 


| 
1 9 2 2 
(1 + t+ (1+ 2). 

Let the equation be 

d 
sy)(rq~ sp) = (w+ -(u'+ 9'2) pq + 9"2) p* 

{2(w+ px) gs — + (rq + Sp) +2 (mw + rp\y 

+ {(w + oz) rs + 
Then if 


pn+gom+an—bm +a'n + an’ _ m'b - mb’ 
m' Mp | 


_ mg’ + + mg" + np" m'g"+ p'n 
mp" 
nop n'g + ng" _ aging" _ 


the transformed equation will be 


d. 3 
mpx(rg sp) = +(nut+ pm + an—bm) + 


+ + mp!) 2 + + mp") + m'p" 
Let the equation be 
d 


{2ugs - p'(rg + sp) + 2n"rp} y + - p'rs + 


Then if and 


82 
m + + — mb _ mp + mp + na +n'a-— bm' b'm 
n bn + pn’ + np 


| 
me+na-m 
= 3 
; 
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the transformed equation will be 


| d. 
pnz (rq sp) = = {u(m + nz)} 


+ (win + + (n'p' + np") 2+ 
Let : 


sp) (ry - p) (w+ + 9p +(u" + 9"2)p 


— {2(m+ px) + (rq+ sp)+2(p'+ rp} y 
+ {(m + px) + g'x)rs+(m" + 
pn + dm _np' +md'+ mp + + na — mb 
no np +n 
p'n+ d'm' + + an + an’ — m'b mb’ 
np | 
| 3 


the transformed equation will be 


4 ¢ 


nh xz(rq Sp) = (m+ nz) (w+ hz) 
{ng + (ng'+ on )z+(np"+ d'n') 2+ 


Let us now assume the quantities p, g, 7, s, to rise above 
the first degree, and let p=a+brica*, 
r=m+nz+hz', and let the equation be 


(q- sy) (rq sp) (w+ + Px) pqt (m+ Pa) 


+ ba) + (rq + sp)+(w" + rp}y 
+ {(m+ br) s*-(p' + rs + 
Then, if 
pm +an- pm'+a'n+ an'-m'b- 
dh bh + ph’ 
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hh | ph + dh’ 
ph + nb + bh cn _ dn+wh+ + wh’ + + en 
hh | + 
_ oh hp’ + 


the equation will be 


ph (rg - - sp) — = {(un + na —-mb) 


{ ph+(ph+oh')z+ ph + + p'hiz’}. 
Let the equation be | 


Then, if s=m'4n'z, 
+na- bm _ 2mm'p + my! + a'n- n'a - mb’ 
np + 2nn'h 
pm” + 2mm'p' + - mu! 
+ 
wih 2mm ‘p+2m +2mnp —2¢'m-2em' 
+ 
2m'n'u+pm+2mm 'b'+2mp'n'+2nm' p'— _ 2m'n'p'+n'm” 
+ 2nn'd' nh’ 
yn? + 2mnd - ne 2ndm' + on 
nid pn’ + 2nn'd 
_ + 2m'ng + 2nn'p' + + Inn'y 


the transformed equation will be. 
nh (rq sp) = {m* +na—bm 


+(m’'h + 2mnp 2cm) x + + 2mnd ne) 


+ (p'n’ + 2nn'p) 2+(pin” + 2nn'p') + 


4 
| 
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‘Let | | 
x'(rg - spy = (w+ pat) + gp + + 2") p’ 
+ {(w+ s?-(p' + fy’. 


Then, if 
na-mb na+na- bm' b'm an - bm 
ah-cm ah + h'a-cm' -c'm @h - 


the transformed equation will be. 


pa’ (rg - sp) (an- bm) + 2(ah- 
+ ($+ bh - {m+ wet 


Let sp) (ry- py = w(q- sy) + (ry - py. 
Then, if | 
mm an- bm _ + a'n + an'— m'b bm 


2(ah-cm) pn+2(ah+ah'-m'c-c'm) 


mp 
np + 2(a'h' ~c'm')’ 


_m an-bm mp! + a'n + an’ m'b 
Rh bh'-cn'-cn 


wh'+ - cn 


the transformed equation will be 
(rq - sp) = nx + hz’) 


{mp + + (an bm) 2” + + an 4 an’ m'b mb’) 2° 


+(m'p' + a'n' - b'm') 
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Let now the differential equation be 
sy) (rq - sp) — = (w+ $2") (w+ op + (ut 
{2(w+ (u' + (rq + 5p) + + rphy 


mmtmpe mp 


na — mb =a'n+an' -m'b mb' = a'n' m'b' = 0, 

mp-2em 

me 
Then, it 

the transformed equation will be | | 7 4 : 


mp {mp + npc + (nd - 2em) ena} 
+(mp'+ wm')2+(mp" + m'p') 27+ 
_I now proceed to investigate the criterion of integrability 
when we assume | 
gat 


V, as before, be the given equation; and let 


dz 


—, where (v) and (w) are rational and entire functions 


tea 
¢ 
ty 
a 


of (z) and (z). The transformed equation will be 

= (7, + 7,2 + ‘ey v 


dr, 


dr, dr, 
dr, dr, ad dr d 
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Let v=, + 2, z+0, z’+..., when 0, v,, 0, are functions of (x), 
+ U2 + + 

: Then, ‘if we substitute these i in the given equation, we 

may write it thus: 


dz | 
= (% +2,24+2,2 +...) 


Then, in order that the variables in this equation may be 
separated, we put 


Az, = Br, = Cr, = &c., 

= Bz, = Cx, = &e., 
where A, B, &c., A’, B’, &c. are any constants. Then, by 
_ equating ‘like powers of (z) in these equations, we obtain 


the required conditions of integrability. 
Let the differential equation be 


(r, trp+rpy = (m+ pa) + p + (u" + 


+ (p+ Px) + (w+ GPx) p*, 
where (p) is a root of the equation 

p*(r,y ps) + p(r.y—p.) + (ry -P,) = 0, 
and p,.=@+bz, p,=a' +062, 
r=minz, r,=minz, 17, = m'+n'z. 


_ Then the conditions that the variables be separated in the 
transformed equation will be 


= 
a'm — am' ma" — ma 
4 


am-am. ma'-m'a am-an'- 


p+ n'a—-m'b + na - mb’ 


+ n'a' n'a m''b 4 nea” mb" 


Let the differential equation be 
(r7,+7,p 


where p> T,» P,» &e., are the same as in the last example. 
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Then the conditions that the variables be separated in 
the transformed equation are as follow: 
pm+na-mb— pm + wm+an +an- mb' - 
on on' + pn 
pm" 4 mye" 4 an" mh 4 a''n mb" 14 n'a’ mb’ 
gn" on n 


+m'w"+a'n" +a"n'-m'b" | +a'n" —m"b" 
= = 


om+pn t+ pin 
on + on 
7 m''h + 4 4 win 4 np" + 


REMARKS ON INTEGRATION. 


By the Rev. Roperr Carmicuaer, A.M., 
Trinity College, Dublin. 


Ir is proposed, in the following paper, to offer some 
practical remarks upon the subject of integration, more 
especially in reference to three capital defects under which 
many of the methods in common use appear to me to labour. 
The first defect in the methods, to which allusion is made, 
is their extremely artificial character, which occasions much 
embarrassment to the student at first, and considerable diffi- k 
culty in his effort to retain them. ‘The second great defect 4 
in these methods is, that they seem wholly unsusceptible 
of useful generalization. ‘The third defect is less common, i, 
and consists in this, that some of the processes employed 
are circuitous, terms being introduced which subsequent _ 
operations cause to disappear. Lhe method here put for- — 
ward appears to be free from these defects, and, in so far 
as it is calculated to reduce and simplify the labours of 
the student, a practical good. | 


In illustration, I shall apply the method to the well-known 
equations + Dy+y=09, | 
(Gregory’s Examples, chap. v., Ex. 4,) 
Q2 


° 
£3: 
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and | Diy += Dy +(w y=0, 


(Gregory’s Examples, chap. Iv. , sect. 2, Ex. 10.) 


In quoting from the manual just named, I would desire 
to express a sense of its general merit as ‘well as personal 
obligation to its study. 

If we multiply the first equation by z and the second — 
by 2’, they become respectively 


(eDY.¥ + zy = 0, 
= 0. 
Now the common type of these equations is — 
F(D)y + Mz"y = 0; 
‘or, more generally, | 
+ Mary = X. 


Let us suppose that 
| 2, 
and proceed to solve the more general type 
_ Operating on both sides with the inverse of /'(zD), we get 
1 1 
Mzx".y = 


or 
‘ 1 A 
F@D) F@ 


where the last term is the ordinary complementary function 
upon the supposition that all the roots of 


= 


are real and unequal, and in oa if any modification 
should arise from the existence of equal or imaginary roots, 
the generality of the method is not affected. 

Now, dissecting the operator in the left-hand member from | 
its subject, and operating with the expansion of its inverse 
upon the right-hand member, we get 


l 


Mz™.y = > —— + 


y= + 


F(izD) = F(a«D) F(x 
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or the required solution is at once 


| {1 (Ma y ~ &c.}, 


Flat+m)_ 2m) I'(a+m) 


the cilaents within brackets in the first and second great 
terms differing merely in the substitution of @ for a. 

In this method no mathematical artifice is employed, and 
the result seems to be obtained in the most direct manner. 
That the method admits of easy generalization can be readily 
shown. 

Let the partial differential equation to be solved be re- 
presented by the type 


where ©. is an homogeneous function in z and y of the 
degree, mixed function of z, y, and is the 


index-symbol 2D 4 yD. 
x 
Operate with oe 1 


having broken up Q into sets of homogeneous functions ; 
there results 


1 
1 ©) 9 
( + Fy) = * Fa) + 
where wu, is a homogeneous function of the given degree a, 


but arbitrary in form, and operating on both sides with 
the inverse of 


\ 
"FW 


we get at once, as before, 


z= 
Su, {1- &c.}. 


Fas m) 2m) m) 


Let us now apply the method to the first example pro- 
posed, in its modified form, namely, 


(cD).y + ry = 0, 
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premising that its susceptibility of some such method of 
integration was suggested in the year 1847 by the Rev. 
Charles Graves, Professor of Mathematics 1 in this rt 


Operating on both sides of this — with ——. G@ =D} , we get 
ry =C, +C,; | 
whence | 
1 1 
&.}.(C, C,); 
or 
- &e.} loge, 
2 


, logz = = 2D) logz = — (logs - 2), 


Hence, finally, 
logz+C,) 
+ 


If the equation to be integrated had been | 
+ Dy + Mz”y = 


its solution is obviously had by the same gees" method, 
and 


m 1 2 
y = + 
ech; 
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or 


| ( Mz") 
+ 


_ Similarly, if it be propesed to integrate the pertial dif- 
ferential equation — 


V,.2+V.2+0,.z2=0, 
where 


V,= + D+ 
a reduction gives 


z+ ©. .z=4, log log + | 
and the symbolic solution is 
Jogx+lo 
Hence | 
. 1 logz + logy 
™ (m+V) (2m+ Vv) &e | 
4 
and finally, on 
| log z + lo; 2 
z= 


1 m(2 +1) 
—@ - 
2U, m m*.(2my m + 


m(6+3+2) 


Proceeding now to apply the same method to the modified : 
form of the second example, 


(2D-1) = 0, 


we get 
: C, x +7 


or? 
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Consequently the solution is given by 


nx 


or 


26 2.5.4.7 2.5.4.7.6.9 
2..2\2 
1.2 | 14> 4458 


which. may be condensed into the known form, but in its 
present shape can be generalized. 

In connexion with the integration of equations with vari- 
able coefficients, and more particularly with the first example, 
the following important remark has been made by Gregory 
(Examples, p. 314). “ After all, however, when these equa- 
, tions are of the second or higher orders, the number of cases 
in which they are integr able is very limited, and there seems 
to be no great prospect of the number being much increased. 
A little consideration will point out the reason of this, When 
we speak of an equation being integrable, we mean that the 
dependent variable can be expressed in terms of the inde- 
pendent variable by means of a finite series of functions 
of that quantity, the forms of such functions being limited 
to those known as algebraical and transcendental. Now it 
has been seen that the simplest forms of differential equations 
involve the highest transcendents which we recognize as 
known functions, such as é” or cosnxz; and it is to be 
expected, that when the equations become more complicated 
their integrals must involve higher transcendents to which 
we have not affixed particular names, and which we do 
not look on as known forms. ‘This indeed is found to 
be the case, as for example in the equation 


+ Dy +y = 9, 


which in its integral involves the transcendent 


2° 


It would appear then, that before we are able to make 
any further progress in the solution of differential equations, 
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we must create new transcendents in the : same way as the 
ordinary transcendents e”, cosz, logz, &c. have been created ; 
we must study their properties, and endeavour to express 
the integrals of differential equations by means of them. 
The first part of this task has for some time past occupied 


the attention of mathematicians, and great progress has been 


made in it, though much still remains to be done. The 


second part has also been the object of study, though not | 


to the same extent as the other; and several mathematicians 
have applied themselves with success to the expression of 


the integrals of differential equations by means of definite 


integrals which are the representatives of new transcendents. 
Thus, for instance, in the case cited above, the transcendent 


z 


1 7. 
&e. = — cos(2 sin 


Examples of such integrals will be oy in Crelle’s Journal, 
vol. x. p. 92; vol. xu. p. 144; vol. xvi. p. 363.” 
Now it appears to me that, until evaluated, the integral — 


cos(2 sin Oz) 


must be considered to be quite as symbolic as the equivalent 


Indeed we may regard all symbolic condensations, as well 
as definite integrals, in the light of representatives of new 
transcendents. 

For instance, if 


U=A,+ + &e., 


where A,, A, A,, &c., are constants, it may easily be 
proved that 


F(zD).U = F(0) A, + FU) Az + + &e. 


1 1 
FG“ * FG 4** FG 


and it seems to me that the left-hand members may fairly 
be regarded as such representatives. 


+ &e., 


5, Trinity College, Dublin, March 1864. 
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ON THE CURVATURE OF CURVES IN SPACE. 


By SPOTTISWOODE, M.A., F.R.S. 


Ler L, L,, be the characteristics of the two surfaces, 
by the intersection of which the curve is formed; and let 
U,V, W, U,, V,, W,, be the partial differential coefficients 
of L, L,, with respect to z, y, z, respectively. Then — 


U:V:W 
- VW, -V,W-WU,- WU: 


the equations to a tangent line take the form 


dz: dy: dz 
=U:V:Ww | 
if @ be the common ratio of this system, there result — 
d dO 
dy AV dé | 
ds* ds (3), 
d’z W _» a0 
| as 
whence . | | 
& 
ww av aw 
ds ds ds 
dx d’x dy ay dz d’z 
d’y d*z 


whence, writing 
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d’z 
ds’ ds* ds 


or, writing 


UVW 
UV'W' | =-(UU's+ VV'+ WW’) 
U,V,W, 
U,V,W, | 


these x ratios 
= (WQ, (VQ, 
: (UO, + W-(WO, + W,Q)U)...... (10); 

(VO, + V,Q)0-(UQ, + U,Q)V 

or, if @ be the angle between the two surfaces, 

= 0, P(PU,- P,U cosd) + QP,(P,U -PU,) 

: O.P(PV,-P,V cosd) + QP (P,V-PV,) }...(11). 
: &P(PW,- P.W cos¢) + OP,(P, W-PW, cos¢) 


But if p, p,, be the radii of curvature of normal sections 
of the two surfaces passing through the tangent line to 
the curve, it will be found that 


so that (11) may be again transformed into the following : 
1 1 
( py, +( (18). 
“\p, cosp p/ \pcosp p, 
( - =) Pw, +( 


Now pcos@ is the radius of curvature of the oblique 
section of the first surface, made by the normal plane to 


4), 
P P, 
) 
1) 
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the second which passes through the tangent line; so: that 


1 
'__ _= is the difference of the curvatures of the two 

p p, 
curves formed by the intersection of that plane with the 


| l ] | 
two surfaces ; similarly por ie is the difference of the 
p 


curvatures of the two curves formed by the intersection of — 
the normal plane to the first surface, which passes through 
the tangent line to the given curve, with the two surfaces 
themselves. 

If p be the radius of absolute curvature of the given curve, 


and consequently 


1 l 1 1 

the common ratio of the systems (8) and(13) becomes _ 

= pPP,(C’+2CC, one 16)2 
or again, 

p sing 


which is an expression for the radius of absolute curvature 
of the curve in terms of the radii of curvature of the two 
surfaces. When the surfaces touch one another 


sing=0, cos¢=1, 


and consequently p= 0, unless p=p,; that is to say (as will 
be found on substituting the ordinary values of p and p,), 
dy dz 

a” 
same for both surfaces; in other words, unless the surfaces 
touch in more points than one. This might have been 
anticipated d priori, since the curve would otherwise reduce 
itself to a single point. If p=p, the value of p becomes 
indeterminate, because the condition p =p, indicates that 
the radii of curvature of amy common normal section of 
the two surfaces passing through the point in question are 
equal, and as this curvature may vary with the direction 


unless for some normal section are the 
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of the normal plane, there are in fact an infinite number 
of branches of the curve passing through the point, each 
of which may have its own curvature. And on referring 
‘to (17) it will be found that a | 


— 


3 
| 
and consequently if for any one or more sections 
| fe 


(i i.e. if along any one or more sections the surfaces hive. 
their convexities turned in the same direction,) 


1, 
a.e. the radius of absolute curvature of that branch of the 
curve is the same as the common radius of curvature of 
the normal section of the two surfaces on which that branch 
lies; but if for any one or more sections, 


p+p,=9, 


i.e. if along any one or more sections the surfaces have 
their convexities turned in different directions, 1. 


p= 90, 


either there is no branch in that direction, or the branch 
has a point of inflexion or of suspended curvature. 
If the two surfaces cut one another at right angles 


| sing@=1, cos¢=0, 
and consequently 


It is well known that if three surfaces cut one another 
at right angles they cut one another in their principal 
sections and in their lines of curvature ; hence, if p, p,, p, 
be the radii of absolute curvature of the three curves so 
formed, and Rk, R,, R,', the principal radii of 
curvature of the three surfaces respectively, there will result 


and consequently 
— 


l 2 l 2 ] 2 
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In the case of an umbilicus 
R=R, B,=R8,; 
and consequently, writing 


2(2- 


which may be written also as follows, 


ON THE CONJUGATE LINES OF SURFACES. 
By W. WatrToN. 


Let F=0 be the algebraical equation to a surface, free 
from radical and negative indices. In elementary works on 
Solid Geometry (see Gregory’s Solid Geometry, chap. x111.) 
it is shewn that the existence of a tangent cone at any 
point of a surface, or of an edge of regression, or in fact, 
generally, of plural tangency, corresponds to the coexistence 
of the four equations 


dy 


It appears however to have escaped the notice of writers 
on Geometry, that these analytical conditions sometimes 
correspond to the existence of a conjugate curved line, that 
is, to a curved line entirely detached from the surface, 
but forming part of the geometrical locus of its equation, 
bearing in fact the same relation to the surface which a 
conjugate point bears to a curve. | 
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Imagine the existence of a conjugate line: let z, y, z, 
be the coordinates of any one of its points. Suppose 
%, to be written in the equation F'=0 in of 
x,y, 2, y, and z, being coordinates of a point in the plane 
of y, 2, nearly but not quite in contact with the projection 
of the conjugate curve upon that plane. Then z, in the 
equation F(z,, y,,2,)=90 will be impossible, and therefore : 
have two values of the forms a. 


a+Bv(-1), a-Bv(-1). 


Hence, when one of these roots of the equation in z, be- 
comes a, the other will also become a. ‘Thus we see ‘that a 
in the equation | a 

z will have two equal values for every pair of values q 


of y, z Hence 
dF 


Similarly we see that 


Thus the existence of a conjugate line -—_ the co- 
existence of the four equations —~ 


_F=0; U=j0, Ve0, W= 0; 


where U, V, W, denote the partial differential coefficients 
of F with regard to x, y, 2, respectively. 
Putting 


we have, twice differentiating the equation to the surface, e 


and writing , , v, for the direction-cosines of the tangent 
line at any point of the conjugate line, ‘ 


Mu + + vw + 2uvul + + = 0...(A). 


Since each of the ratios between the quantities A, pw, v, 
can have only one value for a given point 2, y, z, in the 3 
conjugate line, the algebraical state of this equation must 
be such as to establish this restriction. Thus we see that 
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the sufficient and necessary conditions for the existence of 
a conjugate line are the coexistence of the four equations 


F=-0, U=0, V=0, W=0, 


and the singleness of values of the ratios between A, My V, 
as implied by the equation (A). 


Ex. Take the equation ~ 


F-(5+%+5-1) 
where 7 is supposed to be greater than m. 
It is easily ascertained that the conditions 
F=0, U=0, V=0, W=0, 


are satisfied by the two simultaneous equations 


=n", 
x 
and that, under these circumstances, zi being substituted 
3 3 
n> — 
Sy’ 
b 
So. 
w= a + 
4 
Bag 


Hence the equation (A) becomes 


=) + hye + 4 vary) = 
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which can be satisfied only by putting 


7+ 


Thus the ratios between 2, p, v, have only single values, 
and therefore the curve of intersection of the two surfaces, 
represented by the equations 
2 2 2 


; 
ryz =m’, 


is a conjugate or isolated line. 


12th July, 1854. 


THE GEOMETRY OF QUATERNIONS. 
By Joun Paterson, of Albany (N. Y.) 


On the Extension of the principle of Perpendicularity to the Three 
a dimensions of Space. 
1. Tue remarkable discovery of a new analytical element, 
denominated guaternion, by Sir W. R. Hamilton of Dublin, 
appears destined to mark an epoch in the history of geo- 
metry. As the discovery consists essentially in an extension 
of the principle of perpendicularity from a single plane, 
to the system of three mutually rectangular planes that 
serve for the admeasurement of the three dimensions of 
space, it may be of use to investigate the genesis of the 
diagonal of a rectangular parallelopipedon, by the same 
kind of operations that generate the diagonal of a rect- 
angular parallelogram. | 


2. The principle of perpendicularity consists in the’ dy- 
namico-geometrical fact, that a straight line, considered as 
the measure of the result of an operation, has at the same 
time two distinct values, namely, the value of its own 
magnitude or length in the direction in which it lies, and 
the value zero in the direction perpendicular thereto. As 
an immediate consequence of this fact, if the line be inclined 
to the system of two rectangular axes to which it is referred 
for measurement, it will have a finite value on each axis, 
equal to its projection thereon; that is, its product by the 
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cosine of the angle it makes with that axis, which again 
is equal to its product by the sine it makes with the other 
‘axis. 


If we regard such line, in the different positions which 
may be given to it about an origin in a plane, when re- 
ferred to a fixed system of rectangular axes, as the measure 
of an operation of the first order, such as that of simple 
addition or of simple multiplication, by a linear factor, it 
can be readily understood either as the measure of a recti- 
linear force of the first order acting in its direction, and — 
beginning at the origin O; or as the measure of the result 
of a circular force of the same order, producing uniform 
rotation about the centre O, and beginning at the axis OA. 
_ In both cases, the line in the position OM 


is measured at once by its projections OP = 


and OQ: in the former case, OM is the % val 
measure both of the operation (which con- | 7 
sists in performing a multiplication by this “ . 
line OM; 1, being multiplicand and 1) 

= OM multiplier, 1).1,=OMx 1,), and of ™“\_° 


the result of the operation; but in the | 
latter case, the operation consists in performing a multi- 
plication by the angle AOWM or its measure the arc AM 
= @.1,, the radius OA=1, (or even 1,.1,,) being the mul- 
tiplicand, 9.1,.1,.1, = AMxOAx1,=OMx1,; so that here 
the measure of the result OM differs from the measure of 
the operation itself, which is the arc 4M; but the measure 
of the result, OM = OP + OQ, is all the notation records. 


3. If we begin with a linear multiplication at the origin O, 
the indeterminate radius OA may be adopted as linear unit 
1,= 1, when written as a multiplier; and 1, being multi- 
plicand, 1,.1, expresses the transfer of 1, from OA, in 
which position it is usually written + 1.1,.1,=OAx1,, where 
+1 is the coefficient of a positive linear operation, and + 1.1, 
is the measure of such operation; which notation stands di- 
rectly contrasted with - 1.1).1,=- 1.1,1,=OA’x 1,, as re- 
presenting the transfer of 1, from O to A’, a negative linear 
operation, having - 1.1, as its measure, and - 1 as coefficient 
of the same. 

Next taking OA x 1,=+ 1.1,.1, a8 multiplicand, and the 
arc AM = 9.1, as multiplier, the product 0.1,.1,.1,=OMx1,; 
in which position OM = AMx1, = 0.1,.1, has the two mea- 
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sures OP = + 1.cos.1, and OQ=+v(-1) sin@.1,, the last 
notation for a reason that will presently appear. A second 
multiplication by any new arc whatever, 0.1,= MN, will 
transfer the radius into the position ON, where its mea-— 
sures on the horizontal and perpendicular axes are given — 
by the expressions cos(#+ 6’) 1, and sin(@+@) 1, (the last 


affected by the symbol v(-1), as may be traced upon the 
diagram. | 


4. If 0 =0=427 =90°, aright angle, the first multiplication 
will transfer the loaded radius or muitiplicand 1,.1, = 1,.1, 
from the position OA to the position OB; whence the second 
multiplication carries it to the position OA’, where it is — 
expressed by the notation -1.1,.1,, the measure of the 
result of a negative operation; and since $7.1,=90°.1, is 
the factor that gives the position OB by a simple multi- 
plication, and the result O.A' = — 1.1, when the multiplication 
is repeated (the square of the operation), it is plain that 
the former result may be denoted as the square root of 
the latter, that iss OB=v(-1)1, On this convention, — 
however, it is to be borne in mind that when the symbol 
v(-1) is the coefficient of a multiplier, it governs a right 
angle, or the arc of 90°; but when it expresses a product 
or result, it is the unit coefficient of a straight line per- 
pendicular to the rectilinear multiplicand to which it has 
been applied to produce that result. Thus, when applied 
to the multiplicand 1, in the position OA =+ 1.1,, the mul- 
tiplier v(-1)1,=arc A B= 90° (=the measure of the operation) 
gives the product OB = + v(-1)1, (=the measure of the 
result of the operation): a second application of the multi- 
plier V(-1)1,, gives the result O.4' = - 1.1,; a third applica- 
tion, the result OB’ = - v(-1)1,; and a fourth application, 
the result OA =+1.1,, identical with the primitive position. 


8. @ being any arc -whatever AWM, if @ be its conjugate 
or complementary arc to the circumference, the product — 
9'.6.1,.1,.1, transfers 1,1, from OA to OM by the first 


multiplier §.1,, and from OM through MA’'A to OA by se- 


cond multiplier ’.1,. Since this gives 0’.0.1,.1,.1 


we have 6'.9.1,= +1, and therefore 6’ = j . The conjugate 


factor a then represents the multiplying are MBA'B'A, 


complementary of AM to the circumference, and passes the 
radius through the former to its primitive position O04; and 
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as the same result would be given by retrograde rotation 
from M to A, it is seen that the negative factor - 96.1, 


6 but | 


produces the same result as the positive factor 
through a different path of operation. | 


6. The negative arc - 9.1, will be represented by AM’; 
and as OQ = + v(-—1) sin@.1, is the sine of the positive arc 


AM, we have OQ'=-v(-1)sin6.1, for the sine of the | 


negative arc AM’. Taking the general unit radius 1, (ir- 
respective of position), we can write 
{1+v(-1)sin#}1,= BO+ 0Q = BQ, 
and {1-v(-1)sin@}1,= BO- QO0= Bd. 
The product of these factors is thus effected, term by term: 
{1+vV(-—1) sin@}1, being the multiplicand or passive factor, 
the term 1, is carried by the first term + 1.1, of the mul- 
tiplier or-active factor, through the circumference, which 
is a perfect natural unit of space, back to its primitive 
position B’O, thereby fulfilling the condition 1°.1, = 1,; 
and similarly the same unit multiplier carries the term 
+v(-1) sin@.1, through the circumference, back to its primi- 
tive position OQ. ‘The second term — v(-1)sin@.1, of the 
multiplier carries the radius 1, from the position OA (for 
1.1, is completely indeterminate in its first position), through 
three right angles, into the position OB’, and reduces its 
magnitude to sin@.1,; and finally, the same multiplying term, 
_ applied to the passive term + v(-1)sin@.1, = OQ, carries it, 
through three right angles, into the position O.A, and re- 


duces its magnitude to sin’@.1,. The complete product then 
stands | 


{1°+ v(- 1) sinO- v(- 1) sin® + sin’6} 1, = (1 +sin’6) 1,, 
which may be immediately constructed for any unit radius 
and any arc 9; or if @ be determined by the condition that 
1 +sin’@ = 0, we find that sin? =+v(-1), which requires 
that 9=+47. Instead of the unit radius 1,=1,, cos@ might 


be taken for the first term of both factors, and then the 

multiplication gives 
{cos 1) sin6} = cos’8 + sin’8, 

a result otherwise known to be equal to the square of unity ; 

and in this way we obtain a demonstration of the forty- 

seventh proposition of the first book of Euclid, by the 


method of the calculus of operations. Our demonstration, 
however, is more general than that of Euclid; for in the 
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complete equation (a? +B") 1?= R17 (where 1, is the linear 
unit, and R1,, a1,, and 61, the hypothenuse and sides of 
a right-angled triangle), the spacial factor 1,x 1, may have 
many different forms, while in Euclid it represents an area 
only. | | 
1. As 1?=1, if the multiplicand be the linear unit 1,, 
and the multiplier the abstract number 1, we have — | 
(cos’@ + sin*9) 1, = 


the diagonal of the rectangular parallelogram, of which the 
sides are OP = cos@.1, and OQ = sin@.1,, where the coeffi- 
cients cos@ and sin@ are numerical, and the products cos9.1, 
and sin@.1, are magnitudinal only; but as also (+1) =+1, 
we have © 
{cos9 ++v(- 1) sin8} {cos@- 1,=(4+ 1) 1,=+1.1, 
the product of the two diagonals whose sides are respectively _ 
OP =+1cos@.1, and OQ =+ v(-1) sin@.1,, 
and OP=+1cos@.1, and OQ = - 1) sin@.1,, 


where the directional coefficients + 1 and v(- 1) also appear, 
and the complete terms involve both magnitude and direction. 


8. The diagonal of a rectangular parallelopipedon fur- 
nishes the spacial analogue of the preceding formula, and 
is expressed by 3 


(sin*6’ + sin’8” + sin’9"’) 1, = (+ = + 1.1,; 


6’, 0”, 0", being arcs of mutually perpendicular great circles, 
of the sphere of which the unit radius-1,=1, forms the 
diagonal of the parallelopipedon. © | 

If # be any arithmetical coefficient, and R1, the mag- 
nitude of the diagonal of a rectangular parallelopipedon, 
the equation pa 


R* (sin? + sin*@” + 1, = + 


denotes a concrete biquaternion in its most general form, 
and is the product of the two simple concrete quaternions 
denoted by the equations 


and 
v(-1)sind”}1,= R1,=+1.R1, 
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the latter being the conjugate or reciprocal of the former, 
arid each the diagonal of a rectangular parallelopipedon. 
But as the directional coefficient is wholly determined within 
the sphere to radius unity, we may make R= 1, and gene- 
rate the biquaternion unity by the actual multiplication of 
the left-hand members of these two equations. That this 
operation really consists in extending the application of the 
principle of perpendicularity from a single plane to the 
three mutually perpendicular coordinate planes of general 
- space, must appear through the following investigations. 


9. Let OM=1,=1, be the unit radius of a sphere, situated 
in the superior south-west quadrant formed by the mutual 
intersections of the horizontal, meridional, and equatorial 
planes; and let its projections on the three positive axes 
(western, southern, and ascending) be OP, OQ, and OR. 
Let three planes be drawn through OM, perpendicular re- 
spectively to the three coordinate axes; and draw radii to 
the respective intersections M’, M", and M’’, of these planes 
with the sides of one triquadrantal triangle ABC formed by 
the circumferences of the horizontal, meridional, and equa- 
torial circles: each angle of each of these three radii with 
the axes will be equal to the angle of OM with the same 
axis, and hence arise the following fundamental relations 
of admeasurement: © 


OP = OM'~x sind OM'.1, = + V(-1)sin@.1,, 
0Q = OM" xsinBOM".1, = + v(-1)sin@".1,, 
OR = OM" x sinCOM" 1, = + 
which immediately point out the following as their conjugates : 
OP’ = ON'xsinAON'.1, = v(-1)sin@.1,, 
OQ' = ON" xsinBON".1, = - v(-1)sin6".1,, 
OR = ON" x sinCON".1, = v(-1) sin6”.1,. 
II. 
Meridional Plane. Equatorial Plane. Horizontal Plane. 


Face Sourn. Face ZENITH. 


Facr Wrst. 

Zenith. Zenith. South. 
K 

R B A 

/ 
Nadir. Nadir. North. 
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First diagram. A, the southernmost point of the hori- 
- gontal plane, is the origin of arcs 6’, and the rotation 1s 
right-handed through B, &c. 

Second diagram. B, the westernmost point of the equa- 
torial plane, is the origin of arcs @”, and the rotation is 


a right-handed through C, &c. 


Third diagram. C, the highest point of the meridional 
panes is the origin ‘of -arce 9", and the rotation is right- 
anded through A, &c. 


These several origins and directions of operation establish, 
by aid of the principle of perpendicularity, the following 
measures of the results of quadrantal steps of rotation: 


Ill. 
OA =+1'1, =+t; | OB=+1"%.1, OC =4+1".1, =k; 
OB OC =+¥(-1)' le=+k; | OA =4+y(- 
OA =-1'.1, OB =-1".1 | OC’=-1".1, =-k; 
OB =- | OC’=-V(- 


10. The multiplication of the two simple quaternions — 
{+¥(-1)sin6’+v(- 1) = OM, and 
{-v(-1) sin0—v(-1) sind '—V(-1) = .1,=ONor OM, 


(for the right-hand member is really indeterminate in its 
direction, and may have any required position to satisfy the 
conditions of the operation), is now to be effected term by 
term, to shew the genesis of the biquaternion 


(sin?6’ + sin’@” + sin’@”) 1, = (+ 1).1, = +1.1, = OM. 


The notation of the process with the left-hand members 
stands thus: 


+ ¥(-1)sin@’ + v(- 1) sin 6” + V(- 1) sin6” 
~ \(—1)sin 6’ - V(- 1) sin6" - v(- 1) 
sin’@" + 1 sin’@’” 
1)sin9"} {-v(- 1)sin }) 
{+ {-v(- 1)sin@”}J 


; 
& 
a 
4 
q 
4 
4 
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The operations may be as follow : 


(1) The multiplicand 1, has the value + 1'.1, in the posi- 
tion OA; and the application of the multiplier + V(- )sin@’.1, 
carries it right-handedly, through a right angle, into the 
position OB, at the same time reducing its value to | 


+V(-1) sin 6'.1, = OP. 


The second multiplier -v(-1)sin6’.1, being now applied, 
carries the new multiplicand + v(-1)sin6’.1, through three 
right angles, and reduces its value to + 1.sin’6’.1, upon the 
axis OA. As the spacial multiplier in each instance is really 
the angle or arc, the directional effects alone of these two 
multiplications are equivalent to the rotation of the radius 
first through the angle 6’= AOM' (the measure 

of which is the arc 6'.1,= AM’), and then through the 
conjugate angle M’OBA'B A, the measure of which is 
the reciprocal arc | 


of which the sine is 1) sin 6’ = OP’. 


(2) The multiplicand 1, has the value +1".1, in the po- 
sition OB; and the multiplier +v(-1)sin@’.1, (measure of 
the arc 6".1,= BM") will carry it right-handedly through a 
right angle, reducing its value to + V(- 1) sin @”.1, = OQ upon 
the radius OC. From this position, the second multiplier 
—(-1) sin 6”.1, carries the new multiplicand + 1) sin 6.1, 
through three right angles, and reduces its value to 
+ 1.sin’@".1, upon the axis OB. In directional effect alone, 
the two multiplications are equivalent to the multiplication 

of the radius 1, = OB, first by the arc @".1,= BM", and then 
‘by its reciprocal 1, =(27-0")1, = M"CB'C'B= BCB'C'N’, 
the sine of which is OQ' = - v(- 1) sin@”.1,. 


(3) Lastly, the multiplicand 1, has the value +1’.1, in 
the position OC; whence the multiplier ++V(-1)sin@”.1, 
(measure of the arc 9".1,= CM") transfers it through a right 
angle, and reduces its value to + vV(-1)sin@”.1,=OR upon 
the radius OA. From this position, the second multiplier 
— v(- 1)sin@’".1, carries it through three right angles, and 
reduces its value to + 1.sin’0"’.1, upon the axis OC. On 
directional operation, the two are equivalent to the mul- 
tiplication of the radius 1, = OC, first by the arc 6'".1,= CM", 


= (n-0)1,= M'BA'B‘A = ABA'BN, 


a 
ag 
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and then by its gil = MAC’ A'C= CAC'A'N”, 


the sine of which is OR’ = - me 1)sin 9.1 
The sum of the results of these three operations of mul- 


_tiplication is therefore (+ sin’6’ + sin’0” + sin’0)1,, which is 


otherwise known to be equal to 1.1,; and this ‘disposes of 
the first line of one product, leaving the second line (a doqble 
one, enclosed in braces) to be examined. 


(1) The multiplicand 1, is carried by the factor +v(-1)sin®’. c. 


- from OA (fig. 1.), through a right arigle, into the position 


OB; whence the factor — V(-1)sin?’ ‘1 carries it through 
three right angles, upon OC’ (fig. IL). The multiplying 


angles being here mutually perpendicular, their product 


does not give the result + 1 ={+v(-1)}{-v(-1)}; but the 
result {+V(- 1)} {- 1)} sin @’.sin is a measure of the 
radius OM, = - 1.1, on the negative axis OC"; and similarly 
it is found ‘that the double factor in the first line comprised. 
in each of the two other pairs of braces, gives a measure 
of OM, on a negative axis, namely, one on OB and one 
on OA’; ; so that these three partial measures form the com- 
plete measure of OM,=-1.1,, as the result of the factors | 
written in the first line between the braces. | 


(2) Then in the second line, the multiplicand 1, is carried 
by the factor + v(—1)sin 6". l,, from OC’ (fig. 1. ), through 
one right angle, into the position OB (fig. 1.); whence the 
factor —v(—1)sin@’.1, carries it through three right angles, 
upon OA, where it constitutes a first partial measure of 
OM=+1.1,. The double factor of the second line in each © 
of the two other braces similarly gives a partial measure — 
of OM on a positive axis, namely, one on OC and one 
on OB; so that all three together form the complete mea- 
sure of OM = +1.1,, and the results of the two ie between 
the braces balance in the equation - 1.1, + 1.1,= 


11. The right-hand member of the equation of quater- 
nions denotes the radius independent of direction, while the 
several terms of the left-hand member denote the respective 
measures of the radius upon that axis which is perpendicular 
to the axis from which its angle is counted. The diagonal 
OM of the parallelopipedon has the three measures OP, 
OQ, and OR, which are severally the sines of the arcs 


AM’, BM", CM", that serve to the primitive 


quaternion 
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The radii OM’, OM", OM", are obtained by revolving OM 
perpendicularly to each coordinate plane respectively, until 
its intersection with the same. 
If a great circle be drawn through the points A and M&M, 

and a.1, be written for the arc AM that measures the angle 


AOM, the reciprocal of AM will be the arc . 1,=AMA'N | 


a 

that measures the angle (247 -a)= AOMA’N = MOA'NA. 
The radius ON would represent the quaternion conjugate 
to OM; but this radius ON, being nielved perpendicularl 
towards each coordinate plane till it meets the same, wil 
determine three radii ON’, ON”, and ON” (the last being 
substituted for ON, because 9” decreases as a increases), 
whose measures are seen to be respectively OP’, OQ’, and 
OR’, which are precisely the measures of the radu OM, 
OM)", and OM,", respectively the opposites of the radii 
OM', OM’, and OM” that constitute the primitive qua- 
ternion OM; and finally these radii OM,', OM,", and OM,", 
are severally determined from On, the opposing radius to 
OM, just as OM', OM", and OM" were determined from 
OM, and ON’, ON", and ON" from ON, being the projec- 
tions of OM, and ON upon the negative axes. Then since it 
has been seen that OP’ =- v(-1)sin@’.1,, OQ' =— v(-1)sin@”".1,, 
and OR' =--v(-1)sin@.1,, it is manifest that our conju- 
gate quaternion may be represented by 


OM, = {- v(-1)sin@’ - v(- 1) sin 8” - V(- 1, = 1, 


independent of direction. 


12. The rationale of the operation is thus given: Mul- 
tiplication by a geometrical (that is, a spatial) factor is ex- 
plained by the transfer of the multiplicand through a distance 
equal to the extent of the multiplier, such extent being 
counted from the origin of admeasurement. The result of 
the multiplication (or value of the product), or of several 
successive multiplications, is determined by the measure of 
the distance the multiplicand is finally carried from the — 
origin. If the circumference be taken for spatial multiplier, 
and the unit radius 1, loaded with the unit mass 1,, at its 


further extremity for multiplicand, the distance of 1, from 


the centre of revolution will be unity, and one complete 
revolution or multiplication restores it to the same origin 
and distance from the centre of revolution, and consequently 
satisfies the equation 1".1,.1, = 1.1,.1,. It is obvious, also, 


that the circumference may be divided into any number 


dy 
Bcd 
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of parts for multipliers, and successive multiplication by 
all these parts would restore the primitive direction and 

distance, while each single multiplication would place the 
unit of mass 1, in a position in which its measure on the 
primitive axis would have a different value. 


13. If the unit diagonal OM of a rectangular parallelo- 
pipedon, regarded as the measure of a force of the first 
order, be referred to three rectangular coordinate axes, its 
projections on these axes will be the measures of its com- 
ponents in their directions, and may be expressed b 
+V(-1)sin@’.1,, +v(-1)sin@".1,, and +v(- 1)sin@”.1.; each 
being equal, in another view, to the revolution of the radius 
OM=1, through the corresponding angle 6’, 0”, 0, ac- 
companied by a reduction of the value of the coefficient 1 
to sin@’, sin@”, sin@”, so as to satisfy the equation 

1.1, = {+ V(-1) sin®#’ + v(- 1) sin 6" + 1) sin } 1. 

The given quantities are the magnitude of the diagonal, 
and the angles it makes with the axes of coordinates; and. 
in terms of these data are the magnitudes of the components 
determined. If now the resultant of the components in the - 
direction of the diagonal be determined, it will give an 
identical equation; the process*tonsisting in projecting back 
each component through the angle of its first projection 
‘from the diagonal, which is obviously equivalent to effect- 
ing the products | | 


{+ 1) sin {- 1) sin @'} | sin’0’, 
{++(- 1)sin {-v(-1) sin8”} = + 1 sin’6", 
and {+v(-1)sin0’} {-v(—1)sin6"’} = + 1 sin’@”. | 


Here the components and their angles with the direc- 
tion of the resultant are the data, and the magnitude 
of that resultant is both known and redetermined by the 
projections through the negative angles (47 - 6’), (47 -6"), 
9’), the cosines of which are v(-1)sin 6’, v(-1)sin@”, 
and -/(-—1)sin@’”. But revolution through each of these 
negative angles is evidently equivalent in result to a posi- 
tive revolution through its complement to the circumference 
- (27 - 8"), (2 and this leads to the effec- 
tuation of the product : 


{+ V(- 1) + 1) sin 0” + v(— 1) sin 
{-v(-1) sin - ¥(- 1) - v(-1) 


= (+1 sin’@’ + 1 sin’@” + 1 sin’@”’) = 1. 


‘ 
? 
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14, If, instead of using the angle 0” counted from the 
zenithal axis (fig. 111.), we write 9 for its complement 
counted from the meridional axis, we fall upon the expression 


{cos8+ v(-1) sinO’+V(-1) sin6”} {cos8- sin@’ -/(-1) sin’ 


= + sin’@’ + = 


which is the spherical cone of the more familiar ex- 
pression | 


{cos9 + 1) sin} {cos6 - v(- 1) sin 9} = + sin’9 = 1 


for the circle. In operating the multiplications in this case, 
the same regard to the property of perpendicularity, both 
between arcs and between axes, must be had as in the 
case we have preferred to treat on account of its perfect 
symmetry. 


15. The Kihiviie deduction exhibite the quaternion in 
a form under which it has been obtained analytically. 


Take the diameter M,M of the sphere, and regard each 
radius MO and OM as positive unity: we can then write 


{1+ v(-1) + V(- 1) sin@” + V(-1) sin 1, 
=M,0+O0P+0Q+O0R=M 0+ OM = 2,1, 
{1 -v(-1) sin’ - 1)sin - v(- 1) 1, 
| M0-OP' -0Q - OR =MO- OM, = 0.1, 
and the effectuation of the product gives 
1 + sin’9’ + sin’Q” + sin*9’” = 
hen, if we make the radius = sin 6’ =m,, sin 9” 
sin@” = m,, we get the expression 
mM, +m, +m, +m, = 0 
alluded to, which has also been shown to be the iebllese 
(m, + im, + jm, + km,) (m, - tm, — jm, ~ km,) = 0, 


where 7° =’ =-—1; and to these coefficients t, ky 
belongs yet the very remarkable property, that 


y=-p, th=-hki, and =- ky, 
which may be accounted for in the following manner. 


(1) Take for the primitive quaternion OM any one of 
the three unit axes, as OA = + 1'.1,=+ 7: then observing 


» 
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oe that the operation, which in Sir W. R. Hamilton’s lectures — 

. is defined to be a linear multiplication by the axis of ro- 

a tation, is here exhibited as multiplication by a right angle 
perpendicular to that axis, we may trace the steps as they 


follow : 
(+1)1= +42 O0A......1. 
I. 
Il. 
{+v(-1)}(-1")1,= OB......11 
{+v(-1)} {-v(-1)'}1,=- =-hk=0C....... Il. 
G11 = = OB II. 
GV) 
(+1"){-v-1)} 1,=-ch =- j= OB...... I. 
I. 
(2) Take OB =+1".1, for primitive quaternion, and 
1, = +7 = OB... 


(+ 1") {+ v(-1)"} 1, 

1+ ¥(-1)"} {-v(- 1"}1, 
i+ V(-1)"} (+ 2") 1, 
1") 1, 

}, 


11. 
kj=+t=OA ... ul. 
y=-k=OC'... m1. 
-hkj=-t=OA'... 11. 
-y=+k=0OC.... 
(+ (- ki=-7= OB... 1. 
(41°) {-¥ -pjt=-k=OC... 11. 
(4 11. 

(3) Lastly, take OC for primitive quaternion, and 


(+1'")1, = +k=O0C..... 

(+1) {+v(-1)"}1,= 
{+ v(-1)"} {+v(-1)}1,= tho+y=OB....1. 
| {+V(-1)"} (-V)1,= 
{+ /(-1)"} {-v(-1)'} 1, +-tk=- y= OB ...1. 
{4¥(-1)"} (+1) 


(¢1') (-1")1,= yo-k=OC... 11. 
(+1') 
(+1') 11. 
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The diagonal of the cube whose side is unity, is the single 
quaternion competent to these three processes. ) 


16. Triple products will appear as follow : 


(1) OB=+ 1.1,...... 
OA'= ki, =Vv(-1).1,...... 1, 11. 
(2) OB = + 1.1. ....:. 
ML. 
OB= = 4 1.1,...1., 1, 
(3) OB'=-1.1,...... Il. | 
OC'= 1, UL. 
OA'= wi,- IML, 1. 
OB'= = = 
OAs=. ki, =v{(-1).1,...... 111. 
OB= 1.1,...... Il. 


Which results show that 774=- kj. (See Hamilton’s Lectures, 
p. 208, &c.) 7 


17. In the London, Edinburgh, and Dublin Philosophical 
Magazine for October 1853, p. 283, it is related that Sir 
W. R. Hamilton has recently employed in some formule 
a fourth imaginary unit A, in addition to 7, 7, k, appro- 
priated to the three coordinate planes of space; and as this’ 

additional imaginary is distinct from the other three, and 
commutative with them, the author of the article infers that 

it must be extraspatial. This supposition is not at all ne- 
cessary: the three symbols of perpendicularity, 7, 7, 4, are 
restricted each to its special plane; while h may hold a 
general value, applicable to each and all of the planes. 


N.B. The quaternion has yet. other forms than those 
above given, but here is enough for an example of the 


bat. 
ig 
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method [ have followed in obtaining them. This method 
arises from carrying out the principles of the calculus of 
operations, as I understand the meaning of the term. Any 
compound function is the result of certain simple operations, 
the traces of which are retained in its expression. For 
instance, the function y~" expresses the abstract result of | 
n multiplications; and this result will be rendered concrete 
by introducing the unit of space, when it becomes W*.1,", 
or ~".1" if 1, the. linear unit be used. We must begin, 
then, by inquiring into the result of m operations with 
linear or angular unity, or both. When the relation be- 
tween the diagonal and sides of a rectangular parallelogram, 
or between the diagonal and sides of a rectangular pa- 
rallelopipedon, is brought to mind, in which we have 


1° =(cos’@ + sin’@) 1, = 1, 
in the first case, and | 
1* = (sin’6'+ sin’8”")1, = cos"0"")1, = 1, 


in the second, together with the decomposition of each of 
these compound coefficients of the linear unit into a pair 
of binomial factors, it is readily perceived that the concrete 
function of the second degree y’.1,* contains values that 
cannot be evolved from the abstract or merely numerical y’. 
Attention to the element of space, necessarily involved in 
the measurement of the result of any operation whatever, 
has furthermore led to the discovery of the actual genesis 
of the differential coefficient, and thereby thrown open the 
entire theory of mathematical development. 


THE ATTRACTION OF ELLIPSOIDS CONSIDERED 
| GEOMETRICALLY. 


By Marruew Couns, B.A. 


THE attraction of an ellipsoid A on a point P on its 
surface or within it, in a direction perpendicular to one 
of its principal planes B, is proportional to the distance 
of the attracted point P from that principal plane. 


1. When P is on the surface, draw PP’, a chord of A, 
_ perpendicular to B, and through P and P’ draw planes parallel 
to B, cutting the principal axis CC’ perpendicularly in 
p and p’; then describe through p, p’ an ellipsoid a, con- 
centric, similar, and similarly placed to 4, and its attraction 


Z 
4 4 
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on p will be equal to the attraction of A on P in a direction 
perpendicular to B: for through PP’ draw two planes E, F, 
containing a very small angle, and through pp’ draw two 
planes e, f, parallel to the former; then let a cone of re- 
volution, whose axis is PJ” and vertex P, cut EH, F along 
the lines PE, PE’, PF, PF’; and let another such cone, . 
very close to the former, also cut HE, F along PE, PE/, 
PF, PF’; and through p draw in the planes e, f the 
straight lines pe, pe’, pf, pf, and pe, pe,, pf, pf,, re- 
spectively parallel to the foregoing: then, as the sections 
of the two similar ellipsoids A and a, by the parallel planes 
E, e, are necessarily similar ellipses, and as the chord PP’, 
parallel to an axis (CC’) of the greater ellipse, is equal 
to the homologous axis pp’ of the less; therefore, by Airy’s 
- Tract on the Figure of the Earth, Props. 2, 3, 


PE + PE =pe+ pe: 


and therefore, by Airy’s 4th Prop., the sum of the attrac- 
tions exerted on P along PP by the two small pyramids 
PEFE F., PE'F'E|F,, is equal to the sum of the attrac- 
tions exerted on p along pp by the two corresponding small 
pyramids pefe,f,, pe'f'e,f,: and since there are obviously 
as many pairs of pyramids in the double wedge PP’ EFE'F'’ 
as there are corresponding pairs of pyramids (whose solid 
angles are also equal to those of the former) in the double 
wedge pp'efe'f’. And as, moreover, each double wedge 
of A has a corresponding double wedge of a, therefore the 
whole attraction of a on p is equal to the attraction of A 
on P along PP’; but, since a is similar to A, the attraction 
of a on p is to attraction of A on C as pp’ (= PP’) to CC’ 
(Princima, Prop. 87, Cor. 1); and so the attraction of A 
on P perpendicular to B, which was proved equal to the 


attraction of @ on Ps is therefore 100" 
on C; which, since A and CC" are constant, « 4PP’, viz. 
the distance of P from B. Sane | | 

The general equation of a surface of the second order 
being 


x attraction of A 


Q(ayz)= A+ Br+ Cy + Dz+ Ex’ + = 0, 


the equation of the diametral plane bisecting all chords 
parallel to the straight line z= mz and y =nz, is Beat to be 


md,Q + nd,Q+ d,Q = 0, 


which, not containing the absolute constant term A, shews 


4 
¥ 
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that if any straight line ABBA’ cuts two surfaces of the 
- second order, whose equations differ only in the constant 
term, the intercepts AB, A'B’ will be equal, since the 
chords AA’, BB’ are bisected in the same point by the 
diametral plane conjugate to it, which plane is the same 
for both surfaces. Now, the equations of two ellipsoids, 
which are concentric, similar and similarly placed, differ 
only in the absolute constant term, and therefore the in- 
tercepts of any straight line cutting two such ellipsoids 
are equal; and hence it follows that a shell, bounded by 
concentric, similar and similarly placed ellipsoidal surfaces, 
exerts no attraction on a point P situated anywhere within 
it, or upon its interior surface. See Airy’s Tract on the 
Figure of the Earth, Prop. 12, or the Princepia, Props. 70 
and 91, Cor. 3, Book 1. ag | 


(2) When P is within the ellipsoid A, we have then 
only to describe through P another ellipsoid A’ concentric, 
- similar and similarly placed to A; and since the shell be- 
tween A and JA’ exerts no attraction on P, as is already 
proved, therefore the attraction of A on P is the same as 
that of A’ on P; then, as in (1), draw PP’ a chord of A’ 
perpendicular to B, and through P and FP’ draw planes 
parallel to ‘B, cutting the principal axis CC’ perpendicularly 
in p and py’, and then describe through p and p’ another 
ellipsoid @, concentric, similar and similarly situated to A 
or A’: and by (1), the attraction of A (or A’) on P per- 
pendicularly to B is equal to the whole attraction of a on p, 


and therefore = 


attraction of A on C, which, as 
already observed, « 4PF’, viz. the distance of P (now sup- 
posed within A) from B. 

[The foregoing elementary geometrical demonstration is 


that alluded to and promised in the Note at the bottom of 
page 51 of the No. of this Journal for February 1854.] 


The preceding proposition shews that the attraction of 
an ellipsoid on any point on its surface or within it, can 
be got at once from the attraction of the ellipsoid on a point 
placed at the extremity of an axis; and this latter attraction 
is found, and reduced to elliptic functions, as follows. | 

Let O be the centre and OA=a, OB=b), OC=c, the 
semiaxes ;.and let the attracted point C be the vertex, and | 
CO the axis of a cone of revolution D whose semiangle 


is 9, and let 6+d@ be the semiangle of another such cone £, 
NEW SERIES, Vol. IX.—Wov. 1854. 
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very close to D, and having the same vertex and axis; and 
Iet.-O be the common vertex of two other cones D' and E’ 
parallel to the former. Conceive the portion of the ellipsoid 
between D and £ to be divided into elementary pyramids 
by planes passing through CO: let f be the length of a side 
of one of these little pyramids, which is a chord of the 
ellipsoid and a side of D, and let g be the parallel side 
of D’, which is a radius of the ellipsoid; and let f’ and g’ 
be the projections of f and g upon e, and let w be the 
small angle between two consecutive f’s (or g’s); then the 
attraction of the little pyramid, whose side is f, on its 
vertex C is equal to fwd@, (vide Airy’s Tract on the Figure 
of the Earth, Prop. 4), and therefore its component along 
CO is equal to f’wd@, therefore | | 


| 2c 


but = , therefore the said component = therefore 


4 2 
* Dodd. 


Now 4g’o is the area on D’ included between the two 
consecutive g’s, and the sum of all such elements is the 
entire surface of D’, which we shall still name D’; therefore 
the attraction of the slice of the ellipsoid between D and E 
upon C along CO is = 


Now the projection | 


of D’ on the plane of abd is obviously an ellipse, whose 
area D” is = D'sin@. Let now r and?’ be the sides of D’ 
(or radii of the ellipsoid) lying in the planes of ca and cb, 
then the semiaxes of D" are plainly the projections of 7 
and 7’, or rsin@ and 7’ sin@, and therefore =arr' sin’0; 


and so D'= therefore = sin@: and so the attrac- 
tion of the slice on C along CO is = si rr cos @sin@d0. Now 
= and + , and therefore the 
differential of the required attraction on Cis 
id 4mabe 
(c* + a’ cos’@)* + cos’) 


This expression, given in Poisson’s Mécanique, vol. 1. p. 190, 
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by putting cos@ = 4 =(1+v)y%, becomes transformed into 
4rabeu'du 
| 


Now, supposing a>b> ¢, let OA’ and OB, portions of 
OA and OB, be the semiaxes of the focal ellipse whose 
plane is perpendicular to the least semiaxis OC, then | 


OA° =a’ -c and OB’ =) 


let OQ be perpendicular to the tangent PTQ which touches 
this ellipse in 7 and meets OA at the point P, and let 
the angle OPT = and + OB” 
and + OA" cos’; if the point 


OP 
be taken such that ~—, or OP = then the equation 


0A" cos’A'0Q + OB" OP*sin’g, gives 


(a? sin’ + cos’ = +(b’—c’). sin’p 


which gives 
(a? cos’O = cos’ {c* + (a’- c’).cos’6}, 


i.e. OA” cos’ = p” cos’, and therefore cos¢ = cos 6; 


and since OP = p= (c’ + OB" 


therefore 


Pp=d.0P = 24 (2+ OB" OB” cos6 sin0.d0 


04.07" cos@ sin 


Let PP’ be perpendicular to a 
the consecutive tangent from p, B io 
then pl’ = Pp cos®, therefore 
OB cos’6 sin | 
| 


but the attraction of the slice of the ellipsoid between D 
and E on C along CO was found above 
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 4mabe sin 0.d0 
| 
And moreover, since P’p is obviously = d.B'TP, therefore 
_=d(BTP-const. BTA’), t.e. =d(TP-arc TA’); 
therefore the attraction of the slice | 


and therefore the attraction of the whole ellipsoid on Cis _ 

(8 

where P, and 7, denote the ultimate positions of P and 
corresponding to 6=0; and since, by construction, 


OP = p= — c*).cos’O} ; 


x - are TA’), 


therefore, when 0 = 0, OP, = and therefore 


PT - a(b*—c*)  a°(b’-c’) 
be abe 


Hence also the differential of the ellipsoid’s attraction 
on B, t.e. the attraction on B along BO of a portion of 
the ellipsoid comprised between two cones of revolution 

_ whose vertex is B and axis BO, and semiangles 6 and 
6+ dé, is | | 
4mabe cos’@ sin 
sin*0 + c’ (8 sin’@ + a? 


4nrabcu' du 
where, as before, «= cos@. Now, to represent this geo- 


metrically, let OA" and OC’, portions of OA, OC, be the 


semiaxes of the focal hyperbola whose plane is perpendicular 
to OB, then : | 


OA” and OC" =c’- b? = = OB"; 
and putting now 
p* = cos’@ and = + (a*- cos’d, 
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and taking the point P on the primary axis 0A" so that | 
aa - j , 80 that, as p<b, P will lie between O and A”; 
then, drawing PT touching the hyperbola, we find, as be- 
fore, mutatis mutandis, the whole of the attraction on B 


4rab’c 
(a? - (7\P,- arc )s 


P, and T, being now, as before, the ultimate positions of 
_ P and T corresponding to @ = 0, so that, as before, | 


OP, = 0A". 


The whole attraction on A cannot be represented similarly, 
because there is no focal conic perpendicular to OA; but 


the equation + = 49, discovered by the late Pro- 


fessor M‘Cullagh, will then serve to A, where 4A, B, C 
denote the whole attractions of the ellipsoid on the points — 
A, B, C. | 


Let a, 6, c, be the semiaxes of an homogeneous fluid 
ellipsoid, and A, B, C the attractions on points at the ends 
of a, b, c, caused partly by the ellipsoid’s own attractions 
on its parts, partly by centrifugal force of revolution about 
an axis (2c), or by the action of an extraneous force di- 
rected towards the centre, and varying as the distance from 
the centre; then the ellipsoid will preserve its shape if 
Aa=Bb=Cce. | 

For then the whole forces, acting on any particle zyz of 
the mass in directions parallel to a, 6, c, will obviously be 


Now, dividing these by Aa = Bb = Ce, they are as 


and 33 


but when the point zyz is on the surface, these last are 
as the cosines of the angles that the normal at the point 
azyz makes with the axes, since the equation of the tangent 
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_ Thus the components of the force on the point wyz at the 

surface are as the cosines of the angles that the normal 
at this point makes with the axes; therefore the direction 
of the resultant force is coincident with the normal, or per- 
pendicular to the surface itself, which is the necessary con- 
- dition of equilibrium, the general formula 


dp = p(Xdx+ Ydy + Zdz) 


_ obviously becomes in this case 


dp =~ de+ dy + de) 


- 


2rdxr 2y dy ‘ 


3 2 | 

and therefore p = C'- exe (= + e + 5) at the surface p = 0, 
and ~ + , therefore C' = and therefore the 

2 2 2 

pressure = (1 , which, at the centre, where 
z=y=z=0, becomes ee . (See the Principia, Prop. 20, 
Book 111.; M‘Laurin’s De Causa Phys. Fluz et Reflux, Maris, 


Prop. 1; Airy’s Zract on the Figure of the Earth, Props. 
14, 15, 16.) 


Let R and r be the radii of two homogeneous concentric 
globes, 4 and a the attractions of each on a point on the 


A a 
surface of the other, then Fa = 7 whatever be the law 


of attraction as a function of the distance. | 
Let O be their common centre, Or a radius meeting 
them at r and R, be a chord of less parallel to OR: produce 
Ob, Oc to meet the large globe at B, C, then BC will be 
parallel to dc or to OR; and if b describe any little figure b’ 
on the surface of r, it is evident B will describe a similar 
figure B on the surface of A, and the areas S, s of the 
normal sections of the cylinders C and c, simultaneously 
described by bc and BC, will obviously be to each other 
as B': 0’, therefore as R’:r’. Now, by Euclid, Prop. 4, 
Book 1., Br=bR and Cr=cR; therefore, by Airy’s Tract 
on the Figure of the Earth, Prop. 18 (generalized), attrac- 
tion of cylinder C on the point r along 7O : attraction of 
cylinder c on RF along RO:: S:8:: BR’: 7°; and as this 
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fixed proportion holds true for each corresponding pair of — 
cylinders, therefore by taking their sums we shall also have 
A:a:: RB’: 1°’. (See Poisson’s Mécanique, vol. 1. p. 201.) 


P.S.—Several of the propositions given in the present 
paper, and in that I have inserted in the February No. 
of this Journal, were given in 1846 by the late Professor 
M‘Cullagh at his lectures. I have, however, departed in 
several places from his method of proof, and supplied some 
connecting links which seemed most necessary. . 


| Mechanics’ Institute, Liverpool, April 15, 1854. 


ON THE AREA OF THE CYCLOID. 
To the Editor of the Cambridge and Dublin Mathematical Journal. 


Sir,—The determination of the area of the Cycloid, so 
easily effected by modern analysis, was regarded by the 
-geometricians of the seventeenth century as a problem of 
_ no small difficulty. Mersenne was the first who attempted 
a solution: he was however unsuccessful. It was proposed 
by him in despair to Roberval in 1628, who also failed 
in his attempt at that time. About seven years afterwards, 
however, Roberval overcame the difficulty and communi- 
cated his good fortune to Mersenne. | 
In a letter to Descartes, Mersenne made mention of Ro- 
berval’s discovery of the area of the Cycloid as a great feat 
in geometry, simply stating the result obtained by Roberval, 
without giving any clue to the method. Descartes, solving 
the problem himself with little difficulty, communicated his 
method in reply to Mersenne, with some supercilious re- 
_ marks about the supposed difficulty of the problem. Fermat 
and other mathematicians of that day exercised their in- 
genuity in the same question. A solution of the problem 
by pure geometry, which was some time ago communicated 
to me by Mr. R. L. Ellis of Trinity College, possesses so 
great a superiority over any of the geometrical methods 
of these early mathematicians which I have seen, that I 
think it may be acceptable to those readers of your Journal 
who take an interest in the history of mathematics. 

“The motion of the generating circle may be resolved 
into two uniform motions, a motion of translation parallel 
to the directrix and of rotation round its own centre. The 
area generated by the describing point may be considered 
as generated by these two motions: that of translation nowise 
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affects the motion of rotation, and the area due to the latter 
is the same as if the former did not exist, that is, it is 
equal to the area of the generating circle. Contrariwise 
the motion of rotation does affect the area due to that of 
translation, inasmuch as in virtue of it the distance of the 
describing point from the directrix is varied: the mean dis- 
tance, viewed as depending on the motion of rotation, is 
equal to the radius of the generating circle, and the cor- 
responding area is therefore a rectangle, the base of which 
is the space slided over and altitude that radius; and, as 
this space is the circumference of the generating circle, 
the area in question is equal to twice the area of that 
circle: on the whole, therefore, the area of the cycloid is 
equal to three times that of the generating circle. 

“The reason is just the same as that by which what are 
called Guldinus’s properties are established. We here re- 

solve the motion of a describing point into motions parallel 
and perpendicular to the abscissa; the latter generates no 
area, the former generates a rectangular area having for 
its base the abscissa and for its altitude the mean value 
of the ordinates; that is, the ordinate of the centre of 
gravity of the arc, which is a known result. The only 
difference to be attended to in the two cases relates to the 
- mode in which the average is to be taken.” 

Mr. Ellis has remarked, that the same method may be 
extended to the determination of the areas of the hypo- 
eycloid and epicycloid. 

I am, Sir, | 
Your obedient Servant, 


| WILLIAM WALTON. 
Cambridge, July 31, 1854. 


PROOF OF THE PARALLELOGRAM OF FORCES. 
By Couey, 


Tue only difficulty in the analytical proof of the pa- 
rallelogram of forces consists in determining the direction 


of the resultant of two forces acting at right angles to 
one another. 


This problem may, in the following manner, be reduced 
to the solution of the functional equation ~ 


P(x) + Ply) = +y), 
which is easily solved by ordinary algebra. 


2 
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Let P and Q be two forces acting at right angles to 
one another, R their resultant inclined to 
P at an angle @. The direction of R and 
its ratio to P clearly depend only on the 


ratio . . We may therefore put 


Q | 
6 = where tan(a) = ‘ 
In direction of Q and in direction opposite to P’ apply 
respectively two forces at and Pf’, and let R’ be their 


resultant; then, since P: Q:: FP’, it is clear that 


R' and # are at right angles to one another. Let the 

resultant of and be inclined to at an angle Then 
where tan() = 

and since R’ is also the resultant of the forces P- P’ ’ 


Q+ hl , therefore 


Q PP Q Pp 
=¢(8) where tan(f) = tan(a+a’); 
therefore 
therefore p(a) + $(a’) = d(a+a): 


the solution of which last equation gives $(a) = Ca, C being 
a constant, that must equal unity, inasmuch as when 


P =Qtan(@)=1 and tan(a)=1; 


therefore 0 =a, or the direction of the resultant coincides 
with that of the diagonal of the rectangle constructed on 
the two component forces. 


| 
‘ 
ay 
x 
2 


( 266 ) 


THEOREMS ON THE QUADRATURE OF SURFACES AND ils 
RECTIFICATION OF CURVES. 


By Rev. Romer A, 


Fellow of and Examiner in Mathematics for the year. 1854-5 
he Queen’s University in Ireland. 


1. Ir is well known that there are many plane curves 
whose equations are more easily expressed in polar than 
in rectangular coordinates, and for whose rectification we 
employ the formula 


S = +(D,r}}d0. 


Of this class are, the Spiral of Archimedes, 
r= a0; 


cos 20; 


the Logarithmic Spiral, 
r= 


the Lituus, 


the Lemniscate, 


and the Cardioid, | 
r = a(1-cos@). 


2. I am not aware that any mathematician has attempted 
to trace the surfaces analogous to these; but, for the guad- 
rature of such surfaces, when discovered, it is absolutely 
necessary that we should have a general expression in polar 


coordinates for the element of any surface. Such an ex- — 


pression is not found in the ordinary works upon the 
Differential and Integral Calculus. In the elaborate treatise 
upon this subject by M. L’ Abbé Moigno (Paris, 1844, 
tom. 11. p. 235), the expression is investigated, by the usual 
analytical method, transformation of coordinates, from the 
well-known expression in rectangular coordinates, 


do =V(1+p'+q*)dz dy, 
and is given in the following shape, 
do = /{r* sin’d + sin’@(D,ry + (Der)} r do. 


A short geometrical deduction of this expression, whose 
merit I have great pleasure in sharing with my friend, 
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Alexander Jack, Esq., A.B., may not be unacceptable to 
Let P be any point on the surface. Through the axis 
OA and OP describe a plane, mee 
and round the axis describe, 
with the same line, a cone. 
The surface may then be 
supposed to be divided into | 
its elements by planes and AA 
cones consecutive to these | 
respectively, (the planes all 
passing through the axis and the cones round it,) half of one 
such element being represented by ePu’. Then, remember- 
ing that the planes cut the cones orthogonally, we have 


do = Pr = Pu. Pi v(1 -cos* Pr’), 


whence 
do = Pu. -sin’tPo.sin’' Po’) = Pe? - 


oand o' being the points where the sphere described round 
‘the origin with radius OP intersects the consecutive radii 
vectores to the points ¢, ¢’; or 


(Dery d0"} Dery dg’), 
or finally, | | 
do = /{r’ sin*6 + sin’ (D,ry’ + (Der)’} r dé do. 


3. From this expression we may readily derive that for | 
the perpendicular from the origin upon the tangent plane, 
in polar coordinates. In rectangular coordinates it is known 


to be 
but the transformation of this to polar coordinates would be 


troublesome and tedious. We may easily derive the required 
expression from the volume of the elementary cone, for 


=r dé d¢, 


and therefore 
sin 


4. As | an example of the application of the formula for 
the quadrature of surfaces, let us suppose that it is re- 


a 
2) 
4 
7% 
A 
ut 
2 
is 
> 
$e 
* 
¥ 
; 
‘ 


268 Theorems on the Quadrature of Buabfiaces | 


quired to investigate the quadrature, between given limits, 
of the surface | 


r= me? cos0, 

Dr =- me? Dsgr=-me?cosé; 
therefore | 
da = cos’@.sin’@ + m’e*? + cos’) r dO do, 


da = cos 6 dé do; 


whence > 


=m’ | e? (sin 0, sin do. 


Let us suppose the limits to be given by the intersections, 
with the given surface, of the cones | | 


6,=ag, 90, = d¢, 
=m | ag sin bq) do, 

an. nce ogg is susceptible of easy reduction, since 
we know tha | | 


5. As a second example, let it be proposed to investigate 
the quadrature, within given limits, of the surface 


r= mcos®¢ 


Here 
 Dywr=mcos¢ cos?, Der =- msing sind, 
do = m’ cos¢ sin’é dé d¢ ; 
whence | 


= m’ | (sin o,—sin®@,) sin’6 dé ; 


and, if the limits be given as before, there is no difficult 
in determining the quadrature completely. | 


6. In the masterly treatise upon the Calculus of. Varia- 
tions by the Rev. Professor Jellett (Dublin, 1850, p. 262), it 
is shown that the surface which, within given limits, renders 
the double integral 

| V(p’ + 9°) dx dy, 


4 
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or, y being the angle made by the radius vector with 
the axis of z, | | 
| siny.do, 
a minimum, is given by the partial differential equation 
gr -Qpqstpt=0, 
whose integral is known to be 
y= (z) F (2), 


representing the gauche surface generated by a line which, 
gliding upon two fixed directrices, remains constantly pa- 
rallel to a given plane; as indeed might be anticipated from 
a consideration of the question in its second form. | 


In the same manner it might be shewn that the surface 
which, within given limits, renders the double integral’ — 


+ Dery} dO de 


a minimum, is given by the equation 
= OF (r) + Fr). 


If it be proposed to investigate the property of this 
surface corresponding to the character of the generation of 
the analogous surface in rectangular coordinates, as the 
latter character is exhibited by the supposition z = const., 
so the former property may be investigated by the sup- 
position r=const. Let then the surface be supposed to 
intersect a sphere described round the origin, and let the 
nature of the curve of intersection be examined. If we 

resolve any element into its rectangular components, one 
- such component is rd@ and the other rsin@dg. Let ¢ be 
the inclination of the element to the meridional plane de- — 
scribed through its extremity and the fixed axis, and it 
is evident that 


. rsind dp 
rd@ 


ce being the radius of the sphere; or the tangent of the 
angle of inclination of the curve to the meridional plane ts 
proportional to the sine of the angle made by the radius 
vector with the axis. | 


F (c) sin 8, 
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7. It may be well here to indicate certain desiderata, 

the knowledge of which might lead to the discovery of 

some interesting properties of surfaces. | 

_ The measure of curvature at any point of a surface is 
expressed in rectangular coordinates by the formula 


RR, (1 
-we have no corresponding expression in polar coordinates. 
Such might be discovered by the investigation of the ana- 
logue of the known formula for plane curves : 


Again, the sum of the curvatures at any point of a surface — 

is expressed by the formula, in rectangular coordinates, : 
L (1 + (1+ pe, 


R, R, +7) 


we have no corresponding expression in polar coordinates. 
- Other desiderata will readily suggest themselves. 


8. With regard to the rectification of curves, it may be 
useful to make a few observations upon a subject which 
has recently attracted much attention among French ma- 
_thematicians. In the Notes by M. Liouville to his valuable 
edition of the Application de l’ Analyse da la Géometrie of 
the illustrious Monge, will be found (p. 558) the following 
remarks. 

“M. Serret a fait usage de certaines variables qu’ il 
avait déjA employées au tome XIII. du Journal de Mathé- 
matiques, pour resoudre_le probléme suivant: 2, y, z, 8, © 
étant quatre fonctions d’une variable indépendente 6 as- ~ 
sujetties a verifier |’ équation 4 


dz’ + dy’ + dz’ = ds’, 


exprimer sans forme finie et sans aucun signe d’intégration,  ” 
les valeurs générales de ces fonctions. La solution de ce 
probléme conduit, par exemple, a trouver des courbes & 
double courbure qui soient 4 la fois algébriques et recti- 
fiables algébriquement, ou dont l’arc dépende d’une trans- | 
cendante donnée. Le probléme analogue pour les courbes | 
planes dépend de |’équation plus simple | 


dz’ + dy’ aad ds’, 
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et se resont, comme on sait, par les formules 
z= sin®@ + W"(9) cos8, 
y = (8) (8) 
+ p'(9), | | 
ou la fonction y est arbitraire. Les formules de M. Serret 
pour |’ équation 
dz’ + dy’ + d# = ds’, 


sont beaucoup plus compliquées, et, partant, beaucoup moins 
utiles.” 


It appears to me that the integration of these equations — 
may be effected directly, and with great simplicity, by 
employing the Calculus of Quaternions. 


Thus, in the notation of this Calculus, the first equation 
dz’ + dy’ = ds’ 


(ide + dy) = - (dpy, 
idz + jdy = dp; 


is: equivalent to 
or 
whence 
jy=pta, 
a@ being an arbitrary vector; or, between given limits, 
+9 (Y,- y,) Py - 
an identity, as it ought to be. | 
Similarly, the second equation 
| + dy + dé 

—isequivalentto 
-(tdx+jdy+kdzy = 

ide+jdy + kdz = dp; 


or 


whence 
a, | 
_ a being an arbitrary vector, or, between given limits, 
t(z,-2,) +9 (Y¥,-Y,) + k(z,-2,) = Py» 
an identity, as it ought to be. 


5, Trinity College, Dublin, Nov. 1854, 
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ON THE INTEGRATION OF LINEAR AND PARTIAL 
DIFFERENTIAL EQUATIONS. 


By Arruur H. Curtis, A.M. 
Trinity College, Dublin. 


In a - paper published in the No. of the Cambridge and 
Dublin Mathematical Journal for November 1851, Mr. 
Carmichael has given a method for integrating partial dif- 
ferential equations of a certain class. This method rests 
on the properties of a symbol of operation, which Mr. Car- 
michael has termed the Index Symbol. I propose in the 
first part of this paper to shew, that for this symbol we 
may substitute a more general one, which may be employed 
in the integration of a wider class of equations. In the 
second part I propose to consider an equation which has 
been integrated by Dr. Hargreave in the Philosophical 
Transactions for 1848, and to deduce its solution in a form 
more readily interpretable. 


I. Mr. Carmichael employs the {following symbolic equa- 


tions :— 
d d d 


da 4 
(2549 0=u_,(logz + logy + logz + &c.)”" 
+0. a(logz + logy + logz + 


(log x + logy + loge + &e.) f., 
.. 


where 0.,, &c. are arbitrary homogeneous of 

the degree -a of the variables z, y, z, &c.; f., a given 

function of the same character; and n the number of 
variables. 


Now, if we consider that 


dz" dy 


. it is evident that by changing z, y, z, &c. in these equations ; 
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1 


into 2", , 2, &c. respectively, we obtain the stewie 
more ones : — | 


+ 


d d d 
= (loga" + logy” + log + &e...) | 
(2), 


where &e. are arbitrary homogeneous of 


the degree -a of 2", y’, 2°, &c.; f,, a given function of the 


same nature; and m the number of variables.* 


The class of equations immediately integrable by these 
grag formule is represented by the equation 


d d d 


where V is a function of z, Y 2, &c., which may be supposed 
to be of the form DAz"y"2’...... 
The inversion of the operator involved in ( 3) gives 


| | 
\ ae dz dy 
4 L 


dy eee dy eee 


* The process by which I first inverted the symbol 


d d d 


was more artificial than that here employed, but the result once veteceantn 
its form suggested to me the proof given above. 
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where ZL, M, N, &c. are determinate constants, each of 
which may be changed into unity, as 


(az 5. + by 


Now (2 = (my 


(y = (ny Az"y"2"..., 

or generally 

y— &c. )4eve.. = o(m, n, 7, &c.) 
dz’ dy’ dz’ | 


ana therefore 
... 


1 | 


+f, y’ 2, &e.) + 2, &c.) + &e., 


fas f.a» S%e., now denoting arbitrary functions of the 
_ degree —a, -a’, &c., homogeneous in the variables which they 
contain. 
I shall now illustrate this method by a few waar: 
examples. 


y? 


Gregory’s 361, 2nd edit. 


| dz dy dx 
dz dy y 
This equation is equivalent to ‘ | | 
dz J dy | 
x 
t= 
| 9 - (- 1) y Y ) 
x’ 
+ f (x.y). | 
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d’ dz 


: 


This equation may be put into the form 


5495) 0+ (25 0=f,(z,y)+ Fi(z,y") 
Gregory’s Examples, p. 367. 
q? @ 

2 = 
Ex. 3. € de LY. 


This equation may be written © 


a d/ d 
dx (2 dx dy dy 


therefore 


d | d 
> 
a ry + f(xy) + Fz, y) | 
\" dz dy | 
But, as zy is a homogeneous function of the degree zero 
in z and y", we have, by the third of equations (2), 


| i= 4 (logx +logy™) ay + f(y) + oF 


and therefore 


T2 


therefore 

‘ 

Se 

4 
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ry {log - logy} + f (x.y) + (2) 


| Gregory’s Ezamples, p. 365. 


This solution is apparently different from Gregory’s, being 
more symmetrical; either, however, may be reduced to the 
other by a change in (x.y), which, Jf being 
legitimate. 


Ex. 4, y —- zy = 
Assume = = du, or logz=u, which will reduce the 


equation to ( 


and therefore logz = - + f(xy). 


Ex. 5. 2’r + 2azys + a’y't + px + a’gy - = 0. 
The symbolic form of this equation is 


dz : 
therefore 0 
z=f_(@, y")+ y’) 
(5); 
\y! 


or z= (=) + 27 (=) 


% 

4 
| 
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If a=- 1, we get as the solution of 
+ y't + - mz =0, 
z= 
If a=1, we obtain the solution of 
vr + Qrys + + pet qy —m'z = 0, 


If m=0, the equation becomes, when reduced to its 
symbolic form, 


(2 +a = 0; 
dz” a)? 
therefore | | 


f(%) + log(ay") F (~ 
| - =) 4 + log(2* =). 


Ex. 6. 2ap + 2bq + (a.a+ 1-6.6+1)z=0. 
This equation is equivalent to 


is, 


d d 
therefore 
d d d 
= ¥) + 


x + F(zx.y). 


z= 
1 
4 


considered. 
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This equation may be written in the form — 


(25 +) (y 5 +4) 
dx dy Gregory’s Examples, p. 366. 

When the form of V has been assigned, the term 


can be interpreted. In fact, if 


( | 
dy 


Pe DAz"y’, it is equivalent to = 


(m+b)(n+a) 
By this method can be integrated all equations of the form 
*4) (25 +0 + &c. + a) V, 


where the operator affecting wu, so far as it depends on any 
one of the variables, z for example, may contain either 


d d 
ee, but not both. For if we put y=logy,, 


dy" dy,’ 
and the equation is reduced to the form 


l 


which is comprehended under the class of equations already — 


This being solved, we must change y, into e” in the result. 


As an example of this class, suppose 


( dz’ — dz dxdy dy 


+ ae lene 
( dx dz dy dy) 


d d 
dz dy | 
therefor | 
Z= 
(2 
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or (25 - a5) (25-85 z= 
dz dy) \" da 
a, 8 being the roots of the equation _ 


u+au+b=0;— 
therefore | 


(25 - BS 
dz dz 


z= 


= flee) 
(2 + OF, as is arbitrary, 


b(y+alogz); 
therefore | 
ry + oly +o logz) + +P logz), 
dy 


and the solution is : 
z=2z(y-a)+ o(y+@ logz) + logz). 


II. Many of the most important differential equations of 
the second order and first degree as yet integrated, indeed 
all those given by Gregory in his Examples which are not 
reducible either to equations with constant coeflicicuts, or 
to the class considered in the first part of this paper, are — 


reducible to the following form: 
2 : 


Q being a function of z and Q' = £Q 


] 
| | d d 

+ az) 0+ - BF) 0, 

—_ — — = 0 = 
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It is therefore a matter of some importance to obtain — 
the solution of this equation in a form easily capable of 
interpretation in all cases, more particularly so, as in the 
instances which Gregory has considered the integration has 
been effected by various means, and frequently by series, 

_ a method which is always tedious, and involves the difficulty 
of reducing the result when obtained to a finite form. Dr. 
Hargreave has solved the equation | 


)u=o, 


which may be identified with (a) by changing m into m+ 1. 


His solution then involving ~ or (¢ 
in order to interpret it we must perform 2m differentiations. 
But a solution involving only half that number, and therefore 


more immediately interpretable, may be obtained as follows. © 
The equation | 


may be put into the form 


m.m + 1 
x | 
ad’ m.m +1 | 
Let ey = z, and therefore u=e% 
where z is given by the equation | : 


This equation, “4 a very ingenious process, has been 
solved by Professor Boole in the following elegant form, 


* Philosophical Transactions for 1848, Part 1. 


; 
2 
f d mm+ 
\\dz 
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which is equivalent to 


according as the upper or lower sign before c’ has been 
taken 


* Professor Boole’s paper being difficult. of access to many readers 
of this Journal, I may be excused for giving here his method of obtaining 
the solution which I have assumed above. The equation 


d* m.m + 1 
__ by assuming a = e°, can be reduced to the form 
{(D+m) (D—m-1) + u=0, 

where D=<. Let u=e», and we get 

{D (D—2m—1) + ce} v = 0. ° 

- Assume v = $(D) w, and this equation becomes 
{D(D—2m—1) $(D) = 0, 


and therefore 


(D(D-2m—1) + w = {o(D-2)}*0, 


“This can be assimilated to the equation | 
by assuming {@(D-—2)}!0 =0, and determining $(D) so as to satisfy 
equation (D) $(D) 
D(D—2m—1) $(D—2) = D.D or 
which may be done by assuming © 
D-1.D-3.D—5...- 
De® & De... — e? D)™ 


d\™ 1 
But the equation for w is equivalent to 


4(,4_1) 


: 
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The corresponding solutions of (a) are 


A cos(cz +a) 


dz 
d\" Aée*+ Be@ 
and (2? — 


Suppose, for example, Q = m , and we get the solution 
of the equation | 


x” dz 
in the form oe 
( d\” A cos(cz + a) 
r u ( Be™ 


If m=1, n=1, we obtain as the solution of 
(D+ 


ad cos (cz + 


A. Ac . 
008 (cx +a) - sin (cz + a), 


_ Gregory’s Examples, p. 313; 
while the solution of 


= D-¢ 


The suppositions 1, m= 0, give the equation 
\ 
or w=0, or (Ste)w=0; 
therefore 0; 


q | 
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and its solution is | 


u= {A + a)}, 


| according as we take the upper or lower sign before ¢ 
in the — equation. 
_ Gregory’ s Examples, p. 312. 


| Let Q=c= $q, and take the negative sign before c’; 
the equation is then 


gD -) u=0, 


x 
and its solution « 


If, for instance, m= 1, we obtain the equation 
| (Di + gD -=)u=0, 


and its solution 


| Gregory’s Examples, p. 349. 
Let Q= “3 , m=2, and take the positive sign before c’, 
we thus get the equation | 


and its solution 


dz 
= cos(ox + + sin(cz +a)}. 
Gregory’s Examples, p. 350. 


d Ae + Be i” 
dz 
&§ 2 2 
= 0,(1- — 
Gt qv 
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If in equation (a) we put Q = =; and transform, as 


Dr. Hargreave has done in the paper already alluded to, 
by changing the independent variable so as to cause the 
second term to vanish, we get the equation 


| 
which for m=n-—1 reduces itself to 


the solution of which therefore is 


n-l 2 -l | 


which is equivalent to : 
d\"" A cos(er+a)) 
a 
Bew |? where z = z 
-2n 3 


according as the upper or lower sign before c* is taken 


in (8). 
If in equation (a) we put Q= — , and change the in- 


dependent variable so as to cause the second term to vanish, 


or change, in the transformed a above, ” into —n, 
we obtain the equation 


If we assume m =n, this equation reduces itself to 


(sara) 0 (y); 


the solution of which is 


| 
| 
| 
4 
AS 
Re’, 
7 
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which is equivalent to | 


_ (,s 4\" A cos(cx + a)) 
(2 

Ae* + Be* 
dz | 


according as the upper or lower nig is taken in the second 
term of (y). 


If in (() and (y) we substitute ol? for u, they will be 
reduced to Riccati’s forms; but the solutions are not in- 
terpretable unless m be an —— which is Riccati’s re- 
striction. 

Substituting unity for (nm) in ( (3), we get the equation 


1 
» where z=2"". 


or &= 2" (2 


u=0 
dz 

and its solution 

| 

or u= 2(Aé + Be) ; | 

a 

while the solution of =) u=0 is Az cos (2 +a). 


Gregory’ s Examples, p. 345. 


In let n= 1, and taking the negative before 
it becomes 


the solution of which is 


u= (2? (+ Be where z 
dz 
= A(cx-1)e”- B(ex+1)&™ 


s A(cz' - 1) - + Ne; 


or supposing ¢ = Sk, the solution of (£5 - #2") u=0 is 
wn 0,(2- 35) 


Gregory’s Ezamples, p. 345. 


d’ 
dz 3 
| 
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In the same manner the solution of (Ge + kez ) u=0 is 


u=Cl f sin( she! + a). cos( Ske 4 


In (y) let n=2; and saktus the negative sign before c’ 
we get the. equation 


the solution being 


-1 
u= (2? , where z=2z, 


or 4 = A(c’z sed! + 8) 


and therefore the solution of ( - kz ays u=0 is 


dz’ 


This equation is given by Gregory (p. 345), but his so- 
lution is incorrect, as is evident from inspection, since the 
_ particular solutions should only differ in the sign of 4. 


We have hitherto in equation (a) considered Q to be a 


function of z only, and ¢ to be a constdnt, in which case 
(a) will represent a class of linear differential equations. 


But if we suppose Q a function of z and = and ¢ a 


function of < , (a) will then represent a class of partial 


_ differential equations, the most general form of which will be 


E + a) (, 


where f (2, stands for (2, , the corresponding 
solution being : 


Bk 


oA 
A 
7 
se. ~ 2 
dz 
gre 
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If F (=) = ¢—, this becomes 


‘ 


Suppose, for example, 


In this case f(z, m=0, and the solution 


+00)+4(y- - az)}. 
Gregory’s Examples, p- 367. 


2 


Here f (2, m= 1, and the solution con- 
dy/ a 
sequently is 


or, as are arbitrary, 


{9 ¥(@-ay)} - ay) + —ay)}. 
Gregory’s Examples, p. 368. 


. 
ve 
d 
z 
® 
f 
ee 
4 


288 Integration of Linear and Partial Differential Equations. 


Here f 4 = 0, m= 1, and the solution is 


= + az)- ay'(y - {p(y +az)+ - 


Gregory’s Ezamples, p. 368. 


or, as @ and w are arbitrary, 
u = aply) Ply) + apy az) + — ply - az). 
Gregory's Examples, p. 369. 


| pd 


Here f| z (2, and m=p; the solution therefore is 4 
dy + ez) + - 
6 ay | 


If p =%, the equation becomes 
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the solution of which therefore i 1S 


2 ply + ax) + - az) 
3 


{Hy +z) +Wy-az)} +a{¢(y+az)- ¥(y-a2)} | 
8{p(y+az)+ ply -az)} - {by + az)- ply -az)} 


+ + az) + -az)}. 
Gregory’s Ezamples, p. 369. 


If in (8) and we change into we obtain the 


\Qn-1/ dy | 


dz? \2n+1/) dy 


the solutions of which therefore are e respectively 


a 


equations 


2n-3 


ui= 


In (3') let n=1; it will then become 
A =) 
dz dy’ 

the solution of which therefore is | 

u =a where =z", 


Gregory’s Examples, p. 368. 


(2 =) Cz) + - cz) where l= | 


> 
t, 
—_ 


In (y') let n=1, and we obtain the equation 
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the solution of which consequently is 


+ 
dx 


=~ ex) + + ox) ly - cx)} 
== cz')} +2" + 02") - Hy 


where 


solution of u = 0 consequently is 


or, as and f are arbitrary, 


-Gregory’s Examples, p. 368. 


6, Trinity College, Dublin, Nov. 24, 1854. 


THE END. 
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